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Preface

In 1915 Godfrey Harold Hardy, in a famous paper published in the Proceedings
of the London Mathematical Society, answered in the affirmative a question of
Landau [7]. In this paper, not only did Hardy generalize Hadamard’s three-circle
theorem, but he also put in place the first brick of a new branch of mathematics
which bears his name: the theory of Hardy spaces. For three decades afterwards
Hardy, alone or with others, wrote many more research articles on this subject.

The theory of Hardy spaces has close connections to many branches of math-
ematics, including Fourier analysis, harmonic analysis, singular integrals, proba-
bility theory and operator theory, and has found essential applications in robust
control engineering. I have had the opportunity to give several courses on Hardy
spaces and some related topics. A part of these lectures concerned the various
representations of harmonic or analytic functions in the open unit disc or in the
upper half plane. This topic naturally leads to the representation theorems in
Hardy spaces.

There are excellent books [5, 10, 13] and numerous research articles on Hardy
spaces. Our main concern here is only to treat the representation theorems.
Other subjects are not discussed and the reader should consult the classical
textbooks. A rather complete description of representation theorems of Hp(D),
the family of Hardy spaces of the open unit disc, is usually given in all books.
To study the corresponding theorems for Hp(C+), the family of Hardy spaces
of the upper half plane, a good amount of Fourier analysis is required. As a
consequence, representation theorems for the upper half plane are not discussed
thoroughly in textbooks mainly devoted to Hardy spaces. Moreover, quite often
it is mentioned that they can be derived by a conformal mapping from the
corresponding theorems on the open unit disc. This is a useful technique in
certain cases and we will also apply it at least on one occasion. However, in the
present text, our main goal is to give a complete description of the representation
theorems with direct proofs for both classes of Hardy spaces. Hence, certain
topics from Fourier analysis have also been discussed. But this is not a book
about Fourier analysis, and we have been content with the minimum required
to obtain the representation theorems. For further studies on Fourier analysis
many interesting references are available, e.g. [1, 8, 9, 15, 21].

I express my appreciation to the many colleagues and students who made
valuable comments and improved the quality of this book. I deeply thank Colin
Graham and Mostafa Nasri, who read the entire manuscript and offered several
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suggestions and Masood Jahanmir, who drew all the figures. I am also grateful
to Roger Astley of the Cambridge University Press for his great management
and kind help during the publishing procedure.

I have benefited from various lectures by Arsalan Chademan, Galia Dafni,
Paul Gauthier, Kohur GowriSankaran, Victor Havin, Ivo Klemes and Paul
Koosis on harmonic analysis, potential theory and the theory of Hardy spaces.
As a matter of fact, the first draft of this manuscript dates back to 1991, when
I attended Dr Chademan’s lectures on the theory of Hp spaces. I take this
opportunity to thank them with all my heart.

Thanks to the generous support of Kristian Seip, I visited the Norwegian
University of Science and Technology (NTNU) in the fall semester of 2007–
2008. During this period, I was able to concentrate fully on the manuscript and
prepare it for final submission to the Cambridge University Press. I am sincerely
grateful to Kristian, Yurii Lyubarski and Eugenia Malinnikova for their warm
hospitality in Trondheim.

I owe profound thanks to my friends at McGill University, Université Laval
and Université Claude Bernard Lyon 1 for their constant support and encour-
agement. In particular, Niky Kamran and Kohur GowriSankaran have played
a major role in establishing my mathematical life, Thomas Ransford helped me
enormously in the early stages of my career, and Emmanuel Fricain sends me
his precious emails on a daily basis. The trace of their efforts is visible in every
single page of this book.

Québec
August 2008



Chapter 1

Fourier series

1.1 The Laplacian

An open connected subset of the complex plane C is called a domain. In par-
ticular, C itself is a domain. But, for our discussion, we are interested in two
special domains: the open unit disc

D = { z ∈ C : |z| < 1 }

whose boundary is the unit circle

T = { ζ ∈ C : |ζ| = 1 }

Fig. 1.1. The open unit disc D and its boundary T.

1



2 Chapter 1. Fourier series

and the upper half plane

C+ = { z ∈ C : �z > 0 }

whose boundary is the real line R (see Figures 1.1 and 1.2). They are essential
domains in studying the theory of Hardy spaces.

Fig. 1.2. The upper half plane C+ and its boundary R.

The notations

D(a, r) = { z ∈ C : |z − a| < r },
D(a, r) = { z ∈ C : |z − a| ≤ r },
∂D(a, r) = { z ∈ C : |z − a| = r }

for the open or closed discs and their boundaries will be used frequently too.
We will also use Dr for a disc whose center is the origin, with radius r.

The Laplacian of a twice continuously differentiable function U : Ω −→ C is
defined by

∇2 U =
∂2U

∂x2 +
∂2U

∂y2 .

If 0 �∈ Ω and we use polar coordinates, then the Laplacian becomes

∇2 U =
∂2 U

∂ r2
+

1
r

∂ U

∂ r
+

1
r2

∂2 U

∂ θ2
.

We say that U is harmonic on Ω if it satisfies the Laplace equation

∇2 U = 0 (1.1)

at every point of Ω. By direct verification, we see that

U(reiθ) = rn cos(nθ), (n ≥ 0),
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and
U(reiθ) = rn sin(nθ), (n ≥ 1),

are real harmonic functions on C. Since (1.1) is a linear equation, a complex-
valued function is harmonic if and only if its real and imaginary parts are real
harmonic functions. The complex version of the preceding family of real har-
monic functions is

U(reiθ) = r|n| einθ, (n ∈ Z).

A special role is played by the constant function U ≡ 1 since it is the only
member of the family whose integral means

1
2π

∫ π

−π
U(reiθ) dθ

are not zero. This fact is a direct consequence of the elementary identity

1
2π

∫ π

−π
einθ dθ =




1 if n = 0,

0 if n �= 0,
(1.2)

which will be used frequently throughout the text.
Let F be analytic on a domain Ω and let U and V represent respectively its

real and imaginary parts. Then U and V are infinitely continuously differen-
tiable and satisfy the Cauchy–Riemann equations

∂U

∂x
=
∂V

∂y
and

∂U

∂y
= −∂V

∂x
. (1.3)

Using these equations, it is straightforward to see that U and V are real har-
monic functions. Hence an analytic function is a complex harmonic function.
In the following we will define certain classes of harmonic functions, and in each
class there is a subclass containing only analytic elements. Therefore, any rep-
resentation formula for members of the larger class will automatically be valid
for the corresponding subclass of analytic functions.

Exercises

Exercise 1.1.1 Let F be analytic on Ω and let U = 
F and V = �F . Show
that U and V are real harmonic functions on Ω.
Hint: Use (1.3).

Exercise 1.1.2 Let F : Ω �−→ C be analytic on Ω, and suppose that F (z) �= 0
for all z ∈ Ω. Show that log |F | is harmonic on Ω.
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Exercise 1.1.3 Let U be harmonic on the annular domain

A(R1, R2) = { z ∈ C : 0 ≤ R1 < |z| < R2 ≤ ∞}.

Show that U( 1
r e

iθ) is harmonic on the annular domain A( 1
R2
, 1
R1

).

Exercise 1.1.4 Let F : Ω1 �−→ Ω2 be analytic on Ω1, and let U : Ω2 �−→ C
be harmonic on Ω2. Show that U ◦ F : Ω1 �−→ C is harmonic on Ω1.

Exercise 1.1.5 Define the differential operators

∂ =
1
2

(
∂

∂x
− i ∂

∂y

)
,

∂̄ =
1
2

(
∂

∂x
+ i

∂

∂y

)
.

Show that
∇2 = 4∂∂̄.

Exercise 1.1.6 Let F = U+ iV be analytic. Show that the Cauchy–Riemann
equations (1.3) are equivalent to the equation

∂̄F = 0.

Remark: We also have F ′ = ∂F .

Exercise 1.1.7 Let U1 and U2 be real harmonic functions on a domain Ω.
Under what conditions is U1 U2 also harmonic on Ω?
Remark: We emphasize that U1 and U2 are real harmonic functions. The answer
to this question changes dramatically if we consider complex harmonic functions.
For example, if F1 and F2 are analytic functions, then, under no extra condition,
F1 F2 is analytic. Note that an analytic function is certainly harmonic.

Exercise 1.1.8 Let U be a real harmonic function on a domain Ω. Suppose
that U2 is also harmonic on Ω. Show that U is constant.
Hint: Use Exercise 1.1.7.

Exercise 1.1.9 Let F be analytic on a domain Ω, and let Φ be a twice
continuously differentiable function on the range of F . Show that

∇2(Φ ◦ F ) =
(
(∇2Φ) ◦ F

)
|F ′|2.
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Exercise 1.1.10 Let F be analytic on a domain Ω, and let α ∈ R. Suppose
that F has no zeros on Ω. Show that

∇2(|F |α) = α2 |F |α−2 |F ′|2.

Hint: Apply Exercise 1.1.9 with Φ(z) = |z|α.

Exercise 1.1.11 Let F be analytic on a domain Ω. Under what conditions is
|F |2 harmonic on Ω?
Hint: Apply Exercise 1.1.10.

Exercise 1.1.12 Let F be a complex function on a domain Ω such that F
and F 2 are both harmonic on Ω. Show that either F or F̄ is analytic on Ω.
Hint: Use Exercise 1.1.7.

1.2 Some function spaces and sequence spaces

Let f be a measurable function on T, and let

‖f‖p =
(

1
2π

∫ π

−π
|f(eit)|p dt

) 1
p

, (0 < p <∞),

and
‖f‖∞ = inf

M>0

{
M : |{ eit : |f(eit)| > M }| = 0

}
,

where |E| denotes the Lebesgue measure of the set E. Then Lebesgue spaces
Lp(T), 0 < p ≤ ∞, are defined by

Lp(T) = { f : ‖f‖p <∞}.

If 1 ≤ p ≤ ∞, then Lp(T) is a Banach space. In particular, L2(T), equipped
with the inner product

〈f, g〉 =
1
2π

∫ π

−π
f(eit) g(eit) dt,

is a Hilbert space. It is easy to see that

L∞(T) ⊂ Lp(T) ⊂ L1(T)

for each p ∈ (1,∞). In the following, we will mostly study Lp(T), 1 ≤ p ≤ ∞,
and their subclasses and thus L1(T) is the largest function space that enters
our discussion. This simple fact has important consequences. For example, we
will define the Fourier coefficients of functions in L1(T), and thus the Fourier
coefficients of elements of Lp(T), for all 1 ≤ p ≤ ∞, are automatically defined
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too. We will appreciate this fact when we study the Fourier transform on the
real line. Spaces Lp(R) do not form a chain, as is the case on the unit circle,
and thus after defining the Fourier transform on L1(R), we need to take further
steps in order to define the Fourier transform for some other Lp(R) spaces.

A continuous function on T, a compact set, is necessarily bounded. The
space of all continuous functions on the unit circle C(T) can be considered as a
subspace of L∞(T). As a matter of fact, in this case the maximum is attained
and we have

‖f‖∞ = max
eit∈T

|f(eit)|.

On some occasions we also need the smaller subspace Cn(T) consisting of all
n times continuously differentiable functions, or even their intersection C∞(T)
consisting of functions having derivatives of all orders. The space Cn(T) is
equipped with the norm

‖f‖Cn(T) =
n∑
k=1

‖f (k)‖∞
k!

.

Lipschitz classes form another subfamily of C(T). Fix α ∈ (0, 1]. Then
Lipα(T) consists of all f ∈ C(T) such that

sup
t,τ∈R

τ �=0

|f(ei(t+τ))− f(eit)|
|τ |α <∞.

This space is equipped with the norm

‖f‖Lipα(T) = ‖f‖∞ + sup
t,τ∈R

τ �=0

|f(ei(t+τ))− f(eit)|
|τ |α .

The space of all complex Borel measures on T is denoted by M(T). This
space equipped with the norm

‖µ‖ = |µ|(T),

where |µ| denotes the total variation of µ, is a Banach space. Remember that
the total variation |µ| is the smallest positive Borel measure satisfying

|µ(E)| ≤ |µ|(E)

for all Borel sets E ⊂ T. To each function f ∈ L1(T) there corresponds a Borel
measure

dµ(eit) =
1
2π

f(eit) dt.

Clearly we have ‖µ‖ = ‖f‖1, and thus the map

L1(T) −→ M(T)
f �−→ f(eit) dt/2π
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is an embedding of L1(T) intoM(T).
In our discussion, we also need some sequence spaces. For a sequence of

complex numbers Z = (zn)n∈Z, let

‖Z‖p =
( ∞∑

n=−∞
|zn|p

) 1
p

, (0 < p <∞),

and
‖Z‖∞ = sup

n∈Z

|zn|.

Then, for 0 < p ≤ ∞, we define

�p(Z) = {Z : ‖Z‖p <∞}

and
c0(Z) = {Z ∈ �∞(Z) : lim

|n|→∞
|zn| = 0 }.

If 1 ≤ p ≤ ∞, then �p(Z) is a Banach space and c0(Z) is a closed subspace of
�∞(Z). The space �2(Z), equipped with the inner product

〈Z,W〉 =
∞∑

n=−∞
zn wn,

is a Hilbert space. The subspaces

�p(Z+) = {Z ∈ �p(Z) : z−n = 0, n ≥ 1 }

and
c0(Z+) = {Z ∈ c0(Z) : z−n = 0, n ≥ 1 }

will also appear when we study the Fourier transform of certain subclasses of
Lp(T).

Exercises

Exercise 1.2.1 Let f be a measurable function on T, and let

fτ (eit) = f(ei(t−τ)).

Show that
lim
τ→0
‖fτ − f‖X = 0

if X = Lp(T), 1 ≤ p < ∞, or X = Cn(T). Provide examples to show that this
property does not hold if X = L∞(T) or X = Lipα(T), 0 < α ≤ 1. However,
show that

‖fτ‖X = ‖f‖X
in all function spaces mentioned above.
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Exercise 1.2.2 Show that �p(Z+), 0 < p ≤ ∞, is closed in �p(Z).

Exercise 1.2.3 Show that c0(Z) is closed in �∞(Z).

Exercise 1.2.4 Show that c0(Z+) is closed in c0(Z).

Exercise 1.2.5 Let cc(Z) denote the family of sequences of compact support,
i.e. for each Z = (zn)n∈Z ∈ cc(Z) there is N = N(Z) such that zn = 0 for all
|n| ≥ N . Show that cc(Z) is dense in c0(Z).

1.3 Fourier coefficients

Let f ∈ L1(T). Then the nth Fourier coefficient of f is defined by

f̂(n) =
1
2π

∫ π

−π
f(eit) e−int dt, (n ∈ Z).

The two-sided sequence f̂ = ( f̂(n) )n∈Z is called the Fourier transform of f .
We clearly have

|f̂(n)| ≤ 1
2π

∫ π

−π
|f(eit)| dt, (n ∈ Z),

which can be rewritten as f̂ ∈ �∞(Z) with

‖f̂‖∞ ≤ ‖f‖1.

Therefore, the Fourier transform

L1(T) −→ �∞(Z)
f �−→ f̂

is a linear map whose norm is at most one. The constant function shows that
the norm is indeed equal to one. We will show that this map is one-to-one and
its range is included in c0(Z). But first, we need to develop some techniques.

The Fourier series of f is formally written as
∞∑

n=−∞
f̂(n) eint.

The central question in Fourier analysis is to determine when, how and toward
what this series converges. We will partially address these questions in the
following. Any formal series of the form

∞∑
n=−∞

an e
int
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is called a trigonometric series. Hence a Fourier series is a special type of
trigonometric series. However, there are trigonometric series which are not
Fourier series. In other words, the coefficients an are not the Fourier coefficients
of any integrable function. Using Euler’s identity

eint = cos(nt) + i sin(nt),

a trigonometric series can be rewritten as

α0 +
∞∑
n=1

αn cos(nt) + βn sin(nt).

It is easy to find the relation between αn, βn and an.
An important example which plays a central role in the theory of harmonic

functions is the Poisson kernel

Pr(eit) =
1− r2

1 + r2 − 2r cos t
, (0 ≤ r < 1). (1.4)

(See Figure 1.3.)

x
K3 K2 K1 0 1 2 3

1

2

3

4

5

6

7
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9

Fig. 1.3. The Poisson kernel Pr(eit) for r = 0.2, 0.5, 0.8.

Clearly, for each fixed 0 ≤ r < 1,

Pr ∈ C∞(T) ⊂ L1(T).

Direct computation of P̂r is somehow difficult. But, the following observation
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makes its calculation easier. We have

1− r2
1 + r2 − 2r cos t

=
1− r2

1 + r2 − r(eit + e−it)

=
1− r2

(1− reit)(1− re−it)

=
1

1− reit +
1

1− re−it − 1

and thus, using the geometric series

1 + w + w2 + · · · = 1
1− w, (|w| < 1),

we obtain

Pr(eit) =
∞∑

n=−∞
r|n| eint. (1.5)

Moreover, for each fixed r < 1, the partial sums are uniformly convergent to
Pr. The uniform convergence is the key to this shortcut method. Therefore, for
each n ∈ Z,

P̂r(n) =
1
2π

∫ π

−π
Pr(eit) e−int dt

=
1
2π

∫ π

−π

( ∞∑
m=−∞

r|m| eimt
)
e−int dt

=
∞∑

m=−∞
r|m|

(
1
2π

∫ π

−π
ei(m−n)t dt

)

= r|n|. (1.6)

(See Figure 1.4.)

Fig. 1.4. The spectrum of Pr.
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We emphasize that the uniform convergence of the series enables us to change
the order of

∑
and

∫
in the third equality above. This phenomenon will appear

frequently in our discussion. The identity (1.5) also shows that Pr is equal to
its Fourier series at all points of T.

It is rather easy to extend the definition of Fourier transform for Borel mea-
sures on T. Let µ ∈M(T). The nth Fourier coefficient of µ is defined by

µ̂(n) =
∫

T

e−int dµ(eit), (n ∈ Z),

and the Fourier transform of µ is the two-sided sequence µ̂ = (µ̂(n))n∈Z. Con-
sidering the embedding

L1(T) −→ M(T)
f �−→ f(eit) dt/2π,

if we think of L1(T) as a subspace of M(T), it is easy to see that the two
definitions of Fourier coefficients are consistent. In other words, if

dµ(eit) =
1
2π

f(eit) dt,

where f ∈ L1(T), then we have

µ̂(n) = f̂(n), (n ∈ Z).

Lemma 1.1 Let µ ∈M(T). Then µ̂ ∈ �∞(Z) and

‖ µ̂ ‖∞ ≤ ‖µ ‖.

In particular, for each f ∈ L1(T),

‖ f̂ ‖∞ ≤ ‖ f ‖1.

Proof. For each n ∈ Z, we have

|µ̂(n)| =
∣∣∣∣

∫
T

e−int dµ(eit)
∣∣∣∣

≤
∫

T

|e−int| d|µ|(eit)

=
∫

T

d|µ|(eit) = |µ|(T) = ‖µ‖.

The second inequality is a special case of the first one with dµ(eit) = f(eit) dt/2π.
In this case, µ̂(n) = f̂(n) and ‖µ‖ = ‖f‖1. It was also proved directly at the
beginning of this section.
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Based on the preceding lemma, the Fourier transform

M(T) −→ �∞(Z)
µ �−→ µ̂

is a linear map whose norm is at most one. The Dirac measure δ1 shows that
the norm is actually equal to one. We will show that this map is also one-to-one.
However, since

δ̂1(n) = 1, (n ∈ Z),

its range is not included in c0(Z).

Exercises

Exercise 1.3.1 Let f ∈ Lp(T), 1 ≤ p ≤ ∞. Show that ‖ f̂ ‖∞ ≤ ‖ f ‖p.

Exercise 1.3.2 Let z = reiθ ∈ D. Show that

Pr(ei(θ−t)) = 

(
eit + z

eit − z

)
.

Exercise 1.3.3 Let f ∈ L1(T). Define

F (z) =
1
2π

∫ π

−π

eit + z

eit − z f(eit) dt, (z ∈ D).

Show that

F (z) = f̂(0) + 2
∞∑
n=1

f̂(n) zn, (z ∈ D).

Hint: Note that
eit + z

eit − z = 1 + 2
∞∑
n=1

zn e−int.

Exercise 1.3.4 Let f ∈ L1(T) and define

g(eit) = f(ei2t).

Show that

ĝ(n) =




f̂(n2 ) if 2|n,

0 if 2 � |n.
Consider a similar question if we define

g(eit) = f(eikt),

where k is a fixed positive integer.
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Exercise 1.3.5 Let f ∈ Lipα(T), 0 < α ≤ 1. Show that

f̂(n) = O(1/nα),

as |n| → ∞.
Hint: If n �= 0, we have

f̂(n) =
1
4π

∫ π

−π

(
f(eit)− f(ei(t+π/n))

)
e−int dt.

1.4 Convolution on T
Let f, g ∈ L1(T). Then we cannot conclude that fg ∈ L1(T). Indeed, it is easy
to manufacture an example such that∫ π

−π
|f(eit) g(eit)| dt =∞.

Nevertheless, by Fubini’s theorem,∫ π

−π

( ∫ π

−π
|f(eiτ ) g(ei(t−τ))| dτ

)
dt

=
∫ π

−π
|f(eiτ )|

( ∫ π

−π
|g(ei(t−τ))| dt

)
dτ

=
( ∫ π

−π
|f(eiτ )| dτ

) ( ∫ π

−π
|g(eis)| ds

)
<∞.

Therefore, we necessarily have∫ π

−π
|f(eiτ ) g(ei(t−τ))| dτ <∞

for almost all eit ∈ T. This observation enables us to define

(f ∗ g)(eit) =
∫ π

−π
f(eiτ ) g(ei(t−τ)) dτ

for almost all eit ∈ T, and besides the previous calculation shows that

f ∗ g ∈ L1(T)

with
‖f ∗ g‖1 ≤ ‖f‖1 ‖g‖1. (1.7)

The function f ∗ g is called the convolution of f and g. It is straightforward to
see that the convolution is

(i) commutative: f ∗ g = g ∗ f ,
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(ii) associative: f ∗ (g ∗ h) = (f ∗ g) ∗ h,

(iii) distributive: f ∗ (g + h) = f ∗ g + f ∗ h,

(iv) homogenous: f ∗ (αg) = (αf) ∗ g = α(f ∗ g),

for all f, g, h ∈ L1(T) and α ∈ C. In technical terms, L1(T), equipped with
the convolution as its product, is a Banach algebra. As a matter of fact, this
concrete example inspired most of the abstract theory of Banach algebras.

Let f, g ∈ L1(T) and let ϕ ∈ C(T). Then, by Fubini’s theorem,∫
T

ϕ(eis) (f ∗ g)(eis) ds

2π
=

∫
T

∫
T

ϕ(eis)
(
f(ei(s−τ)) g(eiτ )

dτ

2π

)
ds

2π

=
∫

T

∫
T

ϕ(ei(t+τ))
(
f(eit)

dt

2π

) (
g(eiτ )

dτ

2π

)
.

This fact enables us to define the convolution of two Borel measures on T such
that if we consider L1(T) as a subset ofM(T), the two definitions are consistent.
Let µ, ν ∈M(T), and define Λ : C(T) −→ C by

Λ(ϕ) =
∫

T

∫
T

ϕ(ei(t+τ)) dµ(eit) dν(eiτ ), (ϕ ∈ C(T)).

The functional Λ is clearly linear and satisfies

|Λ(ϕ) | ≤ ‖µ‖ ‖ν‖ ‖ϕ‖∞, (ϕ ∈ C(T)),

which implies
‖Λ ‖ ≤ ‖µ‖ ‖ν‖.

Therefore, by the Riesz representation theorem for bounded linear functionals
on C(T), there exists a unique Borel measure, which we denote by µ ∗ ν and call
the convolution of µ and ν, such that

Λ(ϕ) =
∫

T

ϕ(eit) d(µ ∗ ν)(eit), (ϕ ∈ C(T)),

and moreover,
‖Λ‖ = ‖µ ∗ ν‖.

Hence, µ ∗ ν is defined such that∫
T

ϕ(eit) d(µ ∗ ν)(eit) =
∫

T

∫
T

ϕ(ei(t+τ)) dµ(eit) dν(eiτ ), (1.8)

for all ϕ ∈ C(T), and it satisfies

‖µ ∗ ν ‖ ≤ ‖µ‖ ‖ν‖. (1.9)

The following result is easy to prove. Nevertheless, it is the most funda-
mental connection between convolution and the Fourier transform. Roughly
speaking, it says that the Fourier transform changes convolution to multiplica-
tion.
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Theorem 1.2 Let µ, ν ∈M(T). Then

µ̂ ∗ ν(n) = µ̂(n) ν̂(n), (n ∈ Z).

In particular, if f, g ∈ L1(T), then

f̂ ∗ g(n) = f̂(n) ĝ(n), (n ∈ Z).

Proof. Fix n ∈ Z and put
ϕ(eit) = e−int

in (1.8). Hence,

µ̂ ∗ ν(n) =
∫

T

e−int d(µ ∗ ν)(eit)

=
∫

T

∫
T

e−in(t+τ) dµ(eit) dν(eiτ )

=
∫

T

e−int dµ(eit) ×
∫

T

e−inτ dν(eiτ ) = µ̂(n) ν̂(n).

We saw that if we consider L1(T) as a subset of M(T), the two definitions
of convolution are consistent. Therefore,M(T) contains L1(T) as a subalgebra.
But, we can say more in this case. We show that L1(T) is actually an ideal in
M(T).

Theorem 1.3 Let µ ∈M(T) and let f ∈ L1(T). Let

dν(eit) = f(eit) dt.

Then µ ∗ ν is also absolutely continuous with respect to Lebesgue measure and
we have

d(µ ∗ ν)(eit) =
( ∫

T

f(ei(t−τ)) dµ(eiτ )
)
dt.

Proof. According to (1.8), for each ϕ ∈ C(T) we have∫
T

ϕ(eit) d(µ ∗ ν)(eit) =
∫

T

∫
T

ϕ(ei(t+τ)) dµ(eit) dν(eiτ )

=
∫

T

∫
T

ϕ(ei(t+τ)) dµ(eit) f(eiτ ) dτ

=
∫

T

ϕ(eis)
( ∫

T

f(ei(s−t)) dµ(eit)
)
ds.

Therefore, by the uniqueness part of the Riesz representation theorem,

d(µ ∗ ν)(eis) =
( ∫

T

f(ei(s−t)) dµ(eit)
)
ds.
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Let µ ∈ M(T) and f ∈ L1(T). Considering f as a measure, by the preceding
theorem, µ ∗ f is absolutely continuous with respect to Lebesgue measure and
we may write

(µ ∗ f)(eit) =
∫

T

f(ei(t−τ)) dµ(eiτ ). (1.10)

Theorem 1.3 ensures that (µ ∗ f)(eit) is well-defined for almost all eit ∈ T,
µ ∗ f ∈ L1(T) and, by (1.9),

‖µ ∗ f‖1 ≤ ‖f‖1 ‖µ‖. (1.11)

We will need a very special case of (1.10) where f ∈ C(T). In this case, (µ∗f)(eit)
is defined for all eit ∈ T.

Exercises

Exercise 1.4.1 Let χn(eit) = eint, n ∈ Z. Show that

f ∗ χn = f̂(n)χn

for any f ∈ L1(T).

Exercise 1.4.2 Show that M(T), equipped with convolution as its product,
is a commutative Banach algebra. What is its unit?

Exercise 1.4.3 Are you able to show that the Banach algebra L1(T) does not
have a unit?
Hint: Use Theorem 1.2. Come back to this exercise after studying the Riemann–
Lebesgue lemma in Section 2.5.

1.5 Young’s inequality

Since Lp(T) ⊂ L1(T), for 1 ≤ p ≤ ∞, and since the convolution was defined on
L1(T), then a priori f ∗ g is well-defined whenever f ∈ Lr(T) and g ∈ Ls(T)
with 1 ≤ r, s ≤ ∞. The following result gives more information about f ∗ g,
when we restrict f and g to some smaller subclasses of L1(T).

Theorem 1.4 (Young’s inequality) Let f ∈ Lr(T), and let g ∈ Ls(T), where
1 ≤ r, s ≤ ∞ and

1
r

+
1
s
≥ 1.

Let
1
p

=
1
r

+
1
s
− 1.

Then f ∗ g ∈ Lp(T) and
‖f ∗ g‖p ≤ ‖f‖r ‖g‖s.
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Fig. 1.5. The level curves of p.

Proof. (Figure 1.5 shows the level curves of p.) If p = ∞, or equivalently
1/r + 1/s = 1, then f ∗ g is well-defined for all eiθ ∈ T and Young’s inequality
reduces to Hölder’s inequality. Now, suppose that 1/r + 1/s > 1. We need a
generalized form of Hölder’s inequality. Let 1 < p1, . . . , pn <∞ such that

1
p1

+ · · ·+ 1
pn

= 1,

and let f1, . . . , fn be measurable functions on a measure space (X,M, µ). Then

∫
X

|f1 · · · fn| dµ ≤
( ∫

X

|f1|p1 dµ
) 1

p1

· · ·
( ∫

X

|fn|pn dµ

) 1
pn

.

This inequality can be proved by induction and the ordinary Hölder’s inequality.

Let r′ and s′ be respectively the conjugate exponents of r and s, i.e.

1
r

+
1
r′ = 1 and

1
s

+
1
s′ = 1.

Then, according to the definition of p, we have

1
r′ +

1
s′ +

1
p

= 1.

Fix eiθ ∈ T. To apply the generalized Hölder’s inequality, we write the integrand
|f(eit) g(ei(θ−t))| as the product of three functions respectively in Lr

′
(T), Ls

′
(T)
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and Lp(T). Write

|f(eiτ ) g(ei(t−τ))| =
(
|g(ei(t−τ))|1− s

p

)

×
(
|f(eiτ )|1− r

p

)

×
(
|f(eiτ )| rp |g(ei(t−τ))| sp

)
.

Hence, by the generalized Hölder’s inequality,

1
2π

∫ π

−π
|f(eiτ ) g(ei(t−τ))| dτ ≤

(
1
2π

∫ π

−π
|g(ei(t−τ))|r

′(1− s
p ) dτ

) 1
r′

×
(

1
2π

∫ π

−π
|f(eiτ )|s

′(1− r
p ) dτ

) 1
s′

×
(

1
2π

∫ π

−π
|f(eiτ )|r |g(ei(t−τ))|s dτ

) 1
p

.

But r′(1− s/p) = s and s′(1− r/p) = r. Thus

|(f ∗ g)(eit)| ≤ ‖g‖s/r′
s ‖f‖r/s′

r

(
1
2π

∫ π

−π
|f(eiτ )|r |g(ei(t−τ))|s dτ

) 1
p

for almost all eit ∈ T. Finally, by Fubini’s theorem,

‖f ∗ g‖p =
(

1
2π

∫ π

−π
|(f ∗ g)(eit)|p dt

) 1
p

≤ ‖g‖s/r′
s ‖f‖r/s′

r

(
1

(2π)2

∫ π

−π

∫ π

−π
|f(eiτ )|r |g(ei(t−τ))|s dt dτ

) 1
p

= ‖g‖s/r′
s ‖f‖r/s′

r × ‖g‖s/ps ‖f‖r/pr = ‖f‖r ‖g‖s.

Another proof of Young’s inequality is based on the Riesz–Thorin interpolation
theorem and will be discussed in Chapter 8. The following two special cases of
Young’s inequality are what we need later on.

Corollary 1.5 Let f ∈ Lp(T), 1 ≤ p ≤ ∞, and let g ∈ L1(T). Then f ∗ g ∈
Lp(T), and

‖f ∗ g‖p ≤ ‖f‖p ‖g‖1.

Corollary 1.6 Let f ∈ Lp(T), and let g ∈ Lq(T), where q is the conjugate
exponent of p. Then (f ∗ g)(eit) is well-defined for all eit ∈ T, f ∗ g ∈ C(T), and

‖f ∗ g‖∞ ≤ ‖f‖p ‖g‖q.
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Proof. As we mentioned in the proof of Theorem 1.4, Hölder’s inequality ensures
that (f ∗ g)(eit) is well-defined for all eit ∈ T. The only new fact to prove is
that f ∗ g is a continuous function on T.

At least one of p or q is not infinity. Without loss of generality, assume that
p �=∞. This assumption ensures that C(T) is dense in Lp(T) (see Section A.4).
Thus, given ε > 0, there is ϕ ∈ C(T) such that

‖f − ϕ‖p < ε.

Hence

|(f ∗ g)(eit)− (f ∗ g)(eis)| ≤ |
(
(f − ϕ) ∗ g

)
(eit)|+ |

(
(f − ϕ) ∗ g

)
(eis)|

+ |(ϕ ∗ g)(eit)− (ϕ ∗ g)(eis)|
≤ 2 ‖f − ϕ‖p ‖g‖q + ωϕ(|t− s|) ‖g‖q,

where

ωϕ(δ) = sup
|t−s|≤δ

|ϕ(eit)− ϕ(eis)|

is the modulus of continuity of ϕ. Since ϕ is uniformly continuous on T,

ωϕ(δ) −→ 0

as δ → 0. Therefore, if |t− s| is small enough, we have

|(f ∗ g)(eit)− (f ∗ g)(eis)| ≤ 3ε ‖g‖q.

Exercises

Exercise 1.5.1 What can we say about f ∗g if f ∈ Lr(T) and g ∈ Ls(T) with
1 ≤ r, s ≤ ∞ and

1
r

+
1
s
≤ 1?

(See Figure 1.6.)
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Fig. 1.6. The region 1
r + 1

s ≤ 1.

Exercise 1.5.2 Show that Young’s inequality is sharp in the following sense.
Given r, s with 1 ≤ r, s ≤ ∞ and

1
r

+
1
s
≥ 1,

there are f ∈ Lr(T) and g ∈ Ls(T) such that f ∗ g ∈ Lp(T), where

1
p

=
1
r

+
1
s
− 1,

but f ∗ g �∈ Lt(T) for any t > p.
Hint: Start with the case r = s = 1 and a function ϕ ∈ L1(T) such that
ϕ �∈ Lt(T) for any t > 1.



Chapter 2

Abel–Poisson means

2.1 Abel–Poisson means of Fourier series

Let {Fr}0≤r<1 be a family of functions on the unit circle T. Define

F (reit) = Fr(eit), (reit ∈ D).

Hence, instead of looking at the family as a collection of individual functions Fr
which are defined on T, we deal with one single function defined on the open
unit disc D. On the other hand, if F (reit) is given first, for each fixed r ∈ [0, 1),
we can define Fr by considering the values of F on the circle {|z| = r}. This dual
interpretation will be encountered many times in what follows. An important
example of this phenomenon is the Poisson kernel which was defined as a family
of functions on the unit circle by (1.4). This kernel can also be considered as
one function

P (reit) =
1− r2

1 + r2 − 2r cos t

on D.
Let µ ∈M(T). Then, by (1.10), we have

(Pr ∗ µ)(eiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit) (2.1)

which is called the Poisson integral of µ. Moreover, by (1.6) and Theorem 1.2,
the Fourier coefficients of Pr ∗ µ are given by

P̂r ∗ µ (n) = r|n| µ̂(n), (n ∈ Z).

Thus the formal Fourier series of Pr ∗ µ is

∞∑
n=−∞

µ̂(n) r|n| einθ.

21
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These sums are called the Abel–Poisson means of the Fourier series
∞∑

n=−∞
µ̂(n) einθ.

The Fourier series of µ is not necessarily pointwise convergent. However, we
show that its Abel–Poisson means behave much better. The following theo-
rem reveals the relation between the Abel–Poisson means of µ and its Poisson
integral.

Theorem 2.1 Let µ ∈M(T), and let

U(reiθ) = (Pr ∗ µ)(eiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Then

U(reiθ) =
∞∑

n=−∞
µ̂(n) r|n| einθ, (reiθ ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D, and
U is harmonic on D.

Proof. Since
| µ̂(n) r|n| einθ | ≤ ‖µ‖ r|n|,

the series
∑
µ̂(n) r|n| einθ is absolutely and uniformly convergent on compact

subsets of D. Fix 0 ≤ r < 1 and θ. Then, by (1.5),

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit)

=
∫

T

( ∞∑
n=−∞

r|n| ein(θ−t)
)
dµ(eit).

Since the series is uniformly convergent (as a function of eit), and since |µ| is a
finite positive Borel measure on T, we can change the order of summation and
integration. Hence,

U(reiθ) =
∞∑

n=−∞

( ∫
T

e−int dµ(eit)
)
r|n| einθ =

∞∑
n=−∞

µ̂(n) r|n| einθ.

There are several ways to verify that U is harmonic on D. We give a
direct proof. Fix k ≥ 0. Then the absolute and uniform convergence of∑∞
n=−∞ nkµ̂(n) r|n| einθ on compact subsets of D enables us to change the order

of summation and any linear differential operator. In particular, let us apply the
Laplace operator. Hence, remembering that each term r|n| einθ is a harmonic
function, we obtain

∇2U = ∇2
( ∞∑

n=−∞
µ̂(n) r|n| einθ

)
=

∞∑
n=−∞

µ̂(n)∇2(r|n| einθ) = 0.
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As a special case, if the measure µ in Theorem 2.1 is absolutely continuous with
respect to the Lebesgue measure, i.e. dµ(eit) = u(eit) dt/2π with u ∈ L1(T),
then

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt

=
∞∑

n=−∞
û(n) r|n| einθ, (2.2)

where the series is absolutely and uniformly convergent on compact subsets of
D, and U represents a harmonic function there.

Exercises

Exercise 2.1.1 Let (an)n≥0 be a sequence of complex numbers. Suppose that
the series

S =
∞∑
n=0

an

is convergent. For each 0 ≤ r < 1, define

S(r) =
∞∑
n=0

an r
n.

Show that S(r) is absolutely convergent and moreover

lim
r→1

S(r) = S.

Hint: Let

Sm =
m∑
n=0

an, (m ≥ 0).

Then

S(r) = S + (1− r)
∞∑
n=0

(Sn − S) rn.

Exercise 2.1.2 Let (an)n≥0 be a bounded sequence of complex numbers and
let

S(r) =
∞∑
n=0

an r
n, (0 ≤ r < 1).

Find (an)n≥0 satisfying the following properties:

(i) the series
∑∞
n=0 an is divergent;

(ii) for each 0 ≤ r < 1, S(r) is absolutely convergent;
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(iii) limr→1 S(r) exists.

Exercise 2.1.3 Let (an)n≥0 be a sequence of complex numbers. Suppose that
the series

S =
∞∑
n=0

an

is convergent. Let

Sn =
n∑
k=0

ak

and define

Cn =
S0 + S1 + · · ·+ Sn

n+ 1
=

n∑
k=0

(
1− k

n+ 1

)
ak.

Show that
lim
n→∞ Cn = S.

Remark: The numbers Cn, n ≥ 0, are called the Cesàro means of Sn.

Exercise 2.1.4 Let (an)n≥0 be a sequence of complex numbers and define

Cn =
n∑
k=0

(
1− k

n+ 1

)
ak.

Find (an)n≥0 such that
lim
n→∞ Cn

exists, but the sequence
∞∑
n=0

an

is divergent.

Exercise 2.1.5 Let (an)n≥0 be a sequence of complex numbers and define

Cn =
n∑
k=0

(
1− k

n+ 1

)
ak.

Suppose that the series
∑n
k=0 Ck is convergent and

n∑
k=0

k |ak|2 <∞.

Show that the series
∑n
k=0 ak is also convergent.

Remark: Compare with Exercises 2.1.3 and 2.1.4.
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2.2 Approximate identities on T

We saw that L1(T), equipped with convolution, is a commutative Banach al-
gebra. This algebra does not have a unit element since such an element must
satisfy

f̂(n) = 1, (n ∈ Z),

and we will see that the nth Fourier coefficient of any integrable function tends to
zero as |n| → ∞. To overcome this difficulty, we consider a family of integrable
functions {Φι} satisfying

lim
ι

Φ̂ι(n) = 1 (2.3)

for each fixed n ∈ Z. The condition (2.3) alone is not enough to obtain a family
that somehow plays the role of a unit element. For example, the Dirichlet kernel
satisfies this property but it is not a proper replacement for the unit element
(see Exercise 2.2.2). We choose three other properties to define our family and
then we show that (2.3) is fulfilled.

Let Φι ∈ L1(T), where the index ι ranges over a directed set. In the examples
given below, it ranges either over the set of integers {1, 2, 3, . . . } or over the
interval [0, 1). Therefore, in the following, limι means either limn→∞ or limr→1− .
Similarly, ι � ι0 means n > n0 or r > r0. The family {Φι} is called an
approximate identity on T if it satisfies the following properties:

(a) for all ι,
1
2π

∫ π

−π
Φι(eit) dt = 1;

(b)

CΦ = sup
ι

(
1
2π

∫ π

−π
|Φι(eit)| dt

)
<∞;

(c) for each fixed δ, 0 < δ < π,

lim
ι

∫
δ≤|t|≤π

|Φι(eit)| dt = 0.

The condition (a) forces CΦ ≥ 1. If Φι(eit) ≥ 0, for all ι and for all eit ∈ T, then
{Φι} is called a positive approximate identity. In this case, (b) follows from (a)
with

CΦ = 1.

We give three examples of a positive approximate identity below. Further exam-
ples are provided in the exercises. Our main example of a positive approximate
identity is the Poisson kernel

Pr(eit) =
1− r2

1 + r2 − 2r cos θ
=

∞∑
n=−∞

r|n| eint, (0 ≤ r < 1).
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It is easy to verify that the Fejér kernel

Kn(eit) =
1

n+ 1

(
sin( (n+1)t

2 )
sin( t2 )

)2

=
n∑

k=−n

(
1− |k|

n+ 1

)
eikt, (n ≥ 0),

is also a positive approximate identity. (See Figure 2.1.)

K3 K2 K1 0 1 2 3
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4

6

8

10

12

14

16

Fig. 2.1. The Fejér kernel Kn(eit) for n = 5, 10, 15.

A less familiar example is the family

Fr(eit) =
(1 + r)2 (1− r) t sin t
(1 + r2 − 2r cos t)2

, (0 ≤ r < 1, −π ≤ t ≤ π).

We will apply Fr in studying the radial limits of harmonic functions. Note that
the three examples given above satisfy the following stronger property:

(c′) For each fixed δ, 0 < δ < π,

lim
ι

(
sup

δ≤|t|≤π
|Φι(eit)|

)
= 0.

We now show that an approximate identity fulfils (2.3). Fix n ∈ Z. Given
ε > 0, there is δ such that

|eint − 1| < ε
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for all t ∈ [−δ, δ]. Hence, by (a), we have

Φ̂ι(n)− 1 =
1
2π

∫ π

−π
Φι(eit) (eint − 1) dt

and thus, by (b),

|Φ̂ι(n)− 1| ≤ 1
2π

( ∫ δ

−δ
+

∫
δ<|t|<π

)
|Φι(eit)| |eint − 1| dt

≤ εCΦ +
1
π

∫
δ<|t|<π

|Φι(eit)| dt.

The property (c) ensures that the last integral tends to zero as ι grows. More
precisely, there is ιε such that

|Φ̂ι(n)− 1| ≤ (CΦ + 1) ε

for all ι > ιε.
Given f ∈ L1(T) and an approximate identity {Φι} on T, we form the new

family {Φι ∗ f}. In the rest of this chapter, assuming f belongs to one of the
Lebesgue spaces Lp(T) or to C(T), we explore the way in which Φι∗f approaches
f as ι grows. Similarly, for an arbitrary Borel measure µ ∈ M(T), we find the
relation between the measures (Φι ∗µ)(eit) dt/2π and µ. According to Theorem
1.2, the Fourier series of Φι ∗ µ and Φι ∗ f are respectively

∞∑
n=−∞

Φ̂ι(n) µ̂(n) einθ and
∞∑

n=−∞
Φ̂ι(n) f̂(n) einθ.

Hence, they are respectively the weighted Fourier series of µ and f . That is
why we can also say that we study the weighted Fourier series in the following.

Exercises

Exercise 2.2.1 Let

Fn(eit) =
{

2Kn(eit) if 0 ≤ t ≤ π,
0 if −π < t < 0.

Show that (Fn)n≥0 is a positive approximate identity on T. Find F̂n.

Exercise 2.2.2 The Dirichlet kernel is defined by

Dn(eit) =
n∑

k=−n
eikt, (n ≥ 0).
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(See Figure 2.2.) Show that

Dn(eit) = 1 + 2
n∑
k=1

cos(kt) =
sin( (2n+1)t

2 )
sin( t2 )

and that (Dn)n≥0 is not an approximate identity on T. Find D̂n. (See Figure
2.3, which shows the spectrum of D4.)

K3 K2 K1 0 1 2 3

10

20

30

Fig. 2.2. The Dirichlet kernel Dn(eit) for n = 5, 10, 15.

Fig. 2.3. The spectrum of D4.

Exercise 2.2.3 Lebesgue constants are defined by

Ln =
1
2π

∫ π

−π
|Dn(eit)| dt, (n ≥ 0).
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Show that Ln →∞ as n→∞.

Remark: By a more precise estimation one can show that

4
π2 log n < Ln < 3 +

4
π2 log n.

Exercise 2.2.4 Show that

Kn =
D0 + D1 + · · ·+ Dn

n+ 1
, (n ≥ 0).

Exercise 2.2.5 Let

ϕn(eit) = −2nKn−1(eit) sin(nt), (n ≥ 1).

Show that ‖ϕn‖1 < 2n.

Exercise 2.2.6 Let p be a trigonometric polynomial of degree at most n.
Show that

‖p′‖∞ ≤ 2n ‖p‖∞.
Hint: Note that p′ = p ∗ ϕn, where ϕn is given in Exercise 2.2.5. Now, apply
Corollary 1.6.
Remark: This inequality is not sharp. Bernstein showed that ‖p′‖∞ ≤ n ‖p‖∞,
where p is any trigonometric polynomial of degree at most n.

Exercise 2.2.7 Show that the Fourier coefficients of the Fejér kernel Kn are
given by

K̂n(m) =




1− |m|
n+1 if |m| ≤ n,

0 if |m| ≥ n+ 1.

(Figure 2.4 shows the spectrum of K4.)

Fig. 2.4. The spectrum of K4.
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Exercise 2.2.8 [de la Vallée Poussin’s kernel] Let

Vn(eit) = 2K2n+1(eit)−Kn(eit).

(See Figure 2.5.) Show that (Vn)n≥0 is an approximate identity on T, and that

V̂n(m) =




1 if |m| ≤ n+ 1,

2− |m|
n+1 if n+ 2 ≤ |m| ≤ 2n+ 1,

0 if |m| ≥ 2n+ 2.

K3 K2 K1 0 1 2 3
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30

40

50

Fig. 2.5. The de la Vallée Poussin kernel Vn(eit) for n = 5, 10, 15.

(Figure 2.6 shows the spectrum of V3.)

Fig. 2.6. The spectrum of V3.
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Exercise 2.2.9 Show that

‖Kn‖22 =
1
2π

∫ π

−π
|Kn(eit)|2 dt =

2n2 + 4n+ 3
3(n+ 1)

.

Exercise 2.2.10 [Jackson’s kernel] Show that the family

Jn(eit) =
K2
n(e

it)
‖Kn‖22

=
3

(2n2 + 4n+ 3)(n+ 1)

(
sin( (n+1)t

2 )
sin( t2 )

)4

is a positive approximate identity on T. (See Figure 2.7.)

K3 K2 K1 0 1 2 3
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Fig. 2.7. The Jackson kernel Jn(eit) for n = 5, 10, 15.

Exercise 2.2.11 Let

Fn(eit) =




n if |t| < π

n
,

0 if
π

n
≤ |t| ≤ π.

Show that (Fn)n≥1 is a positive approximate identity on T. Find F̂n.
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Exercise 2.2.12 Let

Fr(eit) =
(1 + r)2 (1− r) t sin t
(1 + r2 − 2r cos t)2

, (0 ≤ r < 1, −π ≤ t ≤ π).

Show that (Fr)0≤r<1 is a positive approximate identity on T.

Exercise 2.2.13 Let

Fr(eit) =
2(1− r2) sin2 t

(1 + r2 − 2r cos t)2
.

Show that (Fr)0≤r<1 is a positive approximate identity on T.

2.3 Uniform convergence and pointwise conver-
gence

In this section we study the relation between Φι ∗ f and f itself. We start
with the simple but very important case of a continuous function. The crucial
property which is exploited below is that a continuous function on T, a compact
set, is automatically uniformly continuous there.

Theorem 2.2 Let {Φι} be an approximate identity on T, and let f ∈ C(T).
Then, for each ι, Φι ∗ f ∈ C(T) with

‖Φι ∗ f‖∞ ≤ CΦ ‖f‖∞,

and moreover
lim
ι
‖Φι ∗ f − f‖∞ = 0.

In other words, Φι ∗ f converges uniformly to f on T.

Proof. By Corollary 1.6, for each ι, we certainly have Φι ∗ f ∈ C(T) and

‖Φι ∗ f‖∞ ≤ ‖Φι‖1 ‖f‖∞ ≤ CΦ ‖f‖∞.

Since f is uniformly continuous on T, given ε > 0, there exists δ = δ(ε) > 0
such that

| f(eit2)− f(eit1) | < ε

whenever |t2 − t1| < δ. Therefore, for all t,

| (Φι ∗ f)(eit)− f(eit) | =
∣∣∣∣ 1
2π

∫ π

−π
Φι(eiτ )

(
f(ei(t−τ))− f(eit)

)
dτ

∣∣∣∣
≤ 1

2π

( ∫ −δ

−π
+

∫ δ

−δ
+

∫ π

δ

)
|Φι(eiτ )| |f(ei(t−τ))− f(eit)| dτ

≤ ‖f‖∞
π

∫
δ≤|τ |≤π

|Φι(eiτ )| dτ + εCΦ.
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Pick ι(ε) so large that

1
π

∫
δ≤|τ |≤π

|Φι(eiτ )| dτ < ε

for ι > ι(ε). Thus, for ι > ι(ε) and for all t,

| (Φι ∗ f)(eit)− f(eit) | < (‖f‖∞ + CΦ) ε.

As a special case, let {Φι} be the Poisson kernel. By using this kernel we extend
a continuous function on T into the unit disc D. The outcome is a function
continuous on the closed unit disc D and harmonic on the open unit disc D.

Corollary 2.3 Let u ∈ C(T), and let

U(reiθ) =




1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt if 0 ≤ r < 1,

u(eiθ) if r = 1.

Then

(a) U is continuous on D,

(b) U is harmonic on D,

(c) for each 0 ≤ r < 1, ‖Ur‖∞ ≤ ‖u‖∞.

Proof. By Theorem 2.1, U is harmonic on D. Hence, U is at least continuous
on D. On the other hand, Theorem 2.2 ensures that, as r → 1, Ur converges
uniformly to u, and ‖Ur‖∞ ≤ ‖u‖∞. Therefore, U is also continuous at all
points of T.

By Theorem 2.1, we also have

U(reiθ) =
∞∑

n=−∞
û(n) r|n| einθ, (0 ≤ r < 1). (2.4)

Therefore, Corollary 2.3 says that the Abel–Poisson means of the Fourier series
of a continuous function u converge uniformly to u.

Let P(T) denote the space of all trigonometric polynomials:

P(T) = { p : p(eit) =
N∑

n=−N
an e

int, an ∈ C }.

Clearly
P(T) ⊂ C(T).

A celebrated theorem of Weierstrass says that P(T) is dense in C(T). Using the
Fejér kernel we are able to give a constructive proof of this result.
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Corollary 2.4 (Weierstrass–Fejér) Let f ∈ C(T), and let

pn(eit) =
n∑

k=−n

(
1− |k|

n+ 1

)
f̂(k) eikt, (eit ∈ T).

Then, for each n ≥ 0,
‖pn‖∞ ≤ ‖f‖∞

and
lim
n→∞ ‖pn − f‖∞ = 0.

Proof. It is enough to observe that

pn = f ∗Kn,

where Kn is the Fejér kernel. Then apply Theorem 2.2.

In the rest of this section we study a local version of Theorem 2.2 by assuming
that f is continuous at a fixed point on T. Thus we obtain some results about
the pointwise convergence of Fourier series.

Theorem 2.5 Let {Φι} be an approximate identity on T. Suppose that, for
each ι,

Φι ∈ L∞(T),

and that {Φι} satisfies the stronger property (c′):

lim
ι

(
sup

0<δ≤|t|≤π
|Φι(eit)|

)
= 0.

Let f ∈ L1(T), and suppose that f is continuous at eit0 ∈ T. Then, given ε > 0,
there exists ι(ε, t0) and δ = δ(ε, t0) > 0 such that

| (Φι ∗ f)(eit)− f(eit0) | < ε,

if ι > ι(ε, t0) and |t− t0| < δ. In particular,

lim
ι

(Φι ∗ f)(eit0) = f(eit0).

Proof. Since Φι ∈ L∞(T) and f ∈ L1(T), by Corollary 1.6, (Φι ∗ f)(eit) is
well-defined at all eit ∈ T.

By assumption, given ε > 0, there exists δ = δ(ε, t0) > 0 such that

| f(eiη)− f(eit0) | < ε
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whenever |η − t0| < 2δ. Therefore, for |t− t0| < δ,

| (Φι ∗ f)(eit)− f(eit0) | =
∣∣∣∣ 1
2π

∫ π

−π
Φι(eiτ )

(
f(ei(t−τ))− f(eit0)

)
dτ

∣∣∣∣
≤ 1

2π

( ∫ −δ

−π
+

∫ δ

−δ
+

∫ π

δ

)
|Φι(eiτ )| |f(ei(t−τ))− f(eit0)| dτ

≤ 1
2π

∫
δ≤|τ |≤π

|Φι(eiτ )|
(
|f(ei(t−τ))|+ |f(eit0)|

)
dτ + εCΦ

≤ (‖f‖1 + |f(eit0)|)
(

sup
δ≤|t|≤π

|Φι(eit)|
)

+ εCΦ.

Pick ι(ε, t0) so large that
sup

δ≤|t|≤π
|Φι(eit)| < ε

whenever ι > ι(ε, t0). Thus, for ι > ι(ε, t0) and for |t− t0| < δ, we have

| (Φι ∗ f)(eit)− f(eit0) | < (‖f‖1 + |f(eit0)|+ CΦ) ε.

The following result is a local version of Corollary 2.3. Note that the Poisson
kernels fulfils all the requirements of Theorem 2.5.

Corollary 2.6 Let u ∈ L1(T), and let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Suppose that u is continuous at eit0 ∈ T. Then U is harmonic on D and besides

lim
z→eit0
z∈D

U(z) = u(eit0).

In particular,
lim
r→1

U(reit0) = u(eit0).

In Theorem 2.5 and Corollary 2.6, among other things, we assumed that
our function f is continuous at a fixed point eit0 . Hence, we implicitly take it
as granted that f(eit0) is a finite complex number and f(eit) converges to this
value as t → t0. The finiteness of f(eit0) is crucial. If f is a complex-valued
function and

lim
t→t0
|f(eit)| = |f(eit0)| = +∞,

we may still say that f is continuous at eit0 . However, the preceding results are
not valid for this class of functions. Nevertheless, if our function is real-valued
and

lim
t→t0

f(eit) = f(eit0) = +∞,

we are able to find a proper generalization. As a matter of fact, in a very
essential step in the theory of Hardy spaces we apply this result.
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Theorem 2.7 Let {Φι} be a positive approximate identity on T. Suppose that,
for each ι,

Φι ∈ L∞(T),

and that {Φι} satisfies the stronger property (c′):

lim
ι

(
sup

0<δ≤|t|≤π
Φι(eit)

)
= 0.

Let f be a real function in L1(T) such that

lim
t→t0

f(eit) = +∞.

Then, given M > 0, there exists ι(M, t0) and δ = δ(M, t0) > 0 such that

(Φι ∗ f)(eit) > M

if ι > ι(M, t0) and |t− t0| < δ. In particular,

lim
ι

(Φι ∗ f)(eit0) = +∞.

Proof. As we mentioned before, since Φι ∈ L∞(T) and f ∈ L1(T), by Corollary
1.6, (Φι ∗ f)(eit) is well-defined for all eit ∈ T.

By assumption, given M > 0, there exists δ = δ(M, t0) > 0 such that

f(eiη) > 2M

whenever |η − t0| < 2δ. Therefore, for |t− t0| < δ,

(Φι ∗ f)(eit) =
1
2π

∫ π

−π
Φι(eiτ ) f(ei(t−τ)) dτ

=
1
2π

( ∫ −δ

−π
+

∫ δ

−δ
+

∫ π

δ

)
Φι(eiτ ) f(ei(t−τ)) dτ

≥ M

π

∫ δ

−δ
Φι(eiτ ) dτ −

1
2π

∫
δ≤|τ |≤π

Φι(eiτ ) |f(ei(t−τ))| dτ

= 2M − 1
2π

∫
δ≤|τ |≤π

Φι(eiτ ) (2M + |f(ei(t−τ))|) dτ

≥ 2M − (2M + ‖f‖1) ( sup
δ≤|τ |≤π

Φι(eiτ ) ).

Pick ι(M, t0) so large that

(2M + ‖f‖1) sup
δ≤|τ |≤π

Φι(eiτ ) < M

whenever ι > ι(M, t0). Thus, for ι > ι(M, t0) and for |t− t0| < δ,

(Φι ∗ f)(eit) > M.
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Corollary 2.8 Let u be a real function in L1(T), and let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Suppose that
lim
t→t0

u(eit) = +∞.

Then U is harmonic in D and besides

lim
z→eit0
z∈D

U(z) = +∞.

In particular,
lim
r→1

U(reit0) = +∞.

Let A be a subset of C and consider a function

f : A �−→ [0,∞].

We say that f is continuous at z0 ∈ A whenever

lim
z→z0
z∈A

f(z) = f(z0).

If f(z0) < ∞, then there is nothing new in this definition. The other case
should be familiar too. If f(z0) = ∞, by continuity at z0 we simply mean
that limz→z0 f(z) = ∞. The following result is an immediate consequence of
Corollaries 2.6 and 2.8. It plays a vital role in Fatou’s construction and thereafter
in F. and M. Riesz’s theorem, a cornerstone of function theory (see Section 5.5).

Corollary 2.9 Let u : T �−→ [0,∞] be continuous on T, and suppose that
u ∈ L1(T). Let

U(reiθ) =




1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt if 0 ≤ r < 1,

u(eiθ) if r = 1.

Then U : D �−→ [0,∞] is continuous on D and harmonic on D.

Exercises

Exercise 2.3.1 Use Corollary 2.3 and (2.4) to give another proof of Weier-
strass’s theorem.



38 Chapter 2. Abel–Poisson means

Exercise 2.3.2 Let f ∈ Lipα(T), 0 < α < 1. Show that

‖Kn ∗ f − f‖∞ ≤ Cα
‖f‖Lipα(T)

nα
,

where Cα is an absolute constant just depending on α.

Exercise 2.3.3 Let f ∈ Lip1(T). Show that

‖Kn ∗ f − f‖∞ ≤ C ‖f‖Lip1(T)
log n
n

,

where C is an absolute constant.

Exercise 2.3.4 Let f ∈ Lip1(T). Show that

‖Jn ∗ f − f‖∞ ≤ C
‖f‖Lip1(T)

n
,

where C is an absolute constant.

Exercise 2.3.5 Let f ∈ L1(T), and let

pn(eit) =
n∑

k=−n

(
1− |k|

n+ 1

)
f̂(k) eikt, (eit ∈ T).

Suppose that f is continuous at eit0 ∈ T. Show that

lim
n→∞ pn(eit0) = fn(eit0).

Hint: Apply Theorem 2.5.

Exercise 2.3.6 Let f be a real function in L1(T) such that

lim
t→t0

f(eit) = +∞.

Let

pn(eit) =
n∑

k=−n

(
1− |k|

n+ 1

)
f̂(k) eikt, (eit ∈ T).

Show that
lim
n→∞ pn(eit) = +∞.

Hint: Apply Theorem 2.7.



2.4. Weak* convergence of measures 39

2.4 Weak* convergence of measures

According to Theorem 1.3, f ∗ µ, the convolution of an L1(T) function f and a
Borel measure µ, is a well-defined L1(T) function. In this section, we explore the
relation between f ∗µ and µ where f ranges over the elements of an approximate
identity.

Theorem 2.10 Let {Φι} be an approximate identity on T, and let µ ∈ M(T).
Then, for all ι, Φι ∗ µ ∈ L1(T) with

‖Φι ∗ µ‖1 ≤ CΦ ‖µ‖

and
‖µ‖ ≤ sup

ι
‖Φι ∗ µ‖1.

Moreover, the measures dµι(eit) = (Φι ∗µ)(eit) dt/2π converge to dµ(eit) in the
weak* topology, i.e.

lim
ι

1
2π

∫ π

−π
ϕ(eit) (Φι ∗ µ)(eit) dt =

∫
T

ϕ(eit) dµ(eit)

for all ϕ ∈ C(T).

Proof. By Theorem 1.3 and (1.11), Φι ∗ µ ∈ L1(T) with

‖Φι ∗ µ‖1 ≤ ‖Φι‖1 ‖µ‖ ≤ CΦ ‖µ‖

for all ι. Let ϕ ∈ C(T), and define ψ(eit) = ϕ(e−it). Then, ψ ∈ C(T) and by
Fubini’s theorem,

1
2π

∫ π

−π
ϕ(eit) (Φι ∗ µ)(eit) dt =

1
2π

∫ π

−π
ϕ(eit)

( ∫
T

Φι(ei(t−τ)) dµ(eiτ )
)
dt

=
∫

T

(
1
2π

∫ π

−π
Φι(ei(t−τ)) ϕ(eit) dt

)
dµ(eiτ )

=
∫

T

(
1
2π

∫ π

−π
Φι(ei(−s−τ)) ϕ(e−is) ds

)
dµ(eiτ )

=
∫

T

(
1
2π

∫ π

−π
Φι(ei(−τ−s)) ψ(eis) ds

)
dµ(eiτ )

=
∫

T

(Φι ∗ ψ)(e−iτ ) dµ(eiτ ).

Theorem 2.2 assures that (Φι ∗ ψ)(e−iτ ) converges uniformly to ψ(e−iτ ) on T.
Since |µ| is a finite positive Borel measure, we thus have

lim
ι

1
2π

∫ π

−π
ϕ(eit) (Φι ∗ µ)(eit) dt = lim

ι

∫
T

(Φι ∗ ψ)(e−iτ ) dµ(eiτ )

=
∫

T

ψ(e−iτ ) dµ(eiτ )

=
∫

T

ϕ(eiτ ) dµ(eiτ ).
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Since ∣∣∣∣ 1
2π

∫ π

−π
ϕ(eit) (Φι ∗ µ)(eit) dt

∣∣∣∣ ≤ ( sup
ι
‖Φι ∗ µ‖1 ) ‖ϕ‖∞,

the last identity implies∣∣∣∣
∫

T

ϕ(eiτ ) dµ(eiτ )
∣∣∣∣ ≤ ( sup

ι
‖Φι ∗ µ‖1 ) ‖ϕ‖∞

for all ϕ ∈ C(T). Hence, by the Riesz representation theorem,

‖µ‖ ≤ sup
ι
‖Φι ∗ µ‖1.

In the last theorem, if {Φι} is a positive approximate identity on T then CΦ = 1
and thus we necessarily have

‖µ‖ = sup
ι
‖Φι ∗ µ‖1.

As a matter of fact, slightly modifying the proof of the theorem, we see that

‖µ‖ = lim
ι
‖Φι ∗ µ‖1.

In particular, if we choose the Poisson kernel then, by Theorem 2.1, we are able
to extend µ to a harmonic function U on D such that the measures U(reit) dt/2π
are uniformly bounded and, as r → 1, converge to µ in the weak* topology.

Corollary 2.11 Let µ ∈M(T), and let

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D). (2.5)

Then U is harmonic on D, and

‖µ‖ = sup
0≤r<1

‖Ur‖1 = lim
r→1
‖Ur‖1.

Moreover, the measures dµr(eit) = U(reit)dt/2π converge to dµ(eit), as r → 1−,
in the weak* topology, i.e.

lim
r→1−

∫
T

ϕ(eit) dµr(eit) =
∫

T

ϕ(eit) dµ(eit)

for all ϕ ∈ C(T).

The preceding result has interesting and profound consequences. For exam-
ple, the identity ‖µ‖ = sup0≤r<1 ‖Ur‖1 immediately implies some uniqueness
theorems. We give two slightly different versions below.
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Corollary 2.12 (Uniqueness theorem) Let µ ∈M(T). Suppose that∫
T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit) = 0

for all reiθ ∈ D. Then µ = 0.

Corollary 2.13 (Uniqueness theorem) Let µ ∈M(T) and suppose that

µ̂(n) = 0

for all n ∈ Z. Then µ = 0.

Proof. Define U by (2.5) and note that, by Theorem 2.1,

U(reiθ) =
∞∑

n=−∞
µ̂(n) r|n| einθ = 0

for all reiθ ∈ T.

The last uniqueness theorem says that the map

M(T) −→ �∞(Z)
µ �−→ µ̂

is one-to-one. In particular, if f ∈ L1(T) and f̂(n) = 0, for all n ∈ Z, then
f = 0.

Exercises

Exercise 2.4.1 Let {Φn} be an approximate identity on T, and let µ ∈M(T).
Show that

‖µ‖ ≤ lim inf
n→∞ ‖Φn ∗ µ‖1.

Hint: By Theorem 2.10, for each N ≥ 1,

‖µ‖ ≤ sup
n≥N
‖Φn ∗ µ‖1.

Exercise 2.4.2 Let {Φn} be a positive approximate identity on T, and let
µ ∈M(T). Show that

lim
n→∞ ‖Φn ∗ µ‖1 = ‖µ‖.

Hint: Use Exercise 2.4.1 and the fact that ‖Φn ∗ µ‖1 ≤ ‖µ‖ for all n ≥ 1.

Exercise 2.4.3 Let 0 ≤ r, ρ < 1. Show that Pr ∗ Pρ = Prρ.
Hint: Use (1.6), Theorem 1.2 and the uniqueness theorem.
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Exercise 2.4.4 Show that the map

M(T) −→ �∞(Z)
µ �−→ µ̂

is not surjective.

Exercise 2.4.5 Let µ ∈M(T), and let

pn(eit) =
n∑

k=−n

(
1− |k|

n+ 1

)
µ̂(k) eikt, (eit ∈ T).

Show that the measures dµn(eit) = pn(eit) dt/2π converge to dµ(eit), as n→∞,
in the weak* topology, i.e.

lim
n→∞

∫
T

ϕ(eit) dµn(eit) =
∫

T

ϕ(eit) dµ(eit)

for all ϕ ∈ C(T).
Hint: Apply Theorem 2.10.

Exercise 2.4.6 Let {an}n∈Z be a sequence of complex numbers. Suppose
that the measures

dpn(eit) =
1
2π

{ n∑
k=−n

(
1− |k|

n+ 1

)
ak e

ikt

}
dt

are convergent in the weak* topology, say to the measure µ ∈M(T). Show that
an are in fact the Fourier coefficients of µ. (This result can be regarded as the
converse of Exercise 2.4.5.)

Exercise 2.4.7 Let µ ∈M(T) and let r0 ∈ (0, 1). Suppose that∫
T

1− r20
1 + r20 − 2r0 cos(θ − t) dµ(eit) = 0

for all eiθ ∈ T. Show that µ = 0.

Exercise 2.4.8 Let µ ∈M(T) and let r0 ∈ (0, 1). Suppose that µ̂(0) = 0 and
that ∫

T

2r0 sin(θ − t)
1 + r20 − 2r0 cos(θ − t) dµ(eit) = 0

for all eiθ ∈ T. Show that µ = 0.
Hint: For a fixed r, find the Fourier series of

2r sin t
1 + r2 − 2r cos t

.

The relation
2r sin t

1 + r2 − 2r cos t
=

i

1− reit −
i

1− re−it
might be useful.
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2.5 Convergence in norm

The space of continuous functions C(T) is dense in Lp(T), 1 ≤ p < ∞. This
assertion is not true when p = ∞, since the uniform limit of a sequence of
continuous functions has to be continuous and a typical element of L∞(T) is
not necessarily continuous. We exploit this fact to study the behavior of Φι ∗ f ,
where f ∈ Lp(T) and {Φι} is an approximate identity.

Theorem 2.14 Let {Φι} be an approximate identity on T, and let f ∈ Lp(T),
1 ≤ p <∞. Then, for all ι, Φι ∗ f ∈ Lp(T) with

‖Φι ∗ f‖p ≤ CΦ ‖f‖p

and besides,
lim
ι
‖Φι ∗ f − f‖p = 0.

Proof. By Corollary 1.5, Φι ∗ f ∈ Lp(T) and

‖Φι ∗ f‖p ≤ ‖Φι‖1 ‖f‖p ≤ CΦ ‖f‖p

for all ι.
Fix ε > 0. Given f ∈ Lp(T), pick ϕ ∈ C(T) such that ‖f − ϕ‖p < ε. Hence

‖Φι ∗ f − f ‖p = ‖Φι ∗ (f − ϕ)− (f − ϕ) + (Φι ∗ ϕ− ϕ) ‖p
≤ ‖Φι ∗ (f − ϕ) ‖p + ‖ f − ϕ ‖p + ‖Φι ∗ ϕ− ϕ ‖p
≤ (1 + CΦ) ‖ f − ϕ ‖p + ‖Φι ∗ ϕ− ϕ ‖p
≤ (1 + CΦ) ε+ ‖Φι ∗ ϕ− ϕ ‖∞.

However, by Theorem 2.2, there is an ι(ε) such that ‖Φι ∗ ϕ − ϕ ‖∞ < ε, for
ι > ι(ε). Therefore

‖Φι ∗ f − f‖p < (2 + CΦ) ε

whenever ι > ι(ε).

Since limι ‖Φι ∗ f − f‖p = 0, we clearly have limι ‖Φι ∗ f‖p = ‖f‖p. Hence, if
{Φι} is a positive approximate identity on T,

lim
ι
‖Φι ∗ f‖p = sup

ι
‖Φι ∗ f‖p = ‖f‖p.

Therefore, if we use the Poisson kernel to extend a function u ∈ Lp(T) to the
open unit disc we obtain a harmonic function U whose mean values ‖Ur‖p are
uniformly bounded, with Ur converging to u in the Lp(T) norm.

Corollary 2.15 Let u ∈ Lp(T), 1 ≤ p <∞, and let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).
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Then U is harmonic on D,

sup
0≤r<1

‖Ur‖p = lim
r→1
‖Ur‖p = ‖u‖p

and
lim
r→1
‖Ur − u‖p = 0.

We can also exploit the Fejér kernel Kn in Theorem 2.14. The main advan-
tage is that f ∗Kn is a trigonometric polynomial.

Corollary 2.16 Let f ∈ Lp(T), 1 ≤ p <∞, and let

pn(eit) =
n∑

k=−n

(
1− |k|

n+ 1

)
f̂(k) eikt, (eit ∈ T).

Then, for each n ≥ 1,
‖pn‖p ≤ ‖f‖p

and
lim
n→∞ ‖pn − f‖p = 0.

Proof. It is enough to observe that

pn = f ∗Kn,

where Kn is the Fejér kernel. Now, apply Theorem 2.14.

The constructive method of Fejér shows that the trigonometric polynomials are
dense in Lp(T), 1 ≤ p < ∞. On the other hand, in Lemma 1.1, we saw that
the Fourier coefficients of an integrable function are uniformly bounded. We are
now in a position to improve this result by showing that the Fourier coefficients
actually tend to zero.

Corollary 2.17 (Riemann–Lebesgue lemma) Let f ∈ L1(T). Then

lim
|n|→∞

f̂(n) = 0.

Proof. Given ε > 0, by Corollary 2.16, there is n0 such that

‖pn0 − f‖1 < ε,

where

pn0(e
it) =

n0∑
k=−n0

(
1− |k|

n0 + 1

)
f̂(k) eikt, (eit ∈ T).

Hence, by Lemma 1.1,

|p̂n0(n)− f̂(n)| ≤ ‖pn0 − f‖1 < ε

for all n ∈ Z. However, p̂n0(n) = 0 if |n| > n0. Therefore,

|f̂(n)| < ε

for all |n| > n0.
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We saw that the Fourier transform

M(T) −→ �∞(Z)
µ �−→ µ̂

is injective but not surjective. As long as �p(Z) spaces or their well-known
subspaces are concerned, �∞(Z) is the best possible choice in this mapping.
However, if instead of M(T) we consider the smaller subclass L1(T), by the
Riemann–Lebesgue lemma (Corollary 2.17), we can slightly improve the pre-
ceding mapping and exhibit the Fourier transform on L1(T) as

L1(T) −→ c0(Z)
f �−→ f̂ .

We will see that this map is not surjective (see Exercise 2.5.6). As a matter
of fact, there is no satisfactory description for the image of L1(T ) under the
Fourier transformation.

Exercises

Exercise 2.5.1 Let {an}n∈Z be a sequence of complex numbers, and let

pn(eit) =
n∑

k=−n

(
1− |k|

n+ 1

)
ak e

ikt, (eit ∈ T).

Let 1 ≤ p <∞. Suppose that the sequence (pn)n≥0 is convergent in the Lp(T)
norm to a function f ∈ Lp(T). Show that {an}n∈Z are in fact the Fourier
coefficients of f .
Remark: This result can be regarded as the converse of Corollary 2.16.

Exercise 2.5.2 Show that Lp(T), 1 ≤ p <∞, is separable. Is L∞(T) separa-
ble?
Hint: Use Corollary 2.16.

Exercise 2.5.3 [Fejér’s lemma] Let f ∈ L1(T) and let g ∈ L∞(T). Show that

lim
n→∞

1
2π

∫ π

−π
f(eit) g(eint) dt = f̂(0) ĝ(0).

Hint: First suppose that f is a trigonometric polynomial and apply Exercise
1.3.4. Then use Corollary 2.16 to prove the general case.

Exercise 2.5.4 Let g ∈ L1(T) and let 1 ≤ p ≤ ∞. Consider the operator

Λ : Lp(T) −→ Lp(T)
f �−→ g ∗ f.
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By Corollary 1.5, Λ is well-defined. Show that

‖Λ‖ = ‖g‖1.

Hint: Apply Corollaries 1.5 and 2.16.

Exercise 2.5.5 Let f ∈ L1(T). Suppose that

f̂(n) = −f̂(−n) ≥ 0

for all n ≥ 0. Show that
∞∑
n=1

f̂(n)
n

<∞.

Hint: Let

F (eit) =
∫ t

0
f(eiτ ) dτ.

Then F ∈ C(T) and F̂ (n) = f̂(n)/in, n �= 0. Hence, by Corollary 2.4,

lim
n→∞(Kn ∗ F )(1) = F (1) = 0.

Exercise 2.5.6 Show that the mapping

L1(T) −→ c0(Z)
f �−→ f̂

is not surjective.
Hint: Let

an = −a−n =
1

log n
, (n ≥ 2),

and a±1 = a0 = 0. Use Exercise 2.5.5 to show that (an)n∈Z is not in the range.

Exercise 2.5.7 Let (an)n∈Z be such that

(i) an ≥ 0, for all n ∈ Z,

(ii) a−n = an, for all n ≥ 1,

(iii) limn→∞ an = 0,

(iv) an ≤ (an−1 + an+1)/2, for all n ≥ 1.

Let

f(eit) =
∞∑
n=1

n(an−1 + an+1 − 2an)Kn−1(eit).
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Show that f ∈ L1(T) and that

f̂(n) = an

for all n ∈ Z.
Remark: This result convinces us that c0(Z) is somehow optimal as the codomain
of

L1(T) −→ c0(Z)
f �−→ f̂ .

2.6 Weak* convergence of bounded functions

Since C(T) is not uniformly dense in L∞(T), the results of the preceding section
are not entirely valid if p =∞. However, a slightly weaker version holds in this
case too.

Theorem 2.18 Let {Φι} be an approximate identity on T, and let f ∈ L∞(T).
Then, for all ι, Φι ∗ f ∈ C(T) with

‖Φι ∗ f‖∞ ≤ CΦ ‖f‖∞

and
‖f‖∞ ≤ sup

ι
‖Φι ∗ f‖∞.

Moreover, Φι ∗ f converges to f in the weak* topology, i.e.

lim
ι

∫ π

−π
ϕ(eit) (Φι ∗ f)(eit) dt =

∫ π

−π
ϕ(eit) f(eit) dt

for all ϕ ∈ L1(T).

Proof. By Corollary 1.6, Φι ∗ f ∈ C(T) and

‖Φι ∗ f‖∞ ≤ ‖Φι‖1 ‖f‖∞ ≤ CΦ ‖f‖∞

for all ι.
Let ϕ ∈ L1(T), and let ψ(eit) = ϕ(e−it). Then, by Fubini’s theorem,∫ π

−π
ϕ(eit) (Φι ∗ f)(eit) dt =

∫ π

−π
ϕ(eit)

( ∫ π

−π
Φι(ei(t−τ)) f(eiτ ) dτ

)
dt

=
∫ π

−π

( ∫ π

−π
Φι(ei(t−τ)) ϕ(eit) dt

)
f(eiτ ) dτ

=
∫ π

−π

( ∫ π

−π
Φι(ei(−τ−s)) ψ(eis) ds

)
f(eiτ ) dτ

=
∫ π

−π
(Φι ∗ ψ)(e−iτ ) f(eiτ ) dτ.
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Theorem 2.14 ensures that (Φι ∗ ψ)(e−iτ ) converges to ψ(e−iτ ) in L1(T). Since
f is a bounded function, we thus have

lim
ι

∫ π

−π
ϕ(eit) (Φι ∗ f)(eit) dt = lim

ι

∫ π

−π
(Φι ∗ ψ)(e−iτ ) f(eiτ ) dτ

=
∫ π

−π
ψ(e−iτ ) f(eiτ ) dτ

=
∫ π

−π
ϕ(eiτ ) f(eiτ ) dτ.

Since ∣∣∣∣ 1
2π

∫ π

−π
ϕ(eit) (Φι ∗ f)(eit) dt

∣∣∣∣ ≤ ( sup
ι
‖Φι ∗ f‖∞ ) ‖ϕ‖1,

the last identity implies∣∣∣∣
∫ π

−π
ϕ(eiτ ) f(eiτ ) dτ

∣∣∣∣ ≤ ( sup
ι
‖Φι ∗ f‖∞ ) ‖ϕ‖1

for all ϕ ∈ L1(T). Hence, by the Riesz representation theorem,

‖f‖∞ ≤ sup
ι
‖Φι ∗ f‖∞.

If {Φι} is a positive approximate identity on T then CΦ = 1 and thus we have

‖f‖∞ = sup
ι
‖Φι ∗ f‖∞.

As a matter of fact, by slightly modifying the proof of the theorem, we obtain

‖f‖∞ = lim
ι
‖Φι ∗ f‖∞.

Corollary 2.19 Let u ∈ L∞(T), and let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Then U is bounded and harmonic on D and

sup
0≤r<1

‖Ur‖∞ = lim
r→1
‖Ur‖∞ = ‖u‖∞.

Moreover, as r → 1, Ur converges to u in the weak* topology, i.e.

lim
r→1−

∫ π

−π
ϕ(eit)U(reit) dt =

∫ π

−π
ϕ(eit)u(eit) dt

for all ϕ ∈ L1(T).
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Exercises

Exercise 2.6.1 Let {Φn} be an approximate identity on T, and let f ∈ L∞(T).
Show that

‖f‖∞ ≤ lim inf
n→∞ ‖Φn ∗ f‖∞.

Exercise 2.6.2 Let {Φn} be a positive approximate identity on T, and let
f ∈ L∞(T). Show that

lim
n→∞ ‖Φn ∗ f‖∞ = ‖f‖∞.

Exercise 2.6.3 Let f ∈ L∞(T) and let

pn(eit) =
n∑

k=−n

(
1− |k|

n+ 1

)
f̂(k) eikt, (eit ∈ T).

Show that the sequence (pn)n≥0 converges to f in the weak* topology, i.e.

lim
n→∞

∫ π

−π
ϕ(eit) pn(eit) dt =

∫ π

−π
ϕ(eit) f(eit) dt

for all ϕ ∈ L1(T).
Hint: Apply Theorem 2.18.

Exercise 2.6.4 Let {an}n∈Z be a sequence of complex numbers, and let

pn(eit) =
n∑

k=−n

(
1− |k|

n+ 1

)
ak e

ikt, (eit ∈ T).

Suppose that the sequence (pn)n≥0 is convergent in the weak* topology to a
function f ∈ L∞(T). Show that {an}n∈Z are in fact the Fourier coefficients of
f .
Remark: This result can be regarded as the converse of Exercise 2.6.3.

2.7 Parseval’s identity

In the preceding sections we mainly studied the Abel–Poisson means of the
Fourier series of a measure or a function and, among other things, we saw
how these means converge in an appropriate topology to the given measure or
function. However, we have not yet considered the convergence of the Fourier
series itself. The pointwise or uniform convergence of the Fourier series is a
more subtle problem. The whole story is unveiled by a celebrated theorem
of Carleson-Hunt, which says that the Fourier series of a function in Lp(T),
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p > 1, converges almost everywhere to the function, and a difficult construction
of Kolmogorov giving a function in L1(T) whose Fourier series diverges almost
everywhere. We do not need these results in the following. However, we explore
further the Fourier series of L2(T) functions.

First of all, for the subclass L2(T) ⊂ L1(T), the uniqueness theorem (Corol-
lary 2.13) can be stated differently. A family {ϕι } in L2(T) is complete provided
that ∫ π

−π
f(eit) ϕι(eit) dt = 0, for all ι

holds only if f = 0. Therefore, the uniqueness theorem says that the sequence
{eint}n∈Z is complete in L2(T). Secondly, L2(T) equipped with the inner prod-
uct

〈f, g〉 =
1
2π

∫ π

−π
f(eit) g(eit) dt

is a Hilbert space. Two functions f, g ∈ L2(T) are said to be orthogonal if

〈f, g〉 = 0.

A subset S ⊂ L2(T) is called an orthonormal set if every element of S has norm
one and every two distinct elements of S are orthogonal. Using this terminology,
the relation (1.2) along with the uniqueness theorem tells us that the sequence
{eint}n∈Z is a complete orthonormal set.

Lemma 2.20 (Bessel’s inequality) Let f ∈ L2(T), and let {ϕι} be an orthonor-
mal family in L2(T). Then ∑

ι

|〈f, ϕι〉|2 ≤ ‖f‖22.

Proof. Let
ϕ =

∑
〈f, ϕι〉ϕι,

where the sum is over a finite subset of indices {ι}. Then

‖f − ϕ‖22 = 〈f − ϕ, f − ϕ〉
= 〈f, f〉 − 〈f, ϕ〉 − 〈ϕ, f〉+ 〈ϕ, ϕ〉.

But

〈f, ϕ〉 =
1
2π

∫ π

−π
f(eit) ϕ(eit) dt

=
1
2π

∫ π

−π
f(eit)

( ∑
〈f, ϕι〉 ϕι(eit)

)
dt

=
∑
〈f, ϕι〉

(
1
2π

∫ π

−π
f(eit) ϕι(eit) dt

)
=

∑
〈f, ϕι〉 〈f, ϕι〉 =

∑
|〈f, ϕι〉|2
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and similarly,

〈ϕ, ϕ〉 =
1
2π

∫ π

−π
ϕ(eit) ϕ(eit) dt

=
1
2π

∫ π

−π

( ∑
〈f, ϕι〉ϕι(eit)

) ( ∑
〈f, ϕι′〉 ϕι′(eit)

)
dt

=
∑ ∑

〈f, ϕι〉 〈f, ϕι′〉
(

1
2π

∫ π

−π
ϕι(eit) ϕι′(eit) dt

)
=

∑
〈f, ϕι〉 〈f, ϕι〉 =

∑
|〈f, ϕι〉|2.

Hence
‖f − ϕ‖22 = ‖f‖22 −

∑
|〈f, ϕι〉|2,

which gives ∑
|〈f, ϕι〉|2 ≤ ‖f‖22.

Taking the supremum with respect to all such sums gives the required result.

If we consider the orthonormal family {eint}n∈Z, then Bessel’s inequality is
written as ∞∑

n=−∞
|f̂(n)|2 ≤ 1

2π

∫ π

−π
|f(eit)|2 dt

or equivalently, f̂ ∈ �2(Z) with

‖ f̂ ‖2 ≤ ‖f‖2

for each f ∈ L2(T). Therefore, the mapping

L2(T) −→ �2(Z)
f �−→ f̂

is well-defined and, by the uniqueness theorem (Corollary 2.13), is injective.
Now, we show that it is also surjective.

Theorem 2.21 (Riesz–Fischer theorem) Let (an)n∈Z ∈ �2(Z). Then there is
an f ∈ L2(T) such that

f̂(n) = an

for all n ∈ Z.

Proof. Let
χk(eit) = eikt, (k ∈ Z),

and let

fn =
n∑

k=−n
ak χk.
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Hence

f̂n(k) = 〈fn, χk〉 =




ak if n ≥ |k|,

0 if n < |k|.
Let m > n. Then

‖fm − fn‖22 =
m∑

|k|=n+1

|ak|2

and thus (fn)n≥1 is a Cauchy sequence in L2(T). Hence it is convergent, say to
f ∈ L2(T). Therefore, for each k ∈ Z, we have

f̂(k) = 〈f, χk〉 = lim
n→∞ 〈fn, χk〉 = ak.

The proof of the Riesz–Fischer theorem contains more than what was stated
in the theorem. We saw that limn→∞ ‖fn− f‖2 = 0, where fn =

∑n
k=−n ak χk.

Hence,

‖f‖22 = lim
n→∞ ‖fn‖

2
2 =

∞∑
k=−∞

|ak|2.

Bessel’s inequality (Lemma 2.20) ensures that f̂ ∈ �2(Z), whenever f ∈ L2(T).
Hence, given f ∈ L2(T), if we pick ak = f̂(k), an appeal to the uniqueness
theorem (Corollary 2.13) shows that

lim
n→∞ ‖fn − f‖2 = 0, (2.6)

where

fn(eit) =
n∑

k=−n
f̂(k) eikt.

This result is an improvement of Corollary 2.16 when p = 2 (see also Exercise
2.1.3). Moreover,

‖f‖22 =
∞∑

k=−∞
|f̂(k)|2.

This last identity is very important and we state it as a corollary.

Corollary 2.22 (Parseval’s identity) Let f ∈ L2(T). Then

1
2π

∫ π

−π
|f(eit)|2 dt =

∞∑
n=−∞

|f̂(n)|2.

Parseval’s identity can be rewritten as

‖f‖2 = ‖f̂‖2.
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Hence the Fourier transform

L2(T) −→ �2(Z)
f �−→ f̂

is bijective and shows that the Hilbert spaces L2(T) and �2(Z) are isomorphically
isometric.

Exercises

Exercise 2.7.1 [Polarization identity] LetH be a complex inner product space
and let x, y ∈ H. Show that

4 〈x, y〉 = ‖x+ y‖2 − ‖x− y‖2 + i‖x+ iy‖2 − i‖x− iy‖2.

Exercise 2.7.2 Let f, g ∈ L2(T). Show that

1
2π

∫ π

−π
f(eit) g(eit) dt =

∞∑
n=−∞

f̂(n) ĝ(n).

Hint: Use Parseval’s identity and Exercise 2.7.1.



54 Chapter 2. Abel–Poisson means



Chapter 3

Harmonic functions in the
unit disc

3.1 Series representation of harmonic functions

Let U be a harmonic function on the disc DR = { |z| < R }. In the proof of the
following theorem, we will see that there is another harmonic function V such
that F = U + iV is analytic on DR. Such a function V is called a harmonic
conjugate of U . It is determined up to an additive constant and we usually
normalize it so that V (0) = 0. Remember that

sgn(n) =




1 if n > 0,
0 if n = 0,
−1 if n < 0.

Theorem 3.1 Let U be harmonic on the disc DR. Then, for each n ∈ Z, the
quantity

an =
ρ−|n|

2π

∫ π

−π
U(ρ eit) e−int dt, (0 < ρ < R), (3.1)

is independent of ρ, and we have

U(reiθ) =
∞∑

n=−∞
an r

|n| einθ, (reiθ ∈ DR). (3.2)

The function

V (reiθ) =
∞∑

n=−∞
−i sgn(n) an r|n| einθ, (reiθ ∈ DR), (3.3)

is the unique harmonic conjugate of U such that V (0) = 0. The series in (3.2)
and (3.3) are absolutely and uniformly convergent on compact subsets of DR.

55
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Proof. Without loss of generality, assume that U is real. Let

G(z) =
∂ U

∂ x
(z)− i ∂ U

∂ y
(z).

Since U satisfies the Laplace equation (1.1), the real and imaginary parts of G
satisfy the Cauchy–Riemann equations. Hence, G is analytic on DR. Let

F (z) = U(0) +
∫ z

0
G(w) dw.

Since DR is simply connected, F is well-defined (the value of the integral is
independent of the path of integration from 0 to z in DR) and we have F ′ = G.
Let U = 
F and note that U(0) = U(0) and �F (0) = 0. Now, on the one hand,

F ′(z) = G(z) =
∂ U

∂ x
(z)− i ∂ U

∂ y
(z)

and, on the other hand, by the Cauchy–Riemann equations

F ′(z) =
∂ U
∂ x

(z)− i ∂ U
∂ y

(z).

Hence
∂ (U − U)

∂ x
(z) = 0 and

∂ (U − U)
∂ y

(z) = 0

on DR, which along with U(0) = U(0) imply U ≡ U. Thus, writing V for �F ,
we have

F = U + iV

with V (0) = 0. Since F is analytic on DR it has the unique power series
representation

F (reiθ) =
∞∑
n=0

αn r
n einθ,

with ∞∑
n=0

|αn| rn <∞ (3.4)

for all r < R. Hence

U(reiθ) = 

{
F (reiθ)

}
= 


{ ∞∑
n=0

αn r
n einθ

}

= α0 +
1
2

∞∑
n=1

αn r
n einθ +

1
2

∞∑
n=1

αn r
n e−inθ

=
∞∑

n=−∞
an r

|n| einθ,
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where

an =




αn/2 if n > 0,

α0 if n = 0,

α−n/2 if n < 0.

Condition (3.4) ensures the absolute and uniform convergence of

∞∑
n=−∞

an r
|n| einθ

on compact subsets of DR. Moreover, for each m ∈ Z and 0 < r < R,

r−|m|

2π

∫ π

−π
U(reit) e−imt dt =

r−|m|

2π

∫ π

−π

( ∞∑
n=−∞

an r
|n| eint

)
e−imt dt

= r−|m|
∞∑

n=−∞
an r

|n|
(

1
2π

∫ π

−π
ei(n−m)t dt

)
= am.

Finally, we have

V (reiθ) = �
{
F (reiθ)

}
= �

{ ∞∑
n=0

αn r
n einθ

}

=
1
2i

∞∑
n=1

αn r
n einθ − 1

2i

∞∑
n=1

αn r
n e−inθ

=
∞∑

n=−∞
−i sgn(n) an r|n| einθ.

Condition (3.4) also implies the absolute and uniform convergence of this series
on compact subsets of DR.

Based on the content of the preceding theorem, the conjugate of any trigono-
metric series

S =
∞∑

n=−∞
an e

inθ

is defined by

S̃ =
∞∑

n=−∞
−i sgn(n) an einθ.

A special case of (3.1), corresponding to m = 0, will be used often. We
mention it as a corollary.
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Corollary 3.2 Let U be harmonic on DR. Then

U(0) =
1
2π

∫ π

−π
U(reiθ) dθ

for all r, 0 ≤ r < R.

Proof. It is enough to note that a0 = U(0).

Exercises

Exercise 3.1.1 Let U be harmonic on DR. Show that

1
πr2

∫ π

−π

∫ r

0
U(ρ eiθ) ρ dρ dθ = U(0)

for all r, 0 < r < R.
Hint: Use Corollary 3.2.

Exercise 3.1.2 Let U be a real harmonic function on C and let N ≥ 0.
Suppose that

U(reiθ) ≤ c rN + c′ (3.5)

for all r ≥ 0 and all θ; c and c′ are two positive constants. Show that

U(reiθ) =
N∑

n=−N
an r

|n| einθ,

where the coefficients an are given by (3.1).
Hint: By Corollary 3.2 and (3.1)

a0 ± r|n| 
an =
1
2π

∫ π

−π
U(reit) (1± cos(nt)) dt.

The advantage of this representation is that (1± cos(nt)) ≥ 0.
Remark: We emphasize that in (3.5) we have U and not |U |. Not using the
absolute values is crucial in some applications.

Exercise 3.1.3 Let Ω be a simply connected domain and let U be a harmonic
function on Ω. Show that there is a harmonic function V on Ω such that
F = U + iV is analytic over Ω. Moreover, show that V is unique up to an
additive constant.
Hint: See the first part of the proof of Theorem 3.1.
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3.2 Hardy spaces on D
The family of all complex harmonic functions on the open unit disc D is denoted
by h(D). Let U ∈ h(D) and write

‖U ‖p = sup
0≤r<1

‖Ur‖p = sup
0≤r<1

(
1
2π

∫ 2π

0
|U(r eiθ)|p dθ

) 1
p

,

if p ∈ (0,∞), and
‖U ‖∞ = sup

z∈D

|U(z) |.

We define
hp(D) =

{
U ∈ h(D) : ‖U ‖p <∞

}
,

where p ∈ (0,∞]. It is straightforward to see that hp(D), 1 ≤ p ≤ ∞, is a
normed vector space and, by Hölder’s inequality,

h∞(D) ⊂ hq(D) ⊂ hp(D)

if 0 < p < q < ∞. We will see that h1(D) and hp(D), 1 < p ≤ ∞, are Banach
spaces respectively isomorphic to M(T) and Lp(T), 1 < p ≤ ∞.

A complex harmonic function F is simply of the form F = U + iV where
U and V are real harmonic functions and there is no other relation between U
and V . However, if we assume that V is a harmonic conjugate of U , and thus
F is analytic on D, a whole new family of functions with profound properties
emerges. Let us denote the family of all analytic functions on D by H(D).
Hence, H(D) ⊂ h(D). Then, parallel to our previous definitions, we consider
the Hardy classes of analytic functions on the unit disc

Hp(D) =
{
F ∈ H(D) : ‖F ‖p <∞

}
for 0 < p ≤ ∞. Clearly,

Hp(D) ⊂ hp(D).

As a matter of fact, that is why we assumed that the elements of h(D) are
complex-valued harmonic functions. As a consequence, any representation the-
orem for hp(D) functions is also automatically valid for the elements of the
smaller subclass Hp(D). The Hardy space Hp(D), 1 ≤ p ≤ ∞, is a normed
vector space and, by Hölder’s inequality,

H∞(D) ⊂ Hq(D) ⊂ Hp(D)

if 0 < p < q < ∞. We will see that Hp(D), 1 ≤ p ≤ ∞, is also a Banach space
isomorphic to a closed subspace of Lp(T) denoted by Hp(T).

Using these new notations, Corollaries 2.11, 2.15 and 2.19 can be rewritten
as follows.

Theorem 3.3 Let 1 ≤ p ≤ ∞. If u ∈ Lp(T), then U = P ∗ u ∈ hp(D) and
‖U‖p = ‖u‖p. If µ ∈M(T), then U = P ∗ µ ∈ h1(D) and ‖U‖1 = ‖µ‖.
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In the following sections, we study the converse of this theorem. More precisely,
we start with a harmonic function in hp(D) and show that it can be represented
as P ∗ u or P ∗ µ with a suitable function u or measure µ.

Exercises

Exercise 3.2.1 Let F = U + iV be analytic on D, and let 0 < p ≤ ∞. Show
that F ∈ Hp(D) if and only if U and V are real harmonic functions in hp(D).

Exercise 3.2.2 Let 0 < p < q <∞. Show that

h∞(D) � hq(D) � hp(D)

and that
H∞(D) � Hq(D) � Hp(D).

Exercise 3.2.3 Let u ∈ L2(T). Define

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D).

Show that F ∈ H2(D) and

‖F‖22 = |û(0)|2 + 4
∞∑
n=1

|û(n)|2.

Deduce
‖F‖2 ≤ 2 ‖u‖2

and show that 2 is the best possible constant.
Hint: Use Exercise 1.3.3 and Parseval’s identity (Corollary 2.22).

3.3 Poisson representation of h∞(D) functions

In studying the boundary values of harmonic functions on the unit disc, the
best possible assumption is to consider harmonic functions which are actually
defined on discs larger than the unit disc. Hence, let us consider

h(D) = {U : ∇2U = 0 on |z| < R, for some R > 1 }.

The constant R is not universal and it depends on U . Putting such a strong
assumption on the elements of h(D) makes it the smallest subclass of h(D) in
our discussion.
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Lemma 3.4 Let U ∈ h(D). Then

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) U(eit) dt, (reiθ ∈ D). (3.6)

Proof. Since U ∈ h(D), there exists R > 1 such that U is harmonic on DR.
Hence, by Theorem 3.1, for all reiθ ∈ DR, we have

U(reiθ) =
∞∑

n=−∞
an r

|n| einθ,

where an are given by

an =
1
2π

∫ π

−π
U(eit) e−int dt, (n ∈ Z).

In particular, for all reiθ ∈ D, we obtain

U(reiθ) =
∞∑

n=−∞

(
1
2π

∫ π

−π
U(eit) e−int dt

)
r|n| einθ.

Fix r and θ. Since U is bounded on T, the absolute and uniform convergence
of the series

∑∞
n=−∞ r|n| ein(θ−t) U(eit), as a function of t, enables us to change

the order of summation and integration. Hence,

U(reiθ) =
1
2π

∫ π

−π

( ∞∑
n=−∞

r|n| ein(θ−t)
)
U(eit) dt, (reiθ ∈ D).

But, as we saw in (1.5),

∞∑
n=−∞

r|n| ein(θ−t) =
1− r2

1 + r2 − 2r cos(θ − t) .

In the following we show that the integral representation (3.6) is valid for
some larger subclasses of h(D). Since h(D) ⊂ h∞(D), the following result is the
first generalization of Lemma 3.4.

Theorem 3.5 (Fatou [6]) Let U ∈ h∞(D). Then there exists a unique u ∈
L∞(T) such that

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D),

and
‖U‖∞ = ‖u‖∞.
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Remark: Compare with Corollary 2.19.

Proof. The uniqueness is a consequence of Corollary 2.12. The rest of the proof
is based on the Poisson representation of harmonic functions in h(D) and the
following two facts:

(i) L∞(T) is the dual of L1(T);

(ii) L1(T) is a separable space (see Exercise 2.5.2).

Step 1: Picking a family of bounded linear functionals on L1(T).

Put

Un(z) = U

( (
1− 1

n

)
z

)
, (n ≥ 2).

First of all, Un is defined on the disc {|z| < n/(n− 1)}. Hence, Un ∈ h(D) and
by Theorem 3.4,

U

( (
1− 1

n

)
z

)
=

1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) Un(e

it) dt (3.7)

for all reiθ ∈ D. Let n → ∞. The left side clearly tends to U(reit). We show
that the limit of the right side has an integral representation. Define

Λn : L1(T) −→ C

by

Λn(f) =
1
2π

∫ π

−π
f(eit)Un(eit) dt, (n ≥ 2).

Since
|Λn(f)| ≤ ‖Un‖∞ ‖f‖1 ≤ ‖U‖∞ ‖f‖1, (3.8)

each Λn is a bounded linear functional on L1(T) with

‖Λn‖ ≤ ‖U‖∞.

Step 2: Extracting a convergent subsequence of Λn.

At this point we can use the Banach–Alaoghlu theorem and deduce that Λn
has a convergent subsequence in the weak* topology. In other words, there is a
bounded linear functional Λ on L1(T) and a subsequence Λnk

such that

lim
k→∞

Λnk
(f) = Λ(f)

for all f ∈ L1(T). However, we give a direct proof of this fact.
Take a countable dense subset of L1(T), say {f1, f2, . . . }. By (3.8), there is

a subsequence of {Λn}n≥2, say {Λn1j}j≥1, such that

lim
j→∞

Λn1j (f1)
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exists. Again by (3.8), there is a subsequence of {Λn1j}j≥1, say {Λn2j}j≥1, such
that

lim
j→∞

Λn2j (f2)

exists. Continuing this process, for any i ≥ 1, we find a subsequence {Λnij}j≥1
of {Λn(i−1)j

}j≥1 such that limj→∞ Λnij (fi) exists. To apply Cantor’s method,
consider the diagonal subsequence {Λnkk

}k≥1. Since {Λnkk
}k≥1 is eventually a

subsequence of {Λnij}j≥1, the limit

lim
k→∞

Λnkk
(fi)

exists for any i ≥ 1. Moreover, we show that this limit actually exists for all
f ∈ L1(T). To do so, we use the fact that Λn’s are uniformly bounded and fi’s
are dense in L1(T). Fix f ∈ L1(T) and ε > 0. Hence, there is fi such that
‖f − fi‖1 < ε. By (3.8), we have

|Λnkk
(f)− Λnll

(f) | ≤ |Λnkk
(f)− Λnkk

(fi) |
+ |Λnkk

(fi)− Λnll
(fi) |

+ |Λnll
(fi)− Λnll

(f) |
≤ 2 ‖U‖∞ ‖f − fi‖1 + |Λnkk

(fi)− Λnll
(fi) |

≤ 2 ‖U‖∞ ε+ |Λnkk
(fi)− Λnll

(fi) |.

Picking k, l large enough, we obtain

|Λnkk
(f)− Λll(f) | ≤ (2 ‖U‖∞ + 1) ε.

Hence
Λ(f) = lim

k→∞
Λnkk

(f)

exists for all f ∈ L1(T) and, again by (3.8),

|Λ(f)| ≤ ‖U‖∞ ‖f‖1.

In other words, Λ is a bounded linear functional on L1(T) with ‖Λ‖ ≤ ‖U‖∞.

Step 3: Appealing to Riesz’s theorem.

For a fixed z = reiθ,

fz(eit) = Pr(ei(θ−t)) =
1− r2

1 + r2 − 2r cos(θ − t) ,

as a function of t, is in L1(T). Hence, by (3.7), we have

Λ(fz) = lim
k→∞

Λnkk
(fz)

= lim
k→∞

1
2π

∫ π

−π
Pr(ei(θ−t))Unkk

(eit) dt

= lim
k→∞

U

( (
1− 1

nkk

)
reiθ

)
= U(reiθ).



64 Chapter 3. Harmonic functions in the unit disc

On the other hand, by Riesz’s theorem, there is a u ∈ L∞(T) such that

Λ(f) =
1
2π

∫ π

−π
f(eit)u(eit) dt

for all f ∈ L1(T). First of all, by choosing f = fz, we obtain

U(reiθ) =
1
2π

∫ π

−π
Pr(ei(θ−t))u(eit) dt.

Secondly, by Corollary 2.19, this identity implies ‖U‖∞ = ‖u‖∞.

Exercises

Exercise 3.3.1 Let U be harmonic on a domain Ω and let D(a,R) ⊂ Ω. Show
that

U(a+ reiθ) =
1
2π

∫ π

−π

R2 − r2
R2 + r2 − 2Rr cos(θ − t) U(a+Reit) dt, (0 ≤ r < R).

Hint: Use Lemma 3.4 and make a change of variable.

Exercise 3.3.2 Let 0 ≤ r0 < 1. Show that

U(reiθ) =
r(1 + r20) cos θ − r0 (1 + r2)

1 + r20 r
2 − 2r0 r cos θ

and

V (reiθ) =
r(1− r20) sin θ

1 + r20 r
2 − 2r0 r cos θ

are bounded harmonic functions on D. Find the Fourier series expansions of Ur
and Vr.
Hint: Besides the direct verification of each fact, it might be easier to show that
U + iV is a bounded analytic function on D.

Exercise 3.3.3 Find a bounded harmonic function on the unit disc such that
its conjugate is not bounded.

Exercise 3.3.4 Let U be harmonic on D. Show that there exists a unique
u ∈ C(T) such that

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D),

if and only if the family (Ur)0≤r<1 is Cauchy in C(T) as r → 1.
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Exercise 3.3.5 [Harnack’s theorem] Let (Un)n≥1 be a sequence of harmonic
functions on a domain Ω. Suppose that on each compact subset of Ω, Un
converges uniformly to U . Show that U is harmonic on Ω.
Hint: Use Corollary 2.3 and Exercise 3.3.1.

3.4 Poisson representation of hp(D) functions (1 <
p <∞)

The proof of Theorem 3.5 can be modified slightly to give a representation
formula for hp(D), 1 < p < ∞, functions. The modification is based on the
following two facts:

(i) Lp(T) is the dual of Lq(T), where 1/p+ 1/q = 1;

(ii) Lp(T) is a separable space.

Since h(D) ⊂ h∞(D) ⊂ hp(D), the following result is a generalization of Theo-
rems 3.4 and 3.5.

Theorem 3.6 Let U ∈ hp(D), 1 < p < ∞. Then there exists a unique u ∈
Lp(T) such that

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D),

and
‖U‖p = ‖u‖p.

Remark: Compare with Corollary 2.15.
If U ∈ h2(D) this result, along with Theorem 2.1, gives us a unique u ∈ L2(T)

such that

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt =
∞∑

n=−∞
û(n) r|n| einθ

for all reiθ ∈ D. Hence, by Parseval’s identity (Corollary 2.22),

1
2π

∫ π

−π
|U(reiθ)|2 dθ =

∞∑
n=−∞

|û(n)|2 r2|n|.

Thanks to the uniform and bounded convergence of the series
∑
n û(n) r|n| einθ

for each fixed r < 1, and the fact that (einθ)n∈Z is an orthonormal family,
the preceding identity can also be proved by direct computation. Now, by the
monotone convergence theorem, and again by Parseval’s identity (this time we
really need it), if we let r → 1, we obtain

‖U‖2 = ‖u‖2 =
( ∞∑

n=−∞
|ûn|2

) 1
2

.
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There is no such relation between a function and its Fourier coefficients in other
Lp classes.

Exercises

Exercise 3.4.1 Show that

U(reiθ) = log(1 + r2 − 2r cos θ) ∈ h2(D).

Hint: Study the analytic function f(z) = 2 log(1− z) to find the Fourier series
expansion of Ur.

Exercise 3.4.2 Find V , the harmonic conjugate of

U(reiθ) = log(1 + r2 − 2r cos θ).

Do we have V ∈ h2(D)?

3.5 Poisson representation of h1(D) functions

In the proof of Theorems 3.5 and 3.6 we used the fact that Lp(T) is the dual
of Lq(T), whenever 1 < p ≤ ∞. But L1(T) is not the dual of any space. That
is why, in Theorem 3.6, the assumption p > 1 is essential and the suggested
proof for 1 < p < ∞ does not work if p = 1. To overcome this difficulty, we
consider L1(T) as a subset of M(T). By Riesz’s theorem, M(T) is the dual of
C(T). Now we proceed as in the proof of Theorem 3.5. The only difference is
that this time there is a unique Borel measure that represents our continuous
linear functional on C(T). Therefore, an element of h1(D) is represented by the
Poisson integral of a measure (and not necessarily of an L1(T) function).

Since h(D) ⊂ h∞(D) ⊂ hp(D) ⊂ h1(D), 1 < p < ∞, the following result is
the last step in the generalization of Theorems 3.4, 3.5 and 3.6.

Theorem 3.7 Let U ∈ h1(D). Then there exists a unique µ ∈M(T) such that

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D),

and
‖U‖1 = ‖µ‖.

Remark: Compare with Corollary 2.11.
Let U be a positive harmonic function on D. As a convention in this context,

positive means ≥ 0 (see Exercise 3.5.7). Then, by Corollary 3.2,

1
2π

∫ π

−π
|U(reiθ)| dθ =

1
2π

∫ π

−π
U(reiθ) dθ = U(0),
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and thus U ∈ h1(D). Hence we can apply Theorem 3.7 and obtain a mea-
sure whose Poisson integral is U . But a closer look at its proof suggests an
improvement. Here, the measures

dµn(eit) = U((1− 1/n)eit) dt/2π

are positive and thus their weak limit dµ has to be positive too. Therefore, we
arrive at the following special case of Theorem 3.7.

Theorem 3.8 (Herglotz) Let U be a positive harmonic function on D. Then
there exists a unique finite positive Borel measure µ on T such that

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Herglotz’s theorem provides an easy proof of Harnack’s inequality. The main
feature of Harnack’s inequality is that the constants appearing in the lower and
upper bounds do not depend on the function U .

Corollary 3.9 (Harnack’s inequality) Let U be a positive harmonic function
on D. Then, for each reiθ ∈ D,

1− r
1 + r

U(0) ≤ U(reiθ) ≤ 1 + r

1− r U(0).

Proof. By Theorem 3.8, U is the Poisson integral of a positive measure µ. Since,
for all θ and t,

1− r
1 + r

≤ 1− r2
1 + r2 − 2r cos(θ − t) ≤

1 + r

1− r ,

and since dµ ≥ 0, we have

1− r
1 + r

∫
T

dµ(eit) ≤
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit) ≤ 1 + r

1− r

∫
T

dµ(eit).

But, again according to Theorem 3.8,∫
T

dµ(eit) = U(0).

Exercises

Exercise 3.5.1 Show that the Poisson kernel

P (reiθ) =
1− r2

1 + r2 − 2r cos θ
,

as a positive harmonic function on D, is in hp(D), 0 < p ≤ 1. What is the
measure promised in Theorem 3.8? Moreover, show that P �∈ hp(D) for any
p > 1.
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Exercise 3.5.2 Let U be a real harmonic function on D. Show that U ∈ h1(D)
if and only if U is the difference of two positive harmonic functions.
Hint: Use Theorems 3.7 and 3.8 and the fact that each µ ∈ M(T) can be
decomposed as µ = µ1−µ2 where µ1 and µ2 are finite positive Borel measures.

Exercise 3.5.3 Let U be harmonic on D. Show that there exists a unique
u ∈ L1(T) such that

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D),

if and only if the family (Ur)0≤r<1 is Cauchy in L1(T) as r → 1.

Exercise 3.5.4 [Generalized Harnack’s inequality] Let U be a positive har-
monic function on the disc D(a,R) = {z : |z − a| < R}. Show that, for all
0 ≤ r < R and θ,

R− r
R+ r

U(a) ≤ U(a+ reiθ) ≤ R+ r

R− r U(a).

Exercise 3.5.5 Let U be the collection of all positive harmonic functions U
on D with U(0) = 1. Find

sup
U∈U

U(1/2)

and
inf
U∈U

U(1/2).

Hint: Use Harnack’s inequality (Corollary 3.9).

Exercise 3.5.6 Let Ω be a domain in C. Fix z and w in Ω. Show that there
exists τ ≥ 1 such that, for every positive harmonic function U on Ω,

τ−1 U(w) ≤ U(z) ≤ τ U(w).

Remark: τΩ(z, w), the Harnack distance between z and w, is by definition the
smallest τ satisfying the last relation.

Exercise 3.5.7 Let U be a positive harmonic function on a domain Ω. Show
that either U is identically zero on Ω or it never vanishes there.
Hint: Use Exercise 3.5.6.
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Exercise 3.5.8 Let f be a conformal mapping between Ω and Ω′. Show that

τΩ(z, w) = τΩ′(f(z), f(w))

for all z, w ∈ Ω.

Exercise 3.5.9 Show that

τD(0, r) =
1 + r

1− r , (0 ≤ r < 1).

Then use the conformal mapping

ϕ(z) = eiβ
z − α
1− ᾱz , (|α| < 1, β ∈ R),

(an automorphism of the unit disc) to show that

τD(z, w) =
1 +

∣∣ z−w
1−zw̄

∣∣
1−

∣∣ z−w
1−zw̄

∣∣
for all z, w ∈ D.
Remark: The content of Section 7.1 might help.

Exercise 3.5.10 Let U be a positive harmonic function on D. Show that

|∇U(0)| ≤ 2U(0),

where
∇U = ∂U/∂x+ i ∂U/∂y.

Hint: Use Harnack’s inequality and the fact that ∇U(0) is the maximum direc-
tional derivative at zero, i.e.

|∇U(0)| = sup
−π≤θ≤π

∣∣∣∣ lim
r→0

U(reiθ)− U(0)
r

∣∣∣∣.

Exercise 3.5.11 [Liouville] Use Harnack’s inequality to show that every pos-
itive harmonic function on C is constant.

Exercise 3.5.12 Let (Un)n≥1 be a sequence of positive harmonic functions
on a domain Ω, and let z0 ∈ Ω. Suppose that

lim
n→∞Un(z0) =∞.

Show that Un converges uniformly to infinity on compact subsets of Ω.
Hint: Use Exercise 3.3.1.
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Exercise 3.5.13 Let (Un)n≥1 be a sequence of positive harmonic functions
on a domain Ω, and let z0 ∈ Ω. Suppose that

lim
n→∞Un(z0) = 0.

Show that Un converges uniformly to zero on compact subsets of Ω.
Hint: Use Exercise 3.3.1.

Exercise 3.5.14 [Harnack’s theorem] Let (Un)n≥1 be an increasing sequence
of harmonic functions on a domain Ω. Show that either Un converges uniformly
on compact subsets of Ω to a harmonic function, or it converges uniformly to
infinity on each compact subset.
Hint: Use Exercises 3.3.5, 3.5.12 and 3.5.6.

Exercise 3.5.15 [Herglotz] Let f be an analytic function on the unit disc
with values in the right half plane {
z > 0}. Suppose that f(0) > 0. Show that
there exists a positive Borel measure on T, say µ ∈M(T), such that

f(z) =
∫

T

eit + z

eit − z dµ(eit)

for all z ∈ D.
Hint: Use Theorem 3.8 and Exercise 1.3.2.

Exercise 3.5.16 Let U be a positive harmonic function on D. We know that
there exists a positive Borel measure µ on T such that

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Show that
‖U‖1 = U(0) = ‖µ‖ = µ(T).

3.6 Radial limits of hp(D) functions (1 ≤ p ≤ ∞)
The following result is a generalization of Fatou’s theorem, which is about the
boundary values of bounded analytic functions in the unit disc. However, his
theorem works in a more general setting.

Lemma 3.10 Let u ∈ L1(T), and let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Then
lim
r→1

U(reiθ) = u(eiθ) (3.9)

for almost all eiθ ∈ T.
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Proof. According to a classical result of Lebesgue,

lim
t→0

1
2t

∫ θ+t

θ−t
u(eis) ds = u(eiθ)

for almost all eiθ ∈ T. We prove that at such a point (3.9) holds. Without loss
of generality, assume that θ = 0. Put

U(x) =
∫ x

−π
u(eit) dt, x ∈ [−π, π].

Then, doing integration by parts, we obtain

2π U(r) =
∫ π

−π

1− r2
1 + r2 − 2r cos t

u(eit) dt

=
1− r2

1 + r2 − 2r cos t
U(t)

∣∣∣∣π
t=−π

−
∫ π

−π

∂

∂t

{
1− r2

1 + r2 − 2r cos t

}
U(t) dt

=
1− r
1 + r

U(π) +
∫ π

−π

(1− r2) 2r sin t
(1 + r2 − 2r cos t)2

U(t) dt

=
1− r
1 + r

U(π) +
2r

1 + r

∫ π

−π

(1 + r)2 (1− r) t sin t
(1 + r2 − 2r cos t)2

× U(t)− U(−t)
2t

dt.

But we know that

Fr(eit) =
(1 + r)2 (1− r) t sin t
(1 + r2 − 2r cos t)2

is a positive approximate identity on T and, by assumption,

lim
t→0

U(t)− U(−t)
2t

= lim
t→0

1
2t

∫ t

−t
u(eis) ds = u(1).

In other words, the function

Ψ(eit) =




U(t)−U(−t)
2t if 0 < |t| ≤ π,

u(1) if t = 0

is continuous at t = 0, and moreover, Ψ(e−it) = Ψ(eit). Hence, by Theorem
2.5,

lim
r→1

U(r) = lim
r→1

1
2π

{
1− r
1 + r

U(π) +
2r

1 + r

∫ π

−π
Fr(eit)

U(t)− U(−t)
2t

dt

}

= lim
r→1

1
2π

∫ π

−π
Fr(eit) Ψ(eit) dt

= lim
r→1

(Fr ∗Ψ)(1) = Ψ(1) = u(1).
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A slight modification of the preceding lemma yields the following result about
harmonic functions generated by singular measures. Some authors prefer to
combine both results and present them as a single theorem, as we do later in
this section.

Lemma 3.11 Let σ ∈ M(T) be singular with respect to the Lebesgue measure,
and let

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dσ(eit).

Then
lim
r→1

U(reiθ) = 0 (3.10)

for almost all eiθ ∈ T.

Proof. Since σ is singular with respect to the Lebesgue measure, we have

lim
t→0

σ
(
{eis : s ∈ (θ − t, θ + t)}

)
2t

= 0

for almost all eiθ ∈ T. We prove that at such a point (3.10) holds. Without loss
of generality, assume that θ = 0. First, we extract the Dirac measure (if any)
at the point −1. Hence,

U(r) =
∫

T

1− r2
1 + r2 − 2r cos t

dσ(eit)

=
1− r2

1 + r2 − 2r cosπ
σ({−1}) +

∫
T\{−1}

1− r2
1 + r2 − 2r cos t

dσ(eit).

Since

lim
r→1

1− r2
1 + r2 − 2r cosπ

= 0,

without loss of generality we may assume that σ has no point mass at −1. Put

U(x) = σ
(
{eis : s ∈ (−π, x)}

)
, x ∈ (−π, π).

Then, doing integration by parts,

U(r) =
∫

T

1− r2
1 + r2 − 2r cos t

dσ(eit)

=
{

1− r2
1 + r2 − 2r cos t

U(t)
} ∣∣∣∣π

t=−π
−

∫ π

−π

∂

∂t

{
1− r2

1 + r2 − 2r cos t

}
U(t) dt

=
1− r
1 + r

U(π) +
∫ π

−π

(1− r2) 2r sin t
(1 + r2 − 2r cos t)2

U(t) dt

=
1− r
1 + r

U(π) +
2r

1 + r

∫ π

−π

(1 + r)2 (1− r) t sin t
(1 + r2 − 2r cos t)2

× U(t)− U(−t)
2t

dt.
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Since

lim
t→0

U(t)− U(−t)
2t

= lim
t→0

1
2t

∫ t

−t
dσ(eis) = 0,

by Theorem 2.5,

lim
r→1

U(r) = lim
r→1

∫ π

−π
Fr(eit)

U(t)− U(−t)
2t

dt = 0.

Let µ ∈ M(T). By Lebesgue’s decomposition theorem there are u ∈ L1(T)
and a measure σ ∈M(T), singular with respect to the Lebesgue measure, such
that

dµ(eit) = u(eit) dt/2π + dσ(eit).

Moreover,

µ′(eit) = lim
τ→0

µ
(
{eis : s ∈ (t− τ, t+ τ)}

)
2τ

exists and equals u(eit)/2π, for almost all eit ∈ T. Now, applying Lemmas
3.10 and 3.11, we obtain the following result about the radial limits of h1(D)
functions.

Theorem 3.12 (Fatou) Let µ ∈M(T) and let

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Then
lim
r→1

U(reiθ) = 2π µ′(eiθ)

for almost all eiθ ∈ T.

Exercises

Exercise 3.6.1 Let u(eiθ) = θ, for 0 < θ < 2π, and let U(reiθ) = (Pr ∗u)(eiθ).
Show that

U(reiθ) = π − 2 arctan
(

r sin θ
1− r cos θ

)
, (reiθ ∈ D).

Find all possible values of limn→∞ U(zn), where zn is a sequence in D converging
to 1.

Exercise 3.6.2 Let u ∈ L1(T), and let U(reiθ) = (Pr ∗ u)(eiθ). Suppose that
limθ→0+ u(eiθ) = L+, limθ→2π− u(eiθ) = L− and that L− ≤ L+.
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(a) Let zn be a sequence in D such that limn→∞ zn = 1 and L = limn→∞ U(zn)
exists. Show that L ∈ [L−, L+].

(b) Let L ∈ [L−, L+]. Show that there exists a sequence zn ∈ D such that
limn→∞ zn = 1 and limn→∞ U(zn) = L.

Hint: Consider

v(eiθ) = u(eiθ)− L+ +
L+ − L−

2π
θ, θ ∈ (0, 2π),

and apply Exercise 3.6.1 and Corollary 2.6.

Exercise 3.6.3 Let µ be a real signed Borel measure in M(T). Let

U(reiθ) =
1
2π

∫
T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

For each eiθ0 ∈ T, define

µ′(eiθ0) = lim sup
τ→0

µ
(
{eis : s ∈ (θ0 − τ, θ0 + τ)}

)
2τ

,

µ′(eiθ0) = lim inf
τ→0

µ
(
{eis : s ∈ (θ0 − τ, θ0 + τ)}

)
2τ

.

Show that

µ′(eiθ0) ≤ lim inf
r→1

U(reiθ0) ≤ lim sup
r→1

U(reiθ0) ≤ µ′(eiθ0).

Remark: This is a generalization of Theorem 3.12.

Exercise 3.6.4 Let µ be a real signed Borel measure in M(T). Let

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Let eiθ0 ∈ T be such that
µ′(eiθ0) = +∞.

Show that
lim
r→1

U(reiθ0) = +∞.

Hint: Apply Exercise 3.6.3.
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Exercise 3.6.5 Let σ ∈ M(T) be positive and singular with respect to the
Lebesgue measure, and let

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dσ(eit), (reiθ ∈ D).

Show that
lim
r→1

U(reiθ) = +∞ (3.11)

for almost all eiθ ∈ T (almost all with respect to σ).
Hint: Use Exercise 3.6.4.
Remark 1: If σ �= 0, then at least for one point (3.11) holds.
Remark 2: Compare with Lemma 3.11 in which almost all is with respect to the
Lebesgue measure.

Exercise 3.6.6 Let U be a positive harmonic function on D such that

lim
r→1

U(reiθ) = 0

for all eiθ ∈ T \ {1}. Show that

U(reiθ) = c
1− r2

1 + r2 − 2r cos θ
,

where c is a positive constant.
Hint: Use Theorem 3.8 and Exercise 3.6.5.

Exercise 3.6.7 Let µ ∈M(T), and let

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Suppose that
lim
r→1

U(reiθ) = 0

for all eiθ ∈ T. Show that U ≡ 0.
Hint: Use Theorem 3.12 and Exercise 3.6.5.

Exercise 3.6.8 Let U be a harmonic function on the open unit disc and
suppose that

lim
r→1

U(reiθ) = 0

for all eiθ ∈ T. Can we deduce that U ≡ 0?
Hint: Consider

U(reiθ) =
2r(1− r2) sin θ

(1 + r2 − 2r cos θ)2
= −∂P

∂θ
(reiθ).

Remark: Compare with Exercise 3.6.7.
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Exercise 3.6.9 Let µ ∈M(T) and let

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Show that, for almost all θ0 ∈ T,

lim
z→eiθ0

z∈Sα(θ0)

U(z) = 2π µ′(eiθ0),

where Sα(θ0) is the Stoltz domain

Sα(θ0) = { z ∈ D : |z − eiθ0 | ≤ Cα (1− |z|) }.

(See Figure 3.1.)
Remark 1: Cα > 1 is an arbitrary constant. Near the point eiθ0 , the boundaries
of Sα(θ0) are tangent to a triangular-shaped region with angle

2α = 2 arccos(1/Cα)

and vertex at eiθ0 .
Remark 2: We say that 2π µ′(eiθ0) is the nontangential limit of U at eiθ0 .

Fig. 3.1. The Stoltz domain Sα(θ0).

Exercise 3.6.10 Let µ be a positive Borel measure in M(T). Let

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).
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Let eiθ0 ∈ T be such that
µ′(eiθ0) = +∞.

Show that, for each α ≥ 0,

lim
z→eiθ0

z∈Sα(θ0)

U(z) = +∞.

Remark: This is a generalization of a particular case of Exercise 3.6.4.

Exercise 3.6.11 Construct a real signed Borel measure µ ∈M(T) such that

µ′(1) = +∞,

but
lim
t→0

U(1− teiπ/4) �= +∞,

where

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Remark: Compare with Exercises 3.6.4 and 3.6.10.

3.7 Series representation of the harmonic con-
jugate

Let µ ∈M(T), and let

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Then, by Theorem 2.1,

U(reiθ) =
∞∑

n=−∞
µ̂(n) r|n| einθ, (reiθ ∈ D).

Hence, by Theorem 3.1, the harmonic conjugate of U is given by

V (reiθ) =
∞∑

n=−∞
−i sgn(n) µ̂(n) r|n| einθ, (reiθ ∈ D).

Thus,

V (reiθ) =
∞∑

n=−∞
−i sgn(n)

( ∫
T

e−int dµ(eit)
)
r|n| einθ

=
∫

T

( ∞∑
n=−∞

−i sgn(n) r|n| ein(θ−t)
)
dµ(eit).
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But, a simple calculation shows that

Qr(eit) =
∞∑

n=−∞
−i sgn(n) r|n| eint =

2r sin t
1 + r2 − 2r cos t

. (3.12)

(See Figure 3.2. Figure 3.3 shows the spectrum of 1
i Qr.) This function is called

the conjugate Poisson kernel. Therefore, the harmonic conjugate of U is given
by the conjugate Poisson integral

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D). (3.13)

K3 K2 K1 0 1 2 3

K4

K2

2

4

Fig. 3.2. The conjugate Poisson kernel Qr(eit) for r = 0.2, 0.5, 0.8.
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Fig. 3.3. The spectrum of 1
i Qr.

We state the preceding result as a theorem which reveals the relation between
the harmonic conjugate V and the Fourier coefficients of µ when V is given by
the conjugate Poisson integral of µ.

Theorem 3.13 Let µ ∈M(T), and let

V (reiθ) =
∫

T

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Then

V (reiθ) =
∞∑

n=−∞
−i sgn(n) µ̂(n) r|n| einθ, (reiθ ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D. The
function V is the unique harmonic conjugate of

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D),

on D with V (0) = 0.

Exercises

Exercise 3.7.1 Let µ ∈ M(T), and let U = P ∗ µ and V = Q ∗ µ. Let
F = U + iV . Show that

F (z) =
∫

T

eit + z

eit − z dµ(eit), (z ∈ D).
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Exercise 3.7.2 Show that the conjugate Poisson kernel

Q(reiθ) =
2r sin θ

1 + r2 − 2r cos θ
,

as a harmonic function on D, is not in h1(D). However, Q ∈ hp(D), 0 < p < 1.



Chapter 4

Logarithmic convexity

4.1 Subharmonic functions

Let Ω be a topological space. A function

Φ : Ω �−→ [−∞,∞)

is upper semicontinuous on Ω if the set {z ∈ Ω : Φ(z) < c} is open for every
c ∈ R. Note that −∞ is included as a possible value for Φ(z). As a matter of
fact, according to our definition, Φ ≡ −∞ is an upper semicontinuous function.

By a fundamental theorem of real analysis, a continuous function over a
compact set is bounded and besides, it attains its maximum and its minimum.
A similar, but certainly weaker, result holds for upper semicontinuous functions.

Lemma 4.1 Let Ω be a topological space, and let Φ : Ω �−→ [−∞,∞) be upper
semicontinuous on Ω. Let K be a compact subset of Ω. Then there exists z0 ∈ K
such that

Φ(z) ≤ Φ(z0)

for all z ∈ K.

Proof. Clearly

K ⊂
∞⋃
n=1

{z ∈ Ω : Φ(z) < n}

and, by definition, each set {z ∈ Ω : Φ(z) < n} is an open subset of Ω. Therefore,
K has a finite subcover, say

K ⊂
N⋃
n=1

{z ∈ Ω : Φ(z) < n},

which implies
M = sup

z∈K
Φ(z) ≤ N <∞.

81
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On the other hand, each set Kn = {z ∈ K : Φ(z) ≥ M − 1/n} is compact,
nonempty and Kn ⊃ Kn+1, for n ≥ 1. Therefore, by the finite intersection
property for compact sets,

∞⋂
n=1

Kn = {z ∈ K : Φ(z) = M}

is not empty. Any z0 ∈
⋂∞
n=1Kn is a global maximum point.

Upper semicontinuous functions can be pointwise approximated by contin-
uous functions on compact sets. This result plays a key role in developing the
theory of subharmonic functions. In our applications, the compact set is usually
a circle.

Theorem 4.2 Let Ω be an open subset of C, and let Φ : Ω �−→ [−∞,∞) be
upper semicontinuous on Ω. Let K be a compact subset of Ω. Then there exist
continuous functions Φn : K �−→ R, n ≥ 1, such that

Φ1 ≥ Φ2 ≥ · · · ≥ Φ

on K and
lim
n→∞ Φn(z) = Φ(z)

for each z ∈ K.

Proof. If Φ ≡ −∞, simply take Φn ≡ −n. Hence, assuming that Φ �≡ −∞, let

Φn(z) = sup
w∈K

(
Φ(w)− n|w − z|

)
, (z ∈ K).

According to Lemma 4.1, for each n ≥ 1,

Φn(z) ≤M = sup
w∈K

Φ(w) <∞, (z ∈ K).

Moreover, by the triangle inequality,

|Φn(z)− Φn(z′)| ≤ n|z − z′|

for all z, z′ ∈ K, and clearly

Φ1(z) ≥ Φ2(z) ≥ · · · ≥ Φ(z), (z ∈ K).

It remains to show that Φn(z) converges to Φ(z). Fix z0 ∈ K. Given ε > 0,
choose R > 0 such that

Φ(z) < Φ(z0) + ε

whenever |z − z0| < R. Hence

Φn(z0) ≤ max{Φ(z0) + ε,M − nR }, (n ≥ 1).

Therefore, for all n > M/R,

Φ(z0) ≤ Φn(z0) ≤ Φ(z0) + ε.
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A function Φ : Ω �−→ [−∞,∞) is subharmonic on Ω if it is upper semicon-
tinuous and for each z ∈ Ω there exists rz > 0 with

D(z, rz) ⊂ Ω,

such that

Φ(z) ≤ 1
2π

∫ 2π

0
Φ(z + r eiθ) dθ (4.1)

whenever r < rz. Our prototype of a subharmonic function is Φ = log |F |,
where F is an analytic function on Ω. Indeed, Φ is a continuous function on Ω
with values in [−∞,∞). If F (z) = 0, then (4.1) is trivial and if F (z) �= 0, then
log |F | is harmonic in an open neighborhood of z and thus, by Corollary 3.2,
equality holds in (4.1) for sufficiently small values of r. The subharmonicity is
a local property. In other words, the property (4.1) should be verified in a disc
around z whose radius may depend on z. Nevertheless, we will see that (4.1)
holds as long as D(z, r) ⊂ Ω. The passage from a local to a global property is
a precious tool in studying subharmonic functions.

Exercises

Exercise 4.1.1 Let Ω be an open subset of C. Show that Φ : Ω �−→ [−∞,∞)
is upper semicontinuous if and only if

lim sup
w→z
w �=z

Φ(w) ≤ Φ(z)

for all z ∈ Ω.
Hint: Remember that

lim sup
w→z
w �=z

Φ(w) = lim
r→0

(
sup

0<|w−z|<r
Φ(w)

)
.

Exercise 4.1.2 Let Ω be an open subset of C, let z0 ∈ Ω, and let Φ : Ω �−→
[−∞,∞) be upper semicontinuous. Suppose that Φ(z0) = −∞. Show that Φ is
continuous at z0, i.e.

lim
z→z0

Φ(z) = Φ(z0).

Exercise 4.1.3 (Dini’s theorem) Let K be a compact set. Let Φn : K �−→ R,
n ≥ 1, and Φ : K �−→ R be continuous functions on K. Suppose that

Φ1(z) ≥ Φ2(z) ≥ · · · ≥ Φ(z)

and that
lim
n→∞ Φn(z) = Φ(z)



84 Chapter 4. Logarithmic convexity

for each z ∈ K. Show that Φn converges uniformly to Φ on K.
Remark: Here we assumed that Φ is continuous on K. Hence, in general, we
cannot apply Dini’s theorem to conclude that the sequence (Φn)n≥1 given in
Theorem 4.2 converges uniformly to Φ on K.

Exercise 4.1.4 Let Ω be an open subset of C and let U be harmonic on Ω.
Let 1 ≤ p <∞. Show that |U |p is subharmonic on Ω.
Hint: Use Corollary 3.2 and Hölder’s inequality. Jensen’s inequality can be
applied too.

Exercise 4.1.5 Let Ω be an open subset of C, let Φ : Ω −→ [−∞,∞) be
subharmonic and let Ψ : [−∞,∞) −→ [−∞,∞) be nondecreasing, continuous
and convex on (−∞,∞). Show that Ψ ◦Φ : Ω −→ [−∞,∞) is subharmonic. In
particular, exp(Φ) and Φ+ are subharmonic functions.
Hint: Use Jensen’s inequality.
Remark: We assume exp(−∞) = 0.

Exercise 4.1.6 Let Ω be an open subset of C and let F be analytic on Ω. Let
0 < p <∞. Show that |F |p and log+ |F | are subharmonic on Ω.
Hint: Use Exercise 4.1.5 and the fact that Φ = log |F |p is subharmonic.
Remark: The case 1 ≤ p <∞ also follows from Exercise 4.1.4.

Exercise 4.1.7 Let U be harmonic on D. Show that U ∈ hp(D), 1 ≤ p <∞,
if and only if the subharmonic function |U |p has a harmonic majorant on D, i.e.
there is a harmonic function V ∈ h(D) such that

|U(z)|p ≤ V (z), (reiθ ∈ D).

Remark: The function V is called a harmonic majorant of |U |p. Compare with
Exercise 11.4.1.

4.2 The maximum principle

If F is analytic on Ω and continuous on Ω, the maximum principle for analytic
functions says that

max
z∈Ω

|F (z)| = max
ζ∈∂Ω

|F (ζ)|.

In this section we show that this fundamental result is also fulfilled by subhar-
monic functions.

Theorem 4.3 (Maximum principle for open sets) Let Ω be a domain in C, and
let Φ be subharmonic on Ω. Suppose that there is a z0 ∈ Ω such that

Φ(z) ≤ Φ(z0)

for all z ∈ Ω. Then Φ is constant.
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Proof. Let M = Φ(z0), and let

Ω1 = { z ∈ Ω : Φ(z) < M }

and
Ω2 = { z ∈ Ω : Φ(z) = M }.

Clearly Ω = Ω1 ∪ Ω2, Ω1 ∩ Ω2 = ∅ and Ω2 �= ∅. Hence, if we show that Ω1 and
Ω2 are open subsets of Ω, then the connectivity of Ω forces Ω1 = ∅, and thus
Φ ≡M .

Since Φ is upper semicontinuous, by definition, Ω1 is open. On the other
hand, for any z ∈ Ω2, there exists rz > 0 with D(z, rz) ⊂ Ω, such that

M = Φ(z) ≤ 1
2π

∫ 2π

0
Φ(z + r eiθ) dθ,

whenever r < rz. But, by assumption, we also have Φ(z + r eiθ) ≤ M for all
θ. If for some θ0, Φ(z + r eiθ0) < M holds, then, by upper semicontinuity,
Φ(z + r eiθ) < M must hold on some open arc around θ0, which would imply

1
2π

∫ 2π

0
Φ(z + r eiθ) dθ < M.

Therefore, Φ(z + r eiθ) = M , for all θ and all 0 ≤ r < rz. In other words,
D(z, rz) ⊂ Ω2. Hence, Ω2 is also open.

In the following, ∂Ω denotes the boundary of Ω as a subset of C. Hence,
if Ω is unbounded, we do not assume that ∞ ∈ ∂Ω. Therefore, whenever a
property has to be satisfied at boundary points of Ω and also at infinity, the
latter requirement is explicitly expressed.

Corollary 4.4 Let Ω be a domain in C, and let Φ be subharmonic on Ω.
Suppose that

lim sup
z→ζ
z∈Ω

Φ(z) ≤ 0

for all ζ ∈ ∂Ω. If Ω is unbounded, we also assume that

lim sup
z→∞
z∈Ω

Φ(z) ≤ 0. (4.2)

Then
Φ(z) ≤ 0, (z ∈ Ω).

Proof. Let M = supz∈Ω Φ(z), and suppose that M > 0 (possibly +∞). Then
there is a sequence (zn)n≥1 in Ω such that limn→∞ Φ(zn) = M . Since we
assumed that

lim sup
z→ζ
z∈Ω

Φ(z) ≤ 0
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for all ζ ∈ ∂Ω, and also for ζ = ∞ if Ω is unbounded, the sequence (zn)n≥1
is bounded and all its accumulation points are inside Ω. But, if z0 ∈ Ω and
(znk

)k≥1 converges to z0, then

M = lim
k→∞

Φ(znk
) ≤ lim sup

z→z0
z∈Ω

Φ(z) ≤ Φ(z0) ≤M.

Thus Φ(z0) = M , which means z0 is a global maximum point. Therefore,
by Theorem 4.3, Φ ≡ M > 0, which contradicts our assumptions about the
behavior of Φ as we approach the boundary points of Ω. Hence, M ≤ 0.

The condition (4.2) cannot be relaxed for unbounded domains. For example,
Φ(x+ iy) = y is harmonic in the upper half plane C+ and

lim sup
z→t
z∈C+

Φ(z) = 0

for all t ∈ R. However, Φ > 0 on C+. Nevertheless, we can sometimes replace
(4.2) by another condition. The following corollary is a result of this type.

Corollary 4.5 Let Ω be a proper unbounded domain in C, and let Φ be subhar-
monic and bounded above on Ω. Suppose that

lim sup
z→ζ
z∈Ω

Φ(z) ≤ 0

for all ζ ∈ ∂Ω. Then
Φ(z) ≤ 0, (z ∈ Ω).

Proof. Without loss of generality, assume that 0 ∈ ∂Ω. Given ε > 0, there is
0 < R < 1/2 such that Φ(z) ≤ ε for all z ∈ Ω with |z| ≤ R. Since

log(|z|/R)
log(1/R)

is a positive harmonic function on { |z| > R },

Ψ(z) = Φ(z)− ε− ε log(|z|/R)
log(1/R)

is subharmonic on ΩR = Ω ∩ { |z| > R }, and

lim sup
z→ζ
z∈ΩR

Ψ(z) ≤ 0

for all ζ ∈ ∂ΩR. The term −ε in the definition of Ψ is added to ensure that
this property holds even if ζ ∈ ∂ΩR and |ζ| = R. Moreover, since Φ is bounded
above on Ω,

lim sup
z→∞
z∈ΩR

Ψ(z) = −∞ ≤ 0.
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Hence, by Corollary 4.4, Ψ(z) ≤ 0 for all z ∈ ΩR, which gives

Φ(z) ≤ ε+ ε
log+(|z|/R)
log(1/R)

for all z ∈ ΩR. Again thanks to the extra ε that we added from the beginning,
the last inequality is actually valid for all z ∈ Ω. Let ε → 0 (which may force
R→ 0). Nevertheless, we get Φ(z) ≤ 0 for all z ∈ Ω.

Exercises

Exercise 4.2.1 [Maximum principle for compact sets] Let Ω be a bounded
domain in C, and let Φ be upper semicontinuous on Ω and subharmonic on Ω.
Show that there is a ζ0 ∈ ∂Ω such that

Φ(z) ≤ Φ(ζ0)

for all z ∈ Ω.
Hint: Apply Lemma 4.1 and Theorem 4.3.

Exercise 4.2.2 Let

Φ(x+ iy) =




0 if x ≤ 0,

x if x ≥ 0.

Show that Φ is subharmonic on C.
Hint: Use Exercise 4.3.1, part (a).
Remark: Every point z = x+ iy, x < 0, is a local maximum. Is that a contra-
diction to the maximum principle?

Exercise 4.2.3 Let Ω be a bounded domain in C, and let U be a real harmonic
function on Ω. Suppose that

lim
z→ζ
z∈Ω

U(z) = 0

for all ζ ∈ ∂Ω. Show that U ≡ 0.
Hint: Apply Corollary 4.4 to U and −U .

Exercise 4.2.4 Let Ω be a proper unbounded domain in C, and let F be a
bounded analytic function on Ω. Suppose that

lim sup
z→ζ
z∈Ω

|F (z)| ≤ 1
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for all ζ ∈ ∂Ω. Show that
|F (z)| ≤ 1

for all z ∈ Ω.
Hint: Apply Corollary 4.5 to log |F |.

Exercise 4.2.5 [Gauss’s theorem] Let Ω be an open subset of C, and let U
be a real continuous function on Ω. Suppose that U satisfies the mean value
property, i.e. if D(z, r) ⊂ Ω, then

U(z) =
1
2π

∫ π

−π
U(z + reit) dt.

Show that U is harmonic on Ω.
Hint: The proof of Theorem 4.3 might help.

Exercise 4.2.6 [Schwarz’s reflection principle] Let Ω be a domain in C sym-
metric with respect to the real axis. Suppose that F is analytic on Ω∩C+ and,
for each t ∈ Ω ∩ R,

lim
z→t

z∈Ω∩C+

�F (z) = 0.

Show that there is a unique analytic function G on Ω such that G = F on
Ω ∩ C+.
Hint: Put

V (z) =




�F (z) if z ∈ Ω ∩ C+,

0 if z ∈ Ω ∩ R,

−�F (z̄) if z ∈ Ω ∩ C−,

and apply Exercise 4.2.5 to show that V is harmonic on Ω.

4.3 A characterization of subharmonic functions

Corollary 4.4 enables us to provide an equivalent definition of subharmonic
functions which justifies the title subharmonic.

Theorem 4.6 Let Ω be an open subset of C, and let Φ : Ω �−→ [−∞,∞) be
upper semicontinuous. Then the following are equivalent:

(a) Φ is subharmonic on Ω;

(b) for any bounded subdomain Ξ with Ξ ⊂ Ω, and for any harmonic function
U on Ξ, if

lim sup
z→ζ
z∈Ξ

(
Φ(z)− U(z)

)
≤ 0
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for every ζ ∈ ∂Ξ, then we have

Φ(z) ≤ U(z), (z ∈ Ξ);

(c) if z ∈ Ω, and D(z,R) ⊂ Ω, then

Φ(z + reiθ) ≤ 1
2π

∫ π

−π

R2 − r2
R2 + r2 − 2Rr cos(θ − t) Φ(z +Reit) dt

for all 0 ≤ r < R and all θ.

Proof. (a) =⇒ (b) : It follows from Corollary 4.4.
(b) =⇒ (c) : By Theorem 4.2, there exist continuous functions Φn, n ≥ 1,

defined on the circle CR = { ζ : |ζ − z| = R }, so that Φn(ζ) ≥ Φn+1(ζ) and
limn→∞ Φn(ζ) = Φ(ζ), for all ζ ∈ CR. By Corollary 2.3, if we also define

Φn(z + reiθ) =
1
2π

∫ π

−π

R2 − r2
R2 + r2 − 2Rr cos(θ − t) Φn(z +Reit) dt

for z + reiθ ∈ D(z,R), then Φn is continuous on the closed disc D(z,R), and
besides it is harmonic inside that disc. Since Φ is upper semicontinuous, for
each ζ ∈ ∂DR = CR, we have

lim sup
w→ζ
w∈DR

(
Φ(w)− Φn(w)

)
≤ Φ(ζ)− Φn(ζ) ≤ 0.

Hence, by assumption (b), Φ(z + reiθ) ≤ Φn(z + reiθ), i.e.

Φ(z + reiθ) ≤ 1
2π

∫ π

−π

R2 − r2
R2 + r2 − 2Rr cos(θ − t) Φn(z +Reit) dt

for all 0 ≤ r < R and all θ. Let n → ∞ and use the monotone convergence
theorem to get (c).

(c) =⇒ (a) : Put r = 0.

Exercises

Exercise 4.3.1 Let Φ1 and Φ2 be subharmonic functions on an open set Ω.
Show that

(a) max{Φ1, Φ2 } and

(b) α1 Φ1 + α2 Φ2, where α1, α2 ≥ 0,

are also subharmonic on Ω. Is min{Φ1, Φ2 } necessarily subharmonic on Ω?
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Exercise 4.3.2 Let Ω be an open subset of C, and let Φ : Ω �−→ R be twice
continuously differentiable on Ω. Show that Φ is subharmonic on Ω if and only
if ∇2Φ ≥ 0 on Ω.
Hint: Use Theorem 4.6(b) with the upper semicontinuous function

Ψε(z) =




Φ(z)− U(z) + ε |z|2 if z ∈ Ξ,

ε |z|2 if z ∈ ∂Ξ.

Exercise 4.3.3 Let Ω1, Ω2 be open subsets of C, let F : Ω1 −→ Ω2 be
analytic, and let Φ : Ω2 �−→ [−∞,∞) be subharmonic on Ω2. Show that
Φ ◦ F : Ω1 �−→ [−∞,∞) is subharmonic on Ω1.
Hint: Use Exercise 1.1.4 and Theorem 4.6, part (b).

4.4 Various means of subharmonic functions

Given a finite family of subharmonic functions, by taking positive linear combi-
nations or by taking their supremum, we can create new subharmonic functions.
In this section, we show that under certain conditions the preceding two pro-
cedures still create subharmonic functions even if the family is not finite. This
topic is thoroughly treated in [17].

In the following theorem we assume that T is any compact topological space.
But in our applications, it is always the unit circle T.

Theorem 4.7 Let T be a compact topological space, and let Ω be an open subset
of C. Suppose that Φ : Ω× T �−→ [−∞,∞) has the following properties:

(i) Φ is upper semicontinuous on Ω× T ;

(ii) for each fixed t ∈ T ,

Φt(z) = Φ(z, t), (z ∈ Ω),

as a function of z, is subharmonic on Ω.

Let
Φ(z) = sup

t∈T
Φt(z), (z ∈ Ω).

Then Φ is subharmonic on Ω.

Proof. First, let us show that Φ is upper semicontinuous. Fix c ∈ R, and suppose
that Φ(z0) < c. Then, according to the definition of Φ, we have Φ(z0, t) < c for
all t ∈ T . Since Φ is upper semicontinuous on Ω× T , for each t ∈ T , there exist
rt > 0 and an open set Vt ⊂ T with t ∈ Vt such that

D(z0, rt)× Vt ⊂ { (z, τ) : Φ(z, τ) < c }.
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Since T =
⋃
t Vt, and T is a compact set, T has a finite subcover, say

T = Vt1 ∪ · · · ∪ Vtn

for some t1, t2, . . . , tn ∈ T . Let r = min{ rt1 , rt2 , . . . , rtn } and note that r > 0.
Hence

D(z0, r)× Vtk ⊂ { (z, τ) : Φ(z, τ) < c− ε }

for k = 1, 2, . . . , n. Therefore, taking the union over k, we obtain

D(z0, r)× T ⊂ { (z, τ) : Φ(z, τ) < c },

which implies
D(z0, r) ⊂ { z : Φ(z) < c }.

Note that {z} × T is compact and thus, by Lemma 4.1,

Φ(z) = sup
τ∈T

Φ(z, τ) < c

provided that Φ(z, τ) < c holds for all τ ∈ T . Hence Φ is upper semicontinuous.
Secondly, we show that Φ is subharmonic. Fix z0 ∈ Ω, and assume that

D(z0, R) ⊂ Ω. Since Φt is subharmonic, Theorem 4.6 implies

Φt(z0) ≤
1
2π

∫ π

−π
Φt(z0 + reiθ) dθ

for all r < R. Appealing to Theorem 4.6 is a crucial step in the proof. Since
otherwise, based on the original definition of subharmonicity, the last inequality
would be valid for r < R = R(t) and we have no control over R(t). Hence,

Φt(z0) ≤
1
2π

∫ π

−π
Φ(z0 + reiθ) dθ

for all r < R. Now, once more, take the supremum over t ∈ T to get the required
result.

A subharmonic function Ψ on DR is called radial if

Ψ(z) = Ψ(|z|)

for all z ∈ DR. Given a subharmonic function on a disc, the preceding result
enables us to create a radial subharmonic function by taking its supremum over
each circle.

Corollary 4.8 Let Φ be subharmonic on the disc DR. Let

Ψ(z) = sup
eiθ∈T

Φ(|z|eiθ), (z ∈ DR).

Then Ψ is a radial subharmonic function on DR.
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Proof. The function

DR × T −→ [−∞,∞)
(z, eiθ) �−→ Φ(zeiθ)

fulfils all the requirements of Theorem 4.7. Hence,

Ψ(z) = sup
eiθ∈T

Φ(zeiθ) = sup
eiθ∈T

Φ(|z|eiθ)

is subharmonic on DR. The last identity also shows that Ψ(z) = Ψ(|z|).

In the following result we assume that (T,M, µ) is any measure space with
µ a finite positive measure on T . But in our applications, T is either the unit
circle T equipped with the normalized Lebesgue measure dθ/2π, or is the unit
disc D with the two-dimensional normalized Lebesgue measure rdrdθ/π.

Theorem 4.9 Let (T,M, µ) be a measure space, µ ≥ 0, µ(T ) < ∞, and let Ω
be an open subset of C. Suppose that Φ : Ω× T �−→ [−∞,∞) has the following
properties:

(i) Φ is measurable on Ω× T ;

(ii) for each fixed t ∈ T , Φ(z, t), as a function of z, is subharmonic on Ω;

(iii) for each z ∈ Ω, there exists rz > 0 with D(z, rz) ⊂ Ω such that

sup
D(z,rz)×T

Φ(w, t) <∞.

Let

Φ(z) =
∫
T

Φ(z, t) dµ(t), (z ∈ Ω).

Then Φ is subharmonic on Ω.

Proof. Without loss of generality, assume that µ is a probability measure. We
start by showing that Φ is upper semicontinuous on Ω. Fix z ∈ Ω, and let

Mz = sup
D(z,rz)×T

Φ(w, t).

First of all, assumption (iii) shows that

Φ(z) ≤Mz <∞.
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Secondly, since Φ(z, t) is subharmonic on Ω, by Fatou’s lemma,

Mz − lim sup
w→z

Φ(w) = lim inf
w→z

(
Mz − Φ(w)

)
= lim inf

w→z

∫
T

(
Mz − Φ(w, t)

)
dµ(t)

≥
∫
T

lim inf
w→z

(
Mz − Φ(w, t)

)
dµ(t)

=
∫
T

(
Mz − lim sup

w→z
Φ(w, t)

)
dµ(t)

≥
∫
T

(
Mz − Φ(z, t)

)
dµ(t) = Mz − Φ(z).

Hence, we have
lim sup
w→z

Φ(w) ≤ Φ(z), (z ∈ Ω),

which ensures that Φ is upper semicontinuous on Ω. It remains to show that Φ
fulfils the submean inequality. Let r < rz and let

Iz(r) =
1
2π

∫ π

−π
Φ(z + reiθ) dθ.

Then, by Fubini’s theorem,

Mz − Iz(r) =
1
2π

∫ π

−π

(
Mz − Φ(z + reiθ)

)
dθ

=
1
2π

∫ π

−π

{ ∫
T

(
Mz − Φ(z + reiθ, t)

)
dµ(t)

}
dθ

=
∫
T

{
1
2π

∫ π

−π

(
Mz − Φ(z + reiθ, t)

)
dθ

}
dµ(t)

≤
∫
T

(
Mz − Φ(z, t)

)
dµ(t) = Mz − Φ(z).

Note that the integrand is nonnegative and thus Fubini’s theorem can be applied.
Thus, for all r < rz,

Φ(z) ≤ 1
2π

∫ π

−π
Φ(z + reiθ) dθ.

Given a subharmonic function on a disc, the preceding result enables us to create
a radial subharmonic function by taking its integral means over each circle.

Corollary 4.10 Let Φ be subharmonic on the disc DR, and let

Ψ(z) =
1
2π

∫ π

−π
Φ(zeiθ) dθ, (z ∈ DR).

Then Ψ is a radial subharmonic function on DR.
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Proof. The function
DR × T −→ [−∞,∞)
(z, eiθ) �−→ Φ(zeiθ)

fulfils all the requirements of Theorem 4.9. Hence,

Ψ(z) =
1
2π

∫ π

−π
Φ(zeiθ) dθ =

1
2π

∫ π

−π
Φ(|z|eiθ) dθ

is subharmonic on DR. The last identity also shows that Ψ(z) = Ψ(|z|).

Exercises

Exercise 4.4.1 Let Φ be subharmonic on the disc DR. Let

Ψ(z) =
1
π

∫ π

−π

∫ 1

0
Φ(zρeiθ) ρdρdθ, (z ∈ DR).

Show that Ψ is a radial subharmonic function on DR.
Hint: Consider the function

DR × D −→ [−∞,∞)
(z, ρeiθ) �−→ Φ(zρeiθ)

and apply Theorem 4.9.
Remark: By a simple change of variable, we also have

Ψ(z) =
1

π|z|2
∫ π

−π

∫ |z|

0
Φ(ρeiθ) ρdρdθ,

if z �= 0.

Exercise 4.4.2 Let Ω be a domain in C and define

Φ(z) = − log dist(z, ∂Ω), (z ∈ Ω),

where
dist(z, ∂Ω) = inf

ζ∈∂Ω
|ζ − z|.

Show that Φ is subharmonic on Ω.
Hint: Use Theorem 4.7.
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4.5 Radial subharmonic functions

Let Φ be subharmonic on DR, and let

MΦ(r) = sup
|z|=r

Φ(z),

CΦ(r) =
1
2π

∫ π

−π
Φ(reiθ) dθ

for 0 ≤ r < R. In Corollaries 4.8 and 4.10, we saw that Ψ(z) = MΦ(|z|) and
Ψ(z) = CΦ(|z|) are radial subharmonic functions on DR. The following result
characterizes all radial subharmonic functions.

We say that Ψ(r) is a convex function of log r, if Ψ(eρ) is a convex function
of ρ. In other words, Ψ satisfies

Ψ(r) ≤ log r2 − log r
log r2 − log r1

Ψ(r1) +
log r − log r1
log r2 − log r1

Ψ(r2),

whenever r1 < r < r2, and of course r, r1, r2 are in the domain of definition of
Ψ.

Theorem 4.11 Let Ψ be a radial subharmonic function on DR. Then Ψ(r),
0 < r < R, is an increasing convex function of log r, and limr→0 Ψ(r) = Ψ(0).

Proof. Let 0 < r1 < r2 < R. Since Ψ is subharmonic and radial,

Ψ(0) ≤ 1
2π

∫ π

−π
Ψ(r1eiθ) dθ = Ψ(r1). (4.3)

Also, by the maximum principle,

Ψ(r1) ≤ sup
|z|=r2

Ψ(z) = Ψ(r2).

Thus Ψ is increasing. Moreover, by (4.3), and the fact that Ψ is upper semicon-
tinuous on DR, we have

Ψ(0) ≤ lim inf
r→0

Ψ(r) ≤ lim sup
r→0

Ψ(r) ≤ Ψ(0).

Therefore, Ψ is continuous at the origin.
To prove that Ψ(r) is a convex function of log r, fix r1 and r2, and let

Υ(z) = Ψ(z)− log r2 − log |z|
log r2 − log r1

Ψ(r1)−
log |z| − log r1
log r2 − log r1

Ψ(r2)

for
z ∈ A(r1, r2) = { z : r1 < |z| < r2 }.

Then Υ is a subharmonic function on the annulus A(r1, r2), and

lim sup
z→ζ

z∈A(r1,r2)

Υ(z) ≤ 0
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for all ζ ∈ ∂A(r1, r2), where ∂A(r1, r2) consists of two circles {|ζ| = r1} and
{|ζ| = r2}. Therefore, by the maximum principle (Corollary 4.4), Υ(z) ≤ 0 for
all z ∈ A(r1, r2). This fact is equivalent to

Ψ(r) ≤ log r2 − log r
log r2 − log r1

Ψ(r1) +
log r − log r1
log r2 − log r1

Ψ(r2),

whenever r1 < r < r2.

Corollary 4.12 Let Φ be a subharmonic function on DR. Then

(a) MΦ(r) and CΦ(r) are increasing convex functions of log r,

(b) limr→0MΦ(r) = limr→0 CΦ(r) = Φ(0),

(c) Φ(0) ≤ CΦ(r) ≤MΦ(r), for all 0 < r < R.

Proof. The first two claims are direct consequences of Corollaries 4.8 and 4.10
and Theorem 4.11. Moreover, directly from the definition, CΦ(r) ≤MΦ(r), and
by (4.3), Φ(0) ≤ CΦ(r) for 0 < r < R.

Let u ∈ Lp(T), 1 ≤ p ≤ ∞, and let U = P ∗ u. According to Corollaries
2.11, 2.15 and 2.19, we have U ∈ hp(D) and

‖U‖p = sup
0≤r<1

‖Ur‖p = lim
r→1
‖Ur‖p = ‖u‖p.

However, based on Corollary 4.12, we can say more about the behavior of ‖Ur‖p
as a function of r.

Corollary 4.13 Let u ∈ Lp(T), 1 ≤ p ≤ ∞, and let U = P ∗ u. Then ‖Ur‖p is
an increasing convex function of log r and

lim
r→1
‖Ur‖p = ‖U‖p.

Let F ∈ Hp(D) with 0 < p ≤ ∞. If 1 ≤ p ≤ ∞ then the preceding result
applies and thus ‖Fr‖p is an increasing function of r with

lim
r→1
‖Fr‖p = ‖F‖p = ‖f‖p,

where f represents the boundary values of F . If 0 < p < 1, first of all, we have
not yet shown that F has boundary values almost everywhere on T. At this
point, we do not have enough tools to prove this fact. However, since |F |p is a
subharmonic function on D, even if 0 < p < 1, Corollary 4.12 applies and we
obtain the following result.

Corollary 4.14 Let F ∈ Hp(D), 0 < p ≤ ∞. Then ‖Fr‖p is an increasing
convex function of log r and

lim
r→1
‖Fr‖p = ‖F‖p.
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Exercises

Exercise 4.5.1 Let Φ be subharmonic on DR and let

BΦ(r) =
1
πr2

∫ π

−π

∫ r

0
Φ(ρeiθ) ρdρdθ

for 0 < r < R. Show that BΦ(r) is an increasing convex function of log r,

Φ(0) ≤ BΦ(r) ≤ CΦ(r) ≤MΦ(r)

for all 0 < r < R, and that

lim
r→0
BΦ(r) = Φ(0).

Exercise 4.5.2 Let Ψ be a radial function on DR. Suppose that Ψ(r), 0 <
r < R, is an increasing convex function of log r and that limr→0 Ψ(r) = Ψ(0).
Show that Ψ is subharmonic on DR.

4.6 Hardy’s convexity theorem

G. H. Hardy, in a famous paper [7], showed that log( ‖Fr‖p ) is a convex function
of log r, whenever F is an analytic function on a disc. This result is considered
as the starting point of the theory of Hardy spaces.

Theorem 4.15 (Hardy) Let F be analytic on the disc DR, and let 0 < p <∞.
Then log(‖Fr‖p) is an increasing convex function of log r.

Proof. First of all, note that

‖Fr‖pp =
1
2π

∫ π

−π
|F (reiθ)|p dθ = C|F |p(r)

and thus, by Corollary 4.12, ‖Fr‖p is an increasing convex function of log r.
Fix λ ∈ R. Since F is analytic on DR,

Ψ(z) = |z|λ |F (z)|p

is subharmonic there, and furthermore

CΨ(r) = rλ C|F |p(r). (4.4)

Fix r, r1 and r2 with 0 < r1 < r < r2 < R. By Corollary 4.12 and by (4.4), we
have

CΨ(r) ≤ log(r2)− log(r)
log(r2)− log(r1)

CΨ(r1) +
log(r)− log(r1)
log(r2)− log(r1)

CΨ(r2). (4.5)
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The right side is the arithmetic mean of

α1 = CΨ(r1) = rλ1 C|F |p(r1) and α2 = CΨ(r2) = rλ2 C|F |p(r2)

with weights

m1 =
log(r2)− log(r)
log(r2)− log(r1)

and m2 =
log(r)− log(r1)
log(r2)− log(r1)

.

Note that r = rm1
1 rm2

2 . Hence, by (4.4), we can rewrite (4.5) as

rλ C|F |p(r) ≤ m1 α1 +m2 α2. (4.6)

The arithmetic–geometric inequality says that

αm1
1 αm2

2 ≤ m1 α1 +m2 α2

and that equality holds if and only if α1 = α2. Thus we choose λ such that
α1 = α2, i.e.

rλ1 C|F |p(r1) = rλ2 C|F |p(r2).

Hence, with this particular choice of λ, we have

m1 α1 +m2 α2 = αm1
1 αm2

2

=
(
rλ1 C|F |p(r1)

)m1

×
(
rλ2 C|F |p(r2)

)m2

= rλ
(
C|F |p(r1)

)m1

×
(
C|F |p(r2)

)m2

.

Therefore, by (4.6), we obtain

C|F |p(r) ≤
(
C|F |p(r1)

)m1

×
(
C|F |p(r2)

)m2

.

Since C|F |p(r) = ‖Fr‖pp, taking the logarithm of both sides gives

log(‖Fr‖p) ≤ log(r2)− log(r)
log(r2)− log(r1)

log(‖Fr2‖p)

+
log(r)− log(r1)
log(r2)− log(r1)

log(‖Fr1‖p),

which is the required result.

Hardy’s convexity theorem is valid even for p = ∞. In this case it is called
Hadamard’s three-circle theorem [4, page 137]. If we use M|F | instead of C|F |p
in the preceding proof, we obtain a proof of Hadamard’s theorem. However, we
will also discuss a variation of this theorem in Section 8.2.

Exercises
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Exercise 4.6.1 Let F be analytic on the disc DR, and let 0 < p <∞. Define

‖F‖p,r =
{

1
πr2

∫ π

−π

∫ r

0
|F (ρeiθ)|p ρdρdθ

} 1
p

, (0 < r < R).

Show that log(‖F‖p,r) is an increasing convex function of log r.
Hint: Repeat the proof of Theorem 4.15, replacing C|F |p by B|F |p .

Exercise 4.6.2 [Hardy [7]] Let F be an entire function, and let 0 < p ≤ ∞.
Show that ‖Fr‖p = O(rn), as r →∞, if and only if F is a polynomial of degree
at most n. Otherwise, ‖Fr‖p tends to infinity more rapidly than any power of
r.

Exercise 4.6.3 Let F be analytic on the annular domain A(R1, R2), and let
0 < p <∞. Show that log(‖Fr‖p), R1 < r < R2, is a convex function of log r.
Remark: In this case, log(‖Fr‖p) is not necessarily increasing.

Exercise 4.6.4 [Littlewood’s subordination theorem] Let ϕ : D −→ D be
analytic with |ϕ(z)| ≤ |z| for all z ∈ D. Let F and G be analytic on D. We say
that F is subordinate to G if F (z) = G(ϕ(z) ) for all z ∈ D.

Let F be subordinate to G. Show that

M|F |(r) ≤M|G|(r), (0 ≤ r < 1),

and, for 0 < p <∞,

C|F |p(r) ≤ C|G|p(r), (0 ≤ r < 1).

4.7 A complete characterization of hp(D) spaces

As far as the representation of harmonic functions on the open unit disc is con-
cerned, our job is done. We summarize the results of the preceding sections
to exhibit a complete characterization of hp(D) spaces. We only highlight the
main points.

Let U be a harmonic function on the open unit disc D.

Case 1: p = 1.

U ∈ h1(D) if and only if there exists µ ∈M(T) such that

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).
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The measure µ is unique and

U(reiθ) =
∞∑

n=−∞
µ̂(n) r|n| einθ, (reiθ ∈ D).

The family of measures (U(reit) dt/2π)0≤r<1 converges to dµ(eit) in the weak*
topology, as r → 1−, i.e.

lim
r→1

∫
T

ϕ(eit) U(reit)
dt

2π
=

∫
T

ϕ(eit) dµ(eit)

for all ϕ ∈ C(T), and we have

‖U‖1 = ‖µ‖ = |µ|(T).

Case 2: 1 < p <∞.

U ∈ hp(D), 1 < p <∞, if and only if there exists u ∈ Lp(T) such that

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

The function u is unique and

U(reiθ) =
∞∑

n=−∞
û(n) r|n| einθ, (reiθ ∈ D).

Moreover,
lim
r→1
‖Ur − u‖p = 0,

and thus
‖U‖p = ‖u‖p.

Case 3: p =∞.

U ∈ h∞(D) if and only if there exists u ∈ L∞(T) such that

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

The function u is unique and

U(reiθ) =
∞∑

n=−∞
û(n) r|n| einθ, (reiθ ∈ D).

The family (Ur)0≤r<1 converges to u in the weak* topology, as r → 1, i.e.

lim
r→1−

∫ π

−π
ϕ(eit)U(reit) dt =

∫ π

−π
ϕ(eit)u(eit) dt
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for all ϕ ∈ L1(T). Hence,
‖U‖∞ = ‖u‖∞.

In all cases, the family ‖Ur‖p, 0 ≤ r < 1, as a function of r, is increasing and a
convex of log r.

The first case shows that h1(D) andM(T) are isometrically isomorphic Ba-
nach spaces. Similarly, by the other two cases, hp(D) and Lp(T), 1 < p ≤ ∞,
are isometrically isomorphic.

Exercises

Exercise 4.7.1 We saw that h1(D) and M(T) are isometrically isomorphic
Banach spaces. Consider L1(T) as a subspace of M(T). What is the image
of L1(T) in h1(D) under this correspondence? What is the image of positive
measures?
Hint: Use Exercise 3.5.3.

Exercise 4.7.2 We know that h∞(D) and L∞(T) are isometrically isomorphic
Banach spaces. Consider C(T) as a subspace of L∞(T). What is the image of
C(T) in h∞(D) under this correspondence?
Hint: Use Exercise 3.3.4.
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Chapter 5

Analytic functions in the
unit disc

5.1 Representation of Hp(D) functions (1 < p ≤
∞)

Since we assumed that the elements of hp(D) are complex-valued harmonic
functions, we necessarily have Hp(D) ⊂ hp(D). Hence, the facts we gathered in
Section 4.7 are also valid for the analytic elements of hp(D), i.e. for elements
of Hp(T). As a matter of fact, we can say more in this case. If F ∈ Hp(D),
1 < p ≤ ∞, then there is f ∈ Lp(T) such that

F (z) =
∞∑

n=−∞
f̂(n) r|n| einθ =

∞∑
n=0

f̂(n) zn+
−1∑

n=−∞
f̂(n)z̄−n, (z = reiθ ∈ D).

According to (3.1) in Theorem 3.1, we have

f̂(n) =
r−|n|

2π

∫ π

−π
F (reit) e−int dt, (n ∈ Z, 0 < r < 1).

Hence, for n ≤ −1,

f̂(n) =
r−|n|

2πi

∫
|z|=r

F (z) z|n+1| dz, (0 < r < 1),

which implies
f̂(−1) = f̂(−2) = · · · = 0. (5.1)

On the other hand, if f ∈ Lp(T), 1 < p ≤ ∞, satisfying (5.1) is given, and we
define

F (z) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) f(eit) dt, (z = reiθ ∈ D),

103
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then, in the first place, F ∈ hp(D). Secondly,

F (z) =
∞∑

n=−∞
f̂(n) r|n| einθ =

∞∑
n=0

f̂(n) zn

and thus it represents an analytic function. Hence, F ∈ Hp(D). This observa-
tion leads us to define the Hardy spaces on the unit circle by

Hp(T) = { f ∈ Lp(T) : f̂(−1) = f̂(−2) = · · · = 0}, (1 ≤ p ≤ ∞). (5.2)

In the following, the content of Section 4.7 is rewritten for analytic functions.

Theorem 5.1 Let F be analytic on the open unit disc. Then F ∈ Hp(D),
1 < p <∞, if and only if there exists f ∈ Hp(T) such that

F (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) f(eit) dt, (reiθ ∈ D).

The function f is unique and

F (z) =
∞∑
n=0

f̂(n) zn, (z ∈ D).

Moreover,
lim
r→1
‖Fr − f‖p = 0

and
‖F‖p = ‖f‖p.

We have F ∈ H2(D) if and only if f ∈ H2(T), and in this case

‖F‖2 = ‖f‖2 =
( ∞∑

n=0

|f̂(n)|2
) 1

2

.

Theorem 5.2 Let F be analytic on the open unit disc. Then F ∈ H∞(D) if
and only if there exists f ∈ H∞(T) such that

F (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) f(eit) dt, (reiθ ∈ D).

The function f is unique and

F (z) =
∞∑
n=0

f̂(n) zn, (z ∈ D).

Moreover, Fr converges to f in the weak* topology, as r → 1, i.e.

lim
r→1

∫ π

−π
ϕ(eit)F (reit) dt =

∫ π

−π
ϕ(eit) f(eit) dt

for all ϕ ∈ L1(T), and
‖F‖∞ = ‖f‖∞.
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The restriction of the Fourier transform to Hp(T) classes

Hp(T) −→ c0(Z+)
f �−→ f̂

is not surjective. However, based on the contents of Section 2.7 and Theorem
5.1, we can say that the maps

H2(D) −→ H2(T) −→ �2(Z+)
F �−→ f �−→ f̂

are bijective and preserve the inner product.
The preceding two theorems show that Hp(D) and Hp(T), 1 < p ≤ ∞,

are isometrically isomorphic. One may naturally wonder why H1(D) was not
treated in the same manner. Based on what we know about h1(D), if we follow
the same procedure, we conclude that H1(D) is isometrically isomorphic to the
subclass

{µ ∈M(T) : µ̂(−1) = µ̂(−2) = · · · = 0},
and every such measure creates a unique element of H1(D) given by

F (z) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit) =

∞∑
n=0

µ̂(n) zn, (z = reiθ ∈ D).

This assertion is absolutely true and can be viewed as a characterization of
H1(D). However, it does not reveal the whole truth. According to a celebrated
result of F. and M. Riesz, such a measure is necessarily absolutely continuous
with respect to the Lebesgue measure. Therefore, Theorem 5.1 is valid even for
p = 1. In the rest of this chapter, we develop some tools to prove the F. and M.
Riesz theorem and thus complete the characterization of H1(D) functions.

Exercises

Exercise 5.1.1 Show that Hp(T), 1 ≤ p ≤ ∞, is a closed subspace of Lp(T).
Moreover, show that H∞(D) is weak* closed in L∞(T).

Exercise 5.1.2 Let (an)n≥0 ∈ �2(Z+), and let

F (z) =
∞∑
n=0

an z
n, (z ∈ D).

Show that F ∈ H2(D) and

‖F‖2 =
( ∞∑

n=0

|an|2
) 1

2

.

Hint: Apply Theorem 5.1.
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Exercise 5.1.3 We know that H∞(D) and H∞(T) are isometrically isomor-
phic Banach spaces. Let A(T) denote the closure of analytic polynomials in
H∞(T). What is the image of A(T) in H∞(D) under this correspondence?
Hint: Exercise 3.3.4 might help.

5.2 The Hilbert transform on T
Let F be analytic on a disc DR with R > 1 and suppose that F (0) = 0. Fix
eiθ ∈ T. Let 0 < ε < R − 1 and let Γε be the curve shown in Figure 5.1. The
radius of the small circle is rε = 2 sin(ε/2).

Fig. 5.1. The curve Γε.

As Figure 5.2 shows, the curve Γε ∩ T is parameterized by

ζ = eit, ε ≤ |θ − t| ≤ π,

and the rest of Γε, according to the triangle ∆ε, is given by

ζ = eiθ + rε e
it, −π + ε

2
≤ t ≤ π + ε

2
.
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Fig. 5.2. The triangle ∆ε.

Hence, by Cauchy’s theorem,

F (eiθ) =
1

2πi

∫
Γε

F (ζ)
ζ − eiθ dζ

=
1

2πi

∫
ε≤|t−θ|≤π

F (eit)
eit − eiθ ie

it dt+
1
2π

∫ π+ε
2

− π+ε
2

F (eiθ + rεe
it) dt.

Since F (eiθ + rεe
it)→ F (eiθ), as ε→ 0, we obtain

F (eiθ) = lim
ε→0

1
π

∫
ε≤|θ−t|≤π

F (eit)
1− ei(θ−t) dt. (5.3)

By a similar argument we have

0 =
1

2πi

∫
Γ′

ε

eiθ F (ζ)
ζ(ζ − eiθ) dζ

=
1

2πi

∫
ε≤|θ−t|≤π

eiθ F (eit)
eit(eit − eiθ) ie

it dt− 1
2π

∫ 3π−ε
2

π+ε
2

eiθ F (eiθ + rεe
−it)

eiθ + rεe−it dt,

where Γ′
ε is the curve shown in Figure 5.3. Remember that F (0) = 0.
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Fig. 5.3. The curve Γ′
ε.

Hence,

F (eiθ) = lim
ε→0

1
π

∫
ε≤|θ−t|≤π

ei(θ−t)F (eit)
1− ei(θ−t) dt. (5.4)

Adding (5.4) to (5.3) gives

F (eiθ) = lim
ε→0

i

π

∫
ε≤|θ−t|≤π

F (eit)
2 tan( θ−t2 )

dt. (5.5)

The advantage of (5.5) over (5.4) and (5.3) is that the kernel appearing in it is
a real function. Let us write u = 
F and v = �F on the unit circle. Hence,
(5.5) is equivalent to

v(eiθ) = lim
ε→0

1
π

∫
ε≤|θ−t|≤π

u(eit)
2 tan( θ−t2 )

dt

and

u(eiθ) = − lim
ε→0

1
π

∫
ε≤|θ−t|≤π

v(eit)
2 tan( θ−t2 )

dt.

The preceding argument highlights the importance of the transform

lim
ε→0

1
π

∫
ε≤|θ−t|≤π

φ(eit)
2 tan( θ−t2 )

dt



5.2. The Hilbert transform on T 109

whenever φ is the real or imaginary part of a function analytic on a domain
containing the closed unit disc. However, this transform is well-defined on other
classes of functions and has far-reaching and profound properties. To have a
meaningful Lebesgue integral we need at least to assume that φ ∈ L1(T). Then
the Hilbert transform of φ at the point eiθ ∈ T is defined by

Hφ(eiθ) = φ̃(eiθ) = lim
ε→0

1
π

∫
ε≤|θ−t|≤π

φ(eit)
2 tan( θ−t2 )

dt

= lim
ε→0

1
π

∫
ε<|t|<π

φ(ei(θ−t))
2 tan(t/2)

dt (5.6)

wherever the limit exists. The notation

φ̃( eiθ ) =
1
π

∫ π

−π
− φ(ei(θ−t))

2 tan(t/2)
dt

has exactly the same meaning as (5.6). Since around the origin 2 tan(t/2) be-
haves asymptotically like t, the transform

Hφ( eiθ ) = lim
ε→0

1
π

∫
ε<|t|<π

φ(ei(θ−t))
t

dt (5.7)

has close connections to φ̃. Indeed, some authors call φ̃ the conjugate transform
of u and keep the title “Hilbert transform” for Hφ. However, since∣∣∣∣ 1

2 tan(t/2)
− 1
t

∣∣∣∣ ≤ 1
π
, (0 < |t| ≤ π), (5.8)

both transforms have the same behavior. More precisely, if one of them exists
at eiθ ∈ T, the other one exists too and we have

|Hφ( eiθ )−Hφ( eiθ ) | ≤ 2
π
. (5.9)

Since 2 tan(t/2) is an odd function, a more appropriate way to write φ̃ is

φ̃( eiθ ) = lim
ε→0

1
π

∫ π

ε

φ(ei(θ−t))− φ(ei(θ+t))
2 tan(t/2)

dt. (5.10)

Of course, if
1
π

∫ π

0

|φ(ei(θ−t))− φ(ei(θ+t))|
2 tan(t/2)

dt <∞, (5.11)

then the Hilbert transform exists and is given by

φ̃( eiθ ) =
1
π

∫ π

0

φ(ei(θ−t))− φ(ei(θ+t))
2 tan(t/2)

dt. (5.12)
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However, even if (5.11) does not hold, we will show that the limit (5.10) exists
almost everywhere on T. To achieve this goal, we are led naturally to study the
boundary behavior of the harmonic conjugate function.

Exercises

Exercise 5.2.1 Show that there is a φ ∈ C(T) such that

1
π

∫ π

0

|φ(ei(θ−t))− φ(ei(θ+t))|
2 tan(t/2)

dt =∞

for all eiθ ∈ T.
Hint: Use the Baire category theorem [13, page 25].

Exercise 5.2.2 Verify the following Hilbert transform table:

φ(eiθ) φ̃(eiθ)

1 0

cos θ sin θ

sin θ − cos θ

5.3 Radial limits of the conjugate function

In Chapter 3 we saw that, under certain conditions, a harmonic function can be
represented as

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D),

where µ ∈M(T). It is easy to verify that the harmonic conjugate of U is given
by

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).
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To verify this fact, simply note that

(U + iV )(z) =
1
2π

∫ π

−π

eit + z

eit − z dµ(eit), (z ∈ D),

which is an analytic function on the unit disc. According to Fatou’s theorem, we
know that limr→1 U(reiθ) exists for almost all eiθ ∈ T. Hence, we naturally ask
if the conjugate function behaves nicely too and limr→1 V (reiθ) exists for almost
all eiθ ∈ T. Since the conjugate Poisson kernel is not an approximate identity,
we are not able to apply the techniques developed in Chapter 3. Nevertheless,
the result is true. Let us start with a special case.

If µ is absolutely continuous with respect to the Lebesgue measure, then the
harmonic conjugate of U is given by

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D),

where u ∈ L1(T). Since the conjugate Poisson kernel is an odd function, the
preceding formula for V (reiθ) can be rewritten as

V (reiθ) =
1
π

∫ π

0

r sin t
1 + r2 − 2r cos t

(
u(ei(θ−t))− u(ei(θ+t))

)
dt. (5.13)

This version is more appropriate in studying the boundary values of V . To save
space, on some occasions we will write V = Q ∗ u. To evaluate limr→1 V (reiθ),
let us formally change the order of the integral and limit in (5.13) to obtain

lim
r→1

V (reiθ) =
1
π

∫ π

0

u(ei(θ−t))− u(ei(θ+t))
2 tan(t/2)

dt. (5.14)

We used the trigonometric identity

sin t
2(1− cos t)

=
1

2 tan(t/2)
, (5.15)

which will appear again several times in our discussion. The formula (5.14) also
highlights the relation between limr→1 V ( reiθ ) and ũ( eiθ ). But if

1
π

∫ π

0

|u(ei(θ−t))− u(ei(θ+t))|
2 tan(t/2)

dt =∞, (5.16)

the integral in (5.14) is meaningless. In the first place, we show that if the
integral in (5.16) is finite, then the radial limit limr→1 V (reiθ) and ũ(eiθ) both
exist and they are equal. Secondly, we will see that, even if (5.16) may hold,
the radial limits and the Hilbert transform still exist and are equal almost
everywhere on T. We start with the first case. The general case will be treated
at the end of Section 5.3.
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Theorem 5.3 Let u ∈ L1(T) and let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Fix eiθ ∈ T and suppose that

1
π

∫ π

0

|u(ei(θ−t))− u(ei(θ+t))|
2 tan(t/2)

dt <∞. (5.17)

Then limr→1 V (reiθ) and ũ(eiθ) exist and

lim
r→1

V (reiθ) = ũ(eiθ) =
1
π

∫ π

0

u(ei(θ−t))− u(ei(θ+t))
2 tan(t/2)

dt. (5.18)

Proof. The fact that ũ(eiθ) exists and is given by

ũ(eiθ) =
1
π

∫ π

0

u(ei(θ−t))− u(ei(θ+t))
2 tan(t/2)

dt

is a direct consequence of the definition of ũ(eiθ).
We need to estimate

∆r =
∣∣V (reiθ)− ũ(eiθ)

∣∣.
Hence, by (5.13) and (5.15),

∆r ≤ 1
π

∫ π

0

∣∣∣∣ r sin t
1 + r2 − 2r cos t

− sin t
2(1− cos t)

∣∣∣∣ |u(ei(θ−t))− u(ei(θ+t))| dt
=

1
π

∫ π

0

(1− r)2 sin t
2(1− cos t)(1 + r2 − 2r cos t)

|u(ei(θ−t))− u(ei(θ+t))| dt

=
1
π

∫ π

0

(1− r)2

(1− r)2 + 4r sin2(t/2)
|u(ei(θ−t))− u(ei(θ+t))|

2 tan(t/2)
dt.

Since
(1− r)2

(1− r)2 + 4r sin2(t/2)
≤ 1

and

lim
r→1

(1− r)2

(1− r)2 + 4r sin2(t/2)
= 0

for all t ∈ (0, π], by the dominated convergence theorem, the last integral tends
to zero as r → 1.

We may make some stronger, but more familiar, assumptions on u at the point
eiθ to ensure that (5.17) holds. Two such conditions are mentioned below.
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Corollary 5.4 Let u ∈ L1(T) and let V = Q ∗u. Fix eiθ ∈ T and suppose that,
for some α > 0,

u(ei(θ−t))− u(ei(θ+t))
is Lipα at t = 0, i.e. for |t| ≤ t0,

|u(ei(θ−t))− u(ei(θ+t)) | ≤ C |t|α.

Then limr→1 V (reiθ) and ũ(eiθ) exist and (5.18) holds.

Corollary 5.5 Let u ∈ L1(T) and let V = Q ∗ u. Fix eiθ ∈ T and suppose that

u(ei(θ−t))− u(ei(θ+t)),

as a function of t ∈ R, is differentiable at t = 0. Then limr→1 V (reiθ) and
ũ(eiθ) exist and (5.18) holds.

5.4 The Hilbert transform of C1(T) functions

If the conjugate function V = Q∗u is produced by a continuously differentiable
function u, then, by Corollary 5.5, we know that ũ(eiθ) and limr→1 V (reiθ) exist
at all points of T and they are equal. We show that ũ is continuous on T.

Theorem 5.6 Let u ∈ C1(T), and let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Then, as r → 1, Vr converges uniformly to ũ on T.

Proof. Let
∆r(eiθ) = |V (reiθ)− ũ(eiθ) |.

Hence, as we saw in the proof of Theorem 5.3,

∆r(eiθ) ≤
1
π

∫ π

0

(1− r)2
1 + r2 − 2r cos t

|u(ei(θ−t))− u(ei(θ+t))|
2 tan(t/2)

dt.

According to the mean value theorem, we have

|u(ei(θ−t))− u(ei(θ+t))| ≤ 2|t| ‖u′‖∞.

Hence, there is an absolute constant C such that

|u(ei(θ−t))− u(ei(θ+t))|
2 tan(t/2)

≤ C

for all t ∈ [0, π]. Therefore

∆r(eiθ) | ≤
C

π

∫ π

0

(1− r)2
1 + r2 − 2r cos t

dt = C
1− r
1 + r

,

which gives
‖Vr − ũ ‖∞ ≤ C (1− r).
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The uniform limit of a sequence of continuous functions is continuous. Hence,
Theorem 5.6 implies immediately that ũ is continuous on T.

Corollary 5.7 Let u ∈ C1(T). Then ũ ∈ C(T).

Theorem 5.6 and its corollary can be generalized for differentiable functions
on an open arc I ⊂ T. To prove this result we study a very special case in the
first step. Note that if I is an open arc on T and an integrable function u is
identically zero on I, then Corollary 5.5 ensures that ũ(eiθ) and limr→1 V (reiθ)
exist at all eiθ ∈ I and they are equal.

Lemma 5.8 Let u ∈ L1(T), and let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Let I be an open arc on T and suppose that u(eit) = 0 for all eit ∈ I. Let J be
an open arc such that J̄ ⊂ I. Then, as r → 1, Vr converges uniformly to ũ on
J .

Proof. Without loss of generality assume that I = {eit : −α < t < α} and
J = {eit : −β < t < β} with 0 < β < α < π, since otherwise we can work with
Vr(ei(θ+θ0)) where θ0 is an appropriate rotation. Let

∆r(eiθ) = |V (reiθ)− ũ(eiθ) |, (eiθ ∈ J).

As in the proof of Theorem 5.6,

∆r(eiθ) ≤
1
π

∫ π

0

(1− r)2 sin t
2(1− cos t)(1 + r2 − 2r cos t)

|u(ei(θ−t))− u(ei(θ+t))| dt.

But, for all t ∈ [0, α− β] and all eiθ ∈ J , we have

u(ei(θ−t)) = u(ei(θ+t)) = 0.

Hence, for each eiθ ∈ J ,

∆r(eiθ) ≤ 1
π

∫ π

α−β

(1− r)2 sin t
2(1− cos t)(1 + r2 − 2r cos t)

|u(ei(θ−t))− u(ei(θ+t))| dt

≤ ‖u‖1
(1− cos(α− β))2

(1− r)2,

which is equivalent to

‖Vr − ũ‖L∞(J) ≤
‖u‖1

(1− cos(α− β))2
(1− r)2.
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Theorem 5.9 Let u ∈ L1(T), and let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Let I be an open arc on T and suppose that u ∈ C1(I). Let J be an open arc
such that J̄ ⊂ I. Then, as r → 1, Vr converges uniformly to ũ on J . Moreover,
ũ ∈ C(I).

Proof. Let K be an open arc such that

J̄ ⊂ K ⊂ K ⊂ I.

Then there exists a C∞(T) function ϕ such that ϕ ≡ 1 on K and ϕ ≡ 0 on T\ I.
In this particular case, since I, J and K are open arcs, one can even provide an
explicit formula for ϕ.

Now, consider u1 = uϕ and u2 = u (1 − ϕ) on T and, using the conjugate
Poisson kernel, extend them to the open unit disc, say V1 = Q ∗ u1 and V2 =
Q ∗ u2.

The first observation is that u1 ∈ C1(T). Hence, by Theorem 5.6, ũ1(eiθ)
and limr→1 V1(reiθ) exist at all eiθ ∈ T, they are equal and, as r → 1, V1,r
converges uniformly to ũ1 on T. Secondly, u2 ∈ L1(T) and u2 ≡ 0 on K. Hence,
by Lemma 5.8, ũ2(eiθ) and limr→1 V2(reiθ) exist at all eiθ ∈ K, and as r → 1,
V2,r converges uniformly to ũ2 on J . Since, on D

V = V1 + V2,

and on I
ũ = ũ1 + ũ2,

we immediately see that, as r → 1, Vr = V1,r + V2,r converges uniformly to ũ
on J . The uniform convergence ensures that ũ is continuous on J . Since J is
an arbitrary open arc in I, with the only restriction J̄ ⊂ I, then ũ is continuous
at all points of I.

Exercises

Exercise 5.4.1 Let u ∈ L1(T) and suppose that u(eit) = 0 for all eit ∈ I,
where I is an open arc on T. Show that there is a harmonic function V on the
domain

(C \ T) ∪ I
whose values on the unit disc D are given by the conjugate Poisson integral
V = Q ∗ u.
Remark 1: This is a generalization of Lemma 5.8.
Remark 2: A similar result holds for the harmonic function U = P ∗ u.



116 Chapter 5. Analytic functions in the unit disc

Exercise 5.4.2 Let u ∈ L1(T), and let V = Q ∗ u. Let I be a closed arc on T
and suppose that u ∈ C1(I). Show that ũ ∈ C(I).

Exercise 5.4.3 Let u ∈ C2(T). Show that ũ ∈ C1(T) and that

dũ

dθ
(eiθ) = − 1

4π

∫ π

0

u(ei(θ−t)) + u(ei(θ+t))− 2u(eiθ)
sin2(t/2)

dt

for all eiθ ∈ T.

5.5 Analytic measures on T

A measure µ ∈M(T) is called analytic if

µ̂(n) =
∫

T

e−int dµ(eit) = 0

for all n ≤ −1. In other words, the negative part of the spectrum of µ vanishes
completely. These measures appeared at the end of Section 5.1 in studying the
Hardy space H1(D). According to F. and M. Riesz’s theorem, such a measure
is absolutely continuous with respect to the Lebesgue measure. To show this
result we start with a construction due to Fatou.

Let E be a closed subset of T with |E| = 0, where |E| stands for the Lebesgue
measure of E. Fatou constructed a function F on the closed unit disc satisfying
the following properties:

(i) F is continuous on D;

(ii) F is analytic on D;

(iii) |F (z)| < 1, for all z ∈ D;

(iv) |F (ζ)| < 1, for all ζ ∈ T \ E;

(v) F (ζ) = 1, for all ζ ∈ E.

Such a function is called a Fatou function for E. Certainly F is not unique.
For example, F 2 satisfies all preceding conditions if F does so. Without loss of
generality, assume 1 ∈ E. Since E is closed, we have

T \ E =
⋃
n

In,

where In are some open arcs on T, say

In = { eiθ : 0 < αn < θ < βn < 2π }.



5.5. Analytic measures on T 117

The condition |E| = 0 is equivalent to∑
n

(βn − αn) = 2π.

Hence, there is a sequence ηn > 0 such that

lim
n→∞ ηn =∞,

but still
∑
n ηn (βn − αn) <∞. Define

u(eit) =




+∞ if eit ∈ E,

ηn �n√
�2n − (t− γn)2

if eit ∈ In,

where �n = (βn − αn)/2 and γn = (βn + αn)/2. This positive function has two
important properties. First of all, u is integrable on T:∫

T

|u(eit)| dt =
∫

T

u(eit) dt

=
∫
E

u(eit) dt+
∑
n

∫
In

u(eit) dt

=
∑
n

∫ βn

αn

ηn �n√
�2n − (t− γn)2

dt =
π

2

∑
n

ηn (βn − αn) <∞.

Secondly, u, as a function from T to [0,+∞], is continuous. As a matter of fact,
u is infinitely differentiable on each In and tends to infinity when we approach
αn or βn from within In. Moreover, u(eit) ≥ ηn on In and ηn tends to infinity as
n grows. That is why ηn entered our discussion. Hence, as eit ∈ T approaches
any eit0 ∈ E, in any manner, u(eit) tends to infinity, i.e.

lim
t→t0

u(eit) = +∞ (5.19)

for all eit0 ∈ E. Define

U(reiθ) =




1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt if 0 ≤ r < 1,

u(eiθ) if r = 1.

By Corollary 2.9, U is continuous on D with values in [0,+∞], and is harmonic
on D. In particular, for each eit0 ∈ E,

lim
z→eit0

z∈D

U(z) = +∞. (5.20)
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Since u is continuously differentiable on each In, by Theorem 5.9, the harmonic
conjugate

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D),

has continuous extension up to In, and its boundary values on In are given by
the Hilbert transform ũ(eiθ), eiθ ∈ In. Note that we did not define ũ on E and
moreover, for the rest of the discussion, we do not need to verify if ũ(eiθ) exists
or not whenever eiθ ∈ E. Finally, let

F : D �−→ C

be given by

F (z) =




U(z) + i V (z)
1 + U(z) + i V (z)

if z ∈ D,

u(z) + i ũ(z)
1 + u(z) + i ũ(z)

if z ∈ T \ E,

1 if z ∈ E.
Clearly, F is analytic on D and continuous at all points of T \ E. Since u > 0
and U > 0, we also have |F (z)| < 1 for all z ∈ D and all z ∈ T\E. Moreover, by
(5.19) and (5.20), F is continuous at each point of E. Hence, F is continuous
on D.

Now, we have all the necessary tools to prove the celebrated theorem of the
Riesz brothers. This fundamental result is actually a genuine application of
Fatou’s functions for compact subsets of T.

Theorem 5.10 (F. and M. Riesz) Let µ ∈M(T) be an analytic measure. Then
µ is absolutely continuous with respect to the Lebesgue measure.

Proof. Put dν(eit) = eit dµ(eit). Hence dµ(eit) = e−it dν(eit), and thus it is
enough to show that ν is absolutely continuous with respect to the Lebesgue
measure. The advantage of ν is that

ν̂(n) = 0, for all n ≤ 0.

(The identity also holds for n = 0.) Thus, for any analytic function G on the
unit disc, we have∫

T

G(reit) dν(eit) =
∫

T

( ∞∑
n=0

an r
n eint

)
dν(eit)

=
∞∑
n=0

an r
n

∫
T

eint dν(eit)

=
∞∑
n=0

an r
n ν̂(n) = 0, (0 ≤ r < 1).
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Suppose E ⊂ T with |E| = 0. Let K be a compact subset of E and let F be a
Fatou function for K. Hence, according to the preceding observation,∫

T

(
F (reit)

)�
dν(eit) = 0, (0 ≤ r < 1),

for all integers � ≥ 1. First, let r → 1. Since F is bounded on D, we obtain∫
T

(
F (eit)

)�
dν(eit) = 0,

which is equivalent to

ν(K) +
∫

T\K

(
F (eit)

)�
dν(eit) = 0.

Secondly, let � → ∞. But F was constructed such that |F (eit)| < 1 for all
eit ∈ T \K. Thus, ν(K) = 0. By regularity, ν(E) = 0.

In the proof of the theorem, we used the original definition of absolute con-
tinuity. The measure µ is absolutely continuous with respect to ν provided that
ν(E) = 0 implies µ(E) = 0. However, in application, we will use the following
characterization of absolute continuity: µ is absolutely continuous with respect
to ν if and only if there is an f ∈ L1(ν) such that

dµ = f dν.

Exercises

Exercise 5.5.1 Let an ≥ 0 and
∑
n an <∞. Show that there are ηn ≥ 0 such

that limn→∞ ηn =∞ and still
∑
n ηn an <∞.

Hint: Since the series
∑
n an is convergent, there are n1 < n2 < · · · such that∑

n>nk
an < 2−k.

Exercise 5.5.2 Let µ ∈M(T). Suppose that µ has a one-sided spectrum, i.e.

µ̂(n) =
∫

T

e−int dµ(eit) = 0

either for n ≥ N or for n ≤ −N , where N is an integer. Show that µ is
absolutely continuous with respect to the Lebesgue measure.

Exercise 5.5.3 Let µ ∈ M(T). Suppose that µ is analytic and also singular
with respect to the Lebesgue measure. Show that µ = 0.
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Exercise 5.5.4 Construct a nonzero measure σ ∈M(T), singular with respect
to the Lebesgue measure, such that

σ̂(2n+ 1) = 0, for all n ∈ Z.

Hint: Put appropriate Dirac measures at 1 and −1.

5.6 Representations of H1(D) functions

At this point we have developed all the necessary tools to show that the repre-
sentations of Section 5.1 for Hp(D), 1 < p <∞, classes are valid even if p = 1.
This fact constitutes the fundamental difference between h1(D) and H1(D).

Let F ∈ H1(D) ⊂ h1(D). We saw that, by Theorems 2.1 and 3.7,

F (reiθ) =
∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit) =

∞∑
n=−∞

µ̂(n) r|n| einθ, (reiθ ∈ D),

where µ ∈M(T). Moreover, the measures F (reiθ) dθ/2π converge in the weak*
topology to µ as r → 1. Hence, for any n ≤ −1,

µ̂(n) =
∫

T

e−inθ dµ(eiθ) = lim
r→1

1
2π

∫ π

−π
F (reiθ) e−inθ dθ.

But, since F is analytic,∫ π

−π
F (reiθ) e−inθ dθ = r−n−1

∫
|ζ|=r

F (ζ) ζ−(n+1) dζ = 0,

which implies µ̂(n) = 0 for all n ≤ −1. Therefore, by the theorem of F. and M.
Riesz, there exists a function f ∈ L1(T) such that

dµ(eit) = f(eit) dt/2π

and
f̂(n) = µ̂(n) = 0

for all n ≤ −1. In other words, f ∈ H1(T).
On the other hand if f ∈ H1(T), then, by Theorem 2.1 and Corollary 2.15,

the function

F (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) f(eit) dt

=
∞∑

n=−∞
f̂(n) r|n| einθ =

∞∑
n=0

f̂(n) zn, (z = reiθ ∈ D),

also represents an element of H1(D) and Fr converges to f in the L1(T) norm
as r → 1. We state the preceding results as a theorem.
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Theorem 5.11 Let F be analytic on the unit disc D. Then F ∈ H1(D) if and
only if there exists a unique f ∈ H1(T) such that

F (z) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) f(eit) dt =

∞∑
n=0

f̂(n) zn (5.21)

for all z = reiθ ∈ D. The series is uniformly convergent on compact subsets of
D. Moreover,

lim
r→1
‖Fr − f‖1 = 0

and
‖F‖1 = ‖f‖1.

Using the Cauchy integral formula and the norm convergence of Fr to f , we
obtain another representation theorem for functions in H1(D).

Corollary 5.12 Let F ∈ H1(D) and denote its boundary values by f ∈ H1(T).
Then

F (z) =
1
2π

∫ π

−π

f(eit)
1− e−itz

dt (5.22)

and ∫ π

−π

z̄ eit

z̄ eit − 1
f(eit) dt = 0 (5.23)

for all z ∈ D.

Proof. Fix z ∈ D. By the Cauchy integral formula, if 1+|z|
2 < r < 1,

F (z) =
1

2πi

∫
{|ζ|=r}

F (ζ)
ζ − z dζ =

1
2π

∫ π

−π

reit

reit − z F (reit) dt.

Let r → 1. Since ∣∣∣∣ reit

reit − z

∣∣∣∣ ≤ 1
r − |z| ≤

2
1− |z|

and, by Theorem 5.11, Fr converges to f in the L1(T) norm, we have

F (z) = lim
r→1

1
2π

∫ π

−π

reit

reit − z F (reit) dt =
1
2π

∫ π

−π

eit

eit − z f(eit) dt.

The second formula has a similar proof if we start with

1
2πi

∫
{|ζ|=r}

z̄ F (ζ)
z̄ ζ − 1

dζ = 0.
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Note that since
1− r2

1 + r2 − 2r cos(θ − t) =
eit

eit − z −
z̄eit

z̄ eit − 1
, (z = reiθ),

the Poisson integral formula (5.21) can also be deduced from (5.22) and (5.23).

Exercises

Exercise 5.6.1 Let fn ∈ H1(T), n ≥ 1, and let f ∈ L1(T). Suppose that

lim
n→∞ ‖fn − f‖1 = 0.

Show that f ∈ H1(T).

Exercise 5.6.2 Let f, g ∈ H2(T). Show that fg ∈ H1(T).

Exercise 5.6.3 Let F ∈ H1(D) and denote its boundary values by f ∈ H1(T).
Show that

F (z) =
i

2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) f(eit) dt+ F (0), (z = reiθ ∈ D).

Hint: Use Corollary 5.12 and the identity

i2r sin(θ − t)
1 + r2 − 2r cos(θ − t) =

eit

eit − z +
z̄eit

z̄ eit − 1
− 1, (z = reiθ).

Exercise 5.6.4 Let F ∈ H1(D) and denote its boundary values by f ∈ H1(T).
Show that

F (z) =
1
2π

∫ π

−π

eit + z

eit − z 
f(eit) dt+ i�F (0), (z ∈ D).

Hint: By (5.21),


F (z) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) 
f(eit) dt, (z = reiθ ∈ D).

Moreover,

1− r2
1 + r2 − 2r cos(θ − t) = 


(
eit + z

eit − z

)
, (z = reiθ ∈ D).

Exercise 5.6.5 Let F ∈ H1(D) and denote its boundary values by f ∈ H1(T).
Show that

F (z) =
i

2π

∫ π

−π

eit + z

eit − z �f(eit) dt+ 
F (0), (z ∈ D).

Hint: Replace F by iF in Exercise 5.6.4.
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5.7 The uniqueness theorem and its applications

An element f ∈ H1(T) is defined almost everywhere on T. Hence we are free to
change its values on a set of Lebesgue measure zero. Therefore, the level set

{eiθ : f(eiθ) = 0}

is also defined modulus a set of measure zero. Nevertheless, the Lebesgue mea-
sure of this set is well-defined. Amazingly, the size of this set is either 0 or 2π.
Different versions of the following theorem are stated by Fatou, F. Riesz, M.
Riesz and Szegö.

Theorem 5.13 (Uniqueness theorem) Let F ∈ H1(D) with boundary values
f ∈ H1(T). Let E ⊂ T with |E| > 0. Suppose that f(eiθ) = 0 for almost all
eiθ ∈ E. Then F ≡ 0 on D, or equivalently f = 0 almost everywhere on T.

Proof. If |E| = 2π, then f = 0 almost everywhere on T and thus by the Poisson
integral representation given in Theorem 5.11, F ≡ 0 on D.

Hence suppose that 0 < |E| < 2π. We also suppose that F �≡ 0 and then we
obtain a contradiction. Without loss of generality assume that F (0) �= 0, since
otherwise we can work with F (z)/zm, where m is the order of the zero of F at
the origin. Let

u(eit) =




1
|E| if eit ∈ E,

−1
2π − |E| if eit ∈ T \ E

and, for reiθ ∈ D, let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt,

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt.

Clearly,
−1

2π − |E| ≤ U(reiθ) ≤ 1
|E|

for all reiθ ∈ D. Therefore,

exp
(
U + i V

)
∈ H∞(D),

which implies
GN = F eN(U+i V ) ∈ H1(D)

for all integers N ≥ 1. Moreover, U(0) = V (0) = 0, which gives GN (0) = F (0).
By Lemma 3.10,

lim
r→1

U(reiθ) =
−1

2π − |E| (5.24)



124 Chapter 5. Analytic functions in the unit disc

for almost all eiθ ∈ T\E. Let gN denote the boundary values of GN . According
to (5.24),

|gN (eit)| = |f(eit)| exp
(
− N

2π − |E|

)
for almost all eit ∈ T \ E, and by our main assumption

gN (eit) = 0

for almost all eit ∈ E. Therefore, again by the Poisson integral representation
given in Theorem 5.11,

F (0) = GN (0) =
1
2π

∫
T

gN (eit) dt =
1
2π

∫
T\E

gN (eit) dt.

Hence, for all N ≥ 1,

|F (0)| ≤ 1
2π

∫
T\E
|gN (eit)| dt =

1
2π

exp
(
− N

2π − |E|

) ∫
T\E
|f(eit)| dt.

Let N →∞ to get F (0) = 0, which is a contradiction.

This result is not valid for the elements of h1(D). For example, the Poisson
kernel

P (reiθ) =
1− r2

1 + r2 − 2r cos θ
, (reiθ ∈ D),

is in h1(D) and
lim
r→1

P (reiθ) = 0

for all eiθ ∈ T \ {1}. However, P �≡ 0.
We know that elements of H∞(D) have radial boundary values almost ev-

erywhere on the unit circle. This result, along with the uniqueness theorem for
H1(D) functions, enables us to show that analytic functions with values in a
half plane also have radial boundary values.

Lemma 5.14 Let F be analytic on the unit disc and suppose that 
F (z) > 0
for all z ∈ D. Then

lim
r→1

F (reiθ)

exists and is finite for almost all eiθ ∈ T.

Proof. We use a conformal mapping between the right half plane and the unit
disc to obtain a function in H∞(D). Put

G(z) =
1− F (z)
1 + F (z)

, (z ∈ D).

Hence
|G(z)| < 1 (5.25)
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for all z ∈ D and thus, by Theorem 3.10,

g(eiθ) = lim
r→1

G(reiθ)

exists for almost all eiθ ∈ T. Moreover, g(eiθ) = −1 at most on a set of Lebesgue
measure zero. Since otherwise, according to Theorem 5.13, we necessarily would
have G ≡ −1 on D, which contradicts (5.25). Therefore,

lim
r→1

F (reiθ) = lim
r→1

1−G(reiθ)
1 +G(reiθ)

=
1− g(eiθ)
1 + g(eiθ)

also exists and is finite for almost all eiθ ∈ T.

We are now in a position to prove that the conjugate function also has radial
limits almost everywhere on T. We emphasize that

Lp(T) ⊂ L1(T) ⊂M(T)

if 1 ≤ p ≤ ∞, and thus the following result applies to the conjugate of elements
of all hp(D) classes.

Theorem 5.15 Let µ ∈M(T), and let

V (reiθ) =
1
2π

∫
T

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

Then
lim
r→1

V (reiθ)

exists and is finite for almost all eiθ ∈ T.

Proof. Without loss of generality, assume that µ is a positive Borel measure
on T. Since otherwise, using Hahn’s decomposition theorem, we can write µ =
(µ1−µ2)+ i(µ3−µ4), where µk ≥ 0, and then consider each µk separately. Let

F (z) =
1
2π

∫
T

eit + z

eit − z dµ(eit), (z ∈ D). (5.26)

Hence


F (z) =
1
2π

∫
T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (z = reiθ ∈ D),

and, according to our assumption on µ, we have 
F (z) > 0 for all z ∈ D.
Thus F is an analytic function mapping the unit disc into the right half plane.
Therefore, by Lemma 5.14,

f(eiθ) = lim
r→1

F (reiθ)

exists and is finite for almost all eiθ ∈ T. In particular, considering the imaginary
parts of both sides of (5.26), we see that limr→1 V (reiθ) exists and is finite for
almost all eiθ ∈ T.
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In the following lemma, we show that the difference of two functions of r
tends to zero almost everywhere as r → 1. According to Theorem 5.15, we know
that the first function has a finite limit almost everywhere. Hence, the same
conclusion holds for the second one. Therefore, we will be able to conclude that
the Hilbert transform of an integrable function exists almost everywhere.

Lemma 5.16 Let u ∈ L1(T), and let

V ( reiθ ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Then, for almost all eiθ ∈ T,

lim
r→1

{
V ( reiθ )− 1

π

∫
1−r<|t|<π

u(ei(θ−t))
2 tan(t/2)

dt

}
= 0.

Proof. We show that the theorem holds at points eiθ ∈ T where

lim
δ→0

1
δ

∫ δ

0
|u(ei(θ−t))− u(ei(θ+t)) | dt = 0.

According to a well-known theorem of Lebesgue, u fulfils this property at almost
all points of T.

First write

V ( reiθ ) =
1
π

( ∫ 1−r

0
+

∫ π

1−r

)
r sin t

1 + r2 − 2r cos t

(
u(ei(θ−t))− u(ei(θ+t))

)
dt.

Hence

V ( reiθ )− 1
π

∫ π

1−r

u(ei(θ−t))− u(ei(θ+t))
2 tan(t/2)

dt = I1 + I2,

where

I1 =
∫ 1−r

0

r sin t
1 + r2 − 2r cos t

(
u(ei(θ−t))− u(ei(θ+t))

)
dt

and

I2 =
1
π

∫ π

1−r

(
r sin t

1 + r2 − 2r cos t
− sin t

2(1− cos t)

) (
u(ei(θ−t))− u(ei(θ+t))

)
dt.

For the first integral, based on our assumption at eiθ, we have

| I1 | ≤
∫ 1−r

0

r sin t
1 + r2 − 2r cos t

∣∣∣∣u(ei(θ−t))− u(ei(θ+t))
∣∣∣∣ dt

≤
∫ 1−r

0

t

(1− r)2

∣∣∣∣u(ei(θ−t))− u(ei(θ+t))
∣∣∣∣ dt

≤ 1
1− r

∫ 1−r

0

∣∣u(ei(θ−t))− u(ei(θ+t)) ∣∣ dt = o(1), (as r → 1).
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On the other hand,

| I2 | ≤
1
π

∫ π

1−r

∣∣∣∣ r sin t
1 + r2 − 2r cos t

− sin t
2(1− cos t)

∣∣∣∣ |u(ei(θ−t))− u(ei(θ+t))| dt
=

1
π

∫ π

1−r

(1− r)2 sin t
2(1− cos t)(1 + r2 − 2r cos t)

|u(ei(θ−t))− u(ei(θ+t))| dt

=
1
π

∫ π

1−r

(1− r)2 cos(t/2)
2 sin(t/2)( (1− r)2 + 4r sin2(t/2) )

|u(ei(θ−t))− u(ei(θ+t))| dt

≤ 1
π

∫ π

1−r

(1− r)2

8r sin3(t/2)
|u(ei(θ−t))− u(ei(θ+t))| dt

≤ (1− r)2 π2

8r

∫ π

1−r

|u(ei(θ−t))− u(ei(θ+t))|
t3

dt.

To show that I2 → 0, define F : R −→ R by

F (x) =




1
x

∫ x

0
|u(ei(θ−t))− u(ei(θ+t))| dt if x �= 0,

0 if x = 0.

The function F is continuous at zero and bounded on R. Therefore, doing
integration by parts, we obtain

| I2 | ≤
(1− r)2 π2

8r

∫ π

1−r

|u(ei(θ−t))− u(ei(θ+t))|
t3

dt

=
(1− r)2 π2

8r

∫ π

1−r

d( tF (t) )
t3

=
(1− r)2 π2

8r

(
tF (t)
t3

) ∣∣∣∣π
t=1−r

+
(1− r)2 π2

8r

∫ π

1−r

3tF (t)
t4

dt

=
(1− r)2 F (π)

8r
− π2 F (1− r)

8r
+

3π2

8r

∫ π/(1−r)

1

F ((1− r)τ)
τ3 dτ

≤ o(1) +
3π2

8r

∫ ∞

1

F ((1− r)τ)
τ3 dτ.

By the dominated convergence theorem, the last integral is also o(1) as r → 1.
Hence,

V (reiθ)− 1
π

∫ π

1−r

u(ei(θ−t))− u(ei(θ+t))
2 tan(t/2)

dt = o(1), (as r → 1).

The following result is a direct consequence of Theorem 5.15 and Lemma 5.16.
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Theorem 5.17 Let u ∈ L1(T), and let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Then both limits

ũ(eiθ) = lim
ε→0

1
π

∫
ε<|t|<π

u(ei(θ−t))
2 tan(t/2)

dt

and
lim
r→1

V (reiθ)

exist, are finite, and besides

lim
r→1

V ( reiθ ) = ũ(eiθ)

for almost all eiθ ∈ T.

Corollary 5.18 Let u ∈ L1(T), and let

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u( e
it ) dt, (z ∈ D).

Then
lim
r→1

F (reiθ) = u(eiθ) + i ũ(eiθ)

for almost all eiθ ∈ T.

Remark: The assumption u ∈ L1(T) is not enough to ensure that F ∈ H1(D).

Proof. It is enough to note that

1− r2
1 + r2 − 2r cos(θ − t) = 


(
eit + z

eit − z

)

and that
2r sin(θ − t)

1 + r2 − 2r cos(θ − t) = �
(
eit + z

eit − z

)
,

where z = reiθ ∈ D. Thus

F (reiθ) = (Pr ∗ u)(eiθ) + i(Qr ∗ u)(eiθ).

The required result follows immediately from Lemma 3.10 and Theorem 5.17.
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Exercises

Exercise 5.7.1 Let f, g ∈ H1(T). Let E ⊂ T with |E| > 0. Suppose that
f(eiθ) = g(eiθ) for almost all eiθ ∈ E. Show that f = g almost everywhere on
T.

Exercise 5.7.2 Let µ ∈ M(T) be an analytic measure. Prove that either
µ ≡ 0 or its support is all of T.

Exercise 5.7.3 Let u, v ∈ L1(T) be real and such that f = u+ iv ∈ H1(T).
Suppose that ∫ π

−π
u( eit ) dt =

∫ π

−π
v( eit ) dt = 0.

Show that
ũ = v and ṽ = −u,

or equivalently
f̃ = −if.

Hint: Use Corollary 5.18.

Exercise 5.7.4 Let f ∈ H1(T), and let u = 
f . Suppose that∫ π

−π
u( eit ) dt = 0.

Show that
˜̃u = −u.

Hint: Use Exercise 5.7.3.

Exercise 5.7.5 Let F ∈ H1(D) and denote its boundary values by f ∈ H1(T).
Show that

F (z) =
i

2π

∫ π

−π

eit + z

eit − z 
̃f(eit) dt+ F (0), (z ∈ D).

Hint: Use Exercises 5.6.5 and 5.7.3.
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Chapter 6

Norm inequalities for the
conjugate function

6.1 Kolmogorov’s theorems

Let u ∈ L1(T), and let U = P ∗ u. Then, by Corollary 2.15, U ∈ h1(D) and, by
Fatou’s theorem,

lim
r→1

U(reiθ) = u(eiθ)

for almost all eiθ ∈ T. For the conjugate function V = Q ∗ u, according to
Theorem 5.17, we also know that

lim
r→1

V (reiθ) = ũ(eiθ)

for almost all eiθ ∈ T. However, the mere assumption u ∈ L1(T) is not enough
to ensure that ũ ∈ L1(T) and V ∈ h1(D). The best result in this direction is
due to Kolmogorov, showing that ũ is in weak-L1(T) and that V ∈ hp(D) for
all 0 < p < 1.

Theorem 6.1 (Kolmogorov) Let u ∈ L1(T). Then, for each λ > 0,

mũ(λ) ≤ 64π ‖u‖1
4‖u‖1 + λ

.

Proof. (Carleson) Fix λ > 0. First suppose that u ≥ 0 and u �≡ 0. Therefore,
the analytic function

F (z) = U(z) + iV (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D),

maps the unit disc into the right half plane and

F (0) =
1
2π

∫ π

−π
u(eit) dt = ‖u‖1.

131
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The conformal mapping

z �−→ 2z
z + λ

maps the right half plane into the disc {|z − 1| ≤ 1} (See Figure 6.1). In
particular, it maps {|z| ≥ λ, 
z ≥ 0} into {|z − 1| ≤ 1, 
z ≥ 1}.

Fig. 6.1. The conformal mapping z �−→ 2z
z+λ .

Therefore,

G(z) =
2F (z)

F (z) + λ
, (z ∈ D),

is in H∞(D) and, by Lemma 3.10 and Theorem 5.17, its boundary values are
given by

g(eiθ) = lim
r→1

G(reiθ) =
2(u(eiθ) + i ũ(eiθ))
u(eiθ) + i ũ(eiθ) + λ

for almost all eiθ ∈ T. Hence, in the first place,


{ g } = 1 +
u2 + ũ2 − λ2

(u+ λ)2 + ũ2 ≥ 1

provided that ũ > λ. Secondly, by Theorem 3.5,

G(0) =
1
2π

∫ π

−π
g(eit) dt,

which implies
2 ‖u‖1
‖u‖1 + λ

=
1
2π

∫ π

−π

{ g(eit) } dt.

Therefore,

4π ‖u‖1
‖u‖1 + λ

≥
∫

{|ũ|>λ}

{g(eit) } dt ≥

∫
{|ũ|>λ}

dt = mũ(λ).
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For an arbitrary real u ∈ L1(T), write u = u1 − u2, where uk ≥ 0 and
u1u2 ≡ 0. Thus ‖u‖1 = ‖u1‖1 + ‖u2‖1 and ũ = ũ1 − ũ2. In this case, the
inclusion

{eiθ : |ũ(eiθ)| > λ } ⊂ {eiθ : |ũ1(eiθ)| > λ/2 } ∪ {eiθ : |ũ2(eiθ)| > λ/2 }

implies

mũ(λ) ≤ mũ1(λ/2) +mũ2(λ/2)

≤ 4π ‖u1‖1
‖u1‖1 + λ/2

+
4π ‖u2‖1
‖u2‖1 + λ/2

≤ 8π (‖u1‖1 + ‖u2‖1)
(‖u1‖1 + ‖u2‖1) + λ/2

=
16π ‖u‖1

2 ‖u‖1 + λ
.

For an arbitrary u ∈ L1(T), write u = u1 + i u2 where u1 and u2 are real
functions in L1(T). Hence,

‖u1‖1 ≤ ‖u‖1 and ‖u2‖1 ≤ ‖u‖1.

Since ũ = ũ1 + i ũ2, again the inclusion

{eiθ : |ũ(eiθ)| > λ } ⊂ {eiθ : |ũ1(eiθ)| > λ/2 } ∪ {eiθ : |ũ2(eiθ)| > λ/2 }

gives
mũ(λ) ≤ mũ1(λ/2) +mũ2(λ/2),

and thus

mũ(λ) ≤ 16π ‖u1‖1
2 ‖u1‖1 + λ/2

+
16π ‖u2‖1

2 ‖u2‖1 + λ/2
≤ 64π ‖u‖1

4 ‖u‖1 + λ
.

Let u ∈ L1(T), and let V = Q ∗ u. The condition u ∈ L1(T) is not enough
to conclude that V ∈ h1(D). Since otherwise, by Fatou’s lemma, we would have

‖ũ‖1 ≤ lim inf
r→1

‖Vr‖1 <∞

which is not true in the general case. However, we can show that V ∈ hp(D) for
all 0 < p < 1.

Corollary 6.2 (Kolmogorov) Let u ∈ L1(T), and let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Then, for each 0 < p < 1, V ∈ hp(D), ũ ∈ Lp(T) and

‖V ‖p = ‖ũ‖p ≤ cp ‖u‖1,

where cp is a constant just depending on p.
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Proof. Fix 0 < p < 1. Let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Clearly U ∈ h1(D) ⊃ hp(D), and F = U+iV is an analytic function on D. Based
on the content of Section 5.2, for each fixed 0 < r < 1, the function Vr(eiθ) is
the Hilbert transform of Ur(eiθ). Hence, by Theorem 6.1 and Corollary 4.13,

‖Vr‖pp =
1
2π

∫ π

−π
|Vr(eiθ)|p dθ

=
1
2π

∫ ∞

0
p λp−1mVr (λ) dλ

≤
∫ ∞

0
p λp−1 32 ‖Ur‖1

4 ‖Ur‖1 + λ
dλ

≤
∫ ∞

0
p λp−1 32 ‖u‖1

4 ‖u‖1 + λ
dλ.

See also Section A.5. Making the change of variable λ = ‖u‖1 s gives us

‖Vr‖p ≤
{

32p
∫ ∞

0

sp−1

4 + s
ds

}1/p

‖u‖1.

Hence V ∈ hp(D) and ‖V ‖p ≤ cp‖u‖1. Since

lim
r→1

V (reiθ) = ũ(eiθ)

for almost all eiθ ∈ T, an application of Fatou’s lemma implies that

‖ũ‖p ≤ ‖V ‖p

and thus ũ ∈ Lp(T). To prove that equality holds we need more tools, which
will be discussed in Section 7.5. However, we do not use this fact.

A function F = U+ iV is in Hp(D) if and only if U, V ∈ hp(D). If u ∈ L1(T)
is given and we define

F (z) = U(z) + iV (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D),

then, by Corollary 2.15, U = P ∗ u ∈ h1(D), which implies U ∈ hp(D) for all
0 < p < 1. On the other hand, Kolmogorov’s theorem ensures that V ∈ hp(D)
for all 0 < p < 1. Hence, we obtain the following result.

Corollary 6.3 (Kolmogorov) Let u ∈ L1(T), and let

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D).
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Then F ∈ Hp(D), for all 0 < p < 1, and

‖F ‖p ≤ cp ‖u‖1,

where cp is a constant just depending on p.

Exercises

Exercise 6.1.1 Construct u ∈ L1(T) such that ũ �∈ L1(T).

Exercise 6.1.2 Construct u ∈ L1(T) such that F �∈ H1(D), where

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D).

Hint: Use Exercise 6.1.1.

6.2 Harmonic conjugate of h2(D) functions

The following deep result is a special case of M. Riesz’s theorem (Theorem 6.6).
However, we provide an extra proof for this particular, but important, case. We
call your attention to the number of results used in its proof.

Theorem 6.4 Let u ∈ L2(T), and let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Then V ∈ h2(D), ũ ∈ L2(T) and

‖V ‖2 = ‖ũ‖2 ≤ ‖u ‖2.

Moreover,

V (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) ũ(e

it) dt, (reiθ ∈ D).

Proof. Since u ∈ L2(T), by Parseval’s identity (Corollary 2.22),

∞∑
n=−∞

|û(n)|2 = ‖u ‖22 <∞. (6.1)

On the other hand, by Theorem 3.13,

V (reiθ) =
∞∑

n=−∞
(−i sgnn) û(n) r|n| einθ.
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Hence, for 0 ≤ r < 1,

‖Vr‖22 =
1
2π

∫ π

−π
|V (reiθ) |2 dt =

∞∑
n=−∞
n �=0

|û(n)|2 r2|n|.

Thus, by the (discrete version) of the monotone convergence theorem,

‖V ‖22 =
∞∑

n=−∞
n �=0

| û(n) |2.

Comparing with (6.1), we obtain

‖V ‖22 = ‖u ‖22 − | û(0) |2.

Thus V ∈ h2(D) and ‖V ‖2 ≤ ‖u ‖2.
Knowing that V ∈ h2(D), by Theorem 3.6, there exists v ∈ L2(T) such that

V (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) v( e

it ) dt, (reiθ ∈ D),

and
‖V ‖2 = ‖v‖2.

According to Lemma 3.10, the radial limit limr→1 V (reiθ) exists and is equal to
v(eiθ) for almost all eiθ ∈ T. On the other hand, by Theorem 5.17,

lim
r→1

V (reiθ) = ũ(eiθ)

for almost all eiθ ∈ T. Hence ũ = v.

6.3 M. Riesz’s theorem

To prove M. Riesz’s theorem we consider two cases, 1 < p < 2 and 2 < p <∞,
and for the second case we need the following lemma.

Lemma 6.5 Let U1 and U2 be harmonic functions on D. Let V1 and V2 denote
their harmonic conjugates satisfying V1(0) = V2(0) = 0. Then, for each 0 ≤ r <
1, ∫ π

−π
U1(reiθ)V2(reiθ) dθ = −

∫ π

−π
V1(reiθ)U2(reiθ) dθ.

Proof. The function

F (z) =
(
U1(z) + iV1(z)

)(
U2(z) + iV2(z)

)
is analytic on D. Hence, its imaginary part

U1(z)V2(z) + V1(z)U2(z)
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is harmonic on D and

U1(0)V2(0) + V1(0)U2(0) = 0.

Therefore, by Corollary 3.2,

1
2π

∫ π

−π

(
U1(reiθ)V2(reiθ) + V1(reiθ)U2(reiθ)

)
dθ = 0.

The following celebrated result is due to Marcel Riesz. According to this
result an analytic function F = U + iV is in Hp(D), 1 < p < ∞, if and only if
its real part U is in hp(D). It has several interesting proofs. The one given here
is by P. Stein. In the proof, two elementary identities for the Laplacian

∇2 =
∂2

∂x2 +
∂2

∂y2

of analytic functions are used. These identities are simple consequences of the
Cauchy–Riemann equations. Moreover, we need Green’s formula∫ π

−π

∂ϕ

∂r
(reiθ) rdθ =

∫ r

0

∫ π

−π
∇2 ϕ(ρeiθ) ρdρdθ,

where ϕ is a twice continuously differentiable function on the unit disc D.

Theorem 6.6 (M. Riesz) Let u ∈ Lp(T), 1 < p <∞, and let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Then V ∈ hp(D), ũ ∈ Lp(T) and

‖V ‖p = ‖ũ‖p ≤ cp ‖u ‖p,

where cp is a constant just depending on p. Moreover,

V (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) ũ(e

it) dt, (reiθ ∈ D).

Proof. The case p = 2 was established in Theorem 6.4 (as a matter of fact, a
slight modification of the following proof also works for p = 2).

Case 1: Suppose that 1 < p < 2, u ≥ 0, u �≡ 0.

Let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).
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Hence
U(z) > 0, (z ∈ D).

Moreover, F (z) = U(z) + iV (z) is analytic on D with F (0) = U(0) and

|F (z)| > 0, (z ∈ D).

Since U and |F | are strictly positive on D, they are infinitely differentiable at
each point of D. Moreover, by the Cauchy–Riemann equations,

∇2 Up (z) = p(p− 1) |F ′(z)|2 |U(z)|p−2

and
∇2 |F |p (z) = p2 |F ′(z)|2 |F (z)|p−2,

and thus (note that p− 2 < 0)

∇2 |F |p (z) ≤ p

p− 1
∇2 Up (z) (6.2)

for all z ∈ D. Now, by Green’s theorem,∫ π

−π

∂

∂r
|F |p (reiθ) rdθ =

∫ r

0

∫ π

−π
∇2 |F |p (ρeiθ) ρdρdθ,∫ π

−π

∂

∂r
Up (reiθ) rdθ =

∫ r

0

∫ π

−π
∇2 Up (ρeiθ) ρdρdθ.

Therefore, by (6.2), we have

d

dr

( ∫ π

−π
|F (reiθ)|p dθ

)
≤ p

p− 1
d

dr

( ∫ π

−π
Up(reiθ) dθ

)
.

Integrating both sides over [0, r] gives us∫ π

−π
|F (reiθ)|p dθ−

∫ π

−π
|F (0)|p dθ ≤ p

p− 1

( ∫ π

−π
Up(reiθ) dθ−

∫ π

−π
Up(0) dθ

)
.

Thus

1
2π

∫ π

−π
|V (reiθ)|p dθ ≤ 1

2π

∫ π

−π
|F (reiθ)|p dθ

≤ p

p− 1
1
2π

∫ π

−π
Up(reiθ) dθ − p

p− 1
Up(0).

Therefore, by Corollary 2.15,

‖Vr ‖p ≤
(

p

p− 1

) 1
p

‖Ur ‖p ≤
(

p

p− 1

) 1
p

‖u ‖p. (6.3)

Case 2: 1 < p < 2.
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For a general u ∈ Lp(T), write u = (u(1)− u(2)) + i (u(3)− u(4)), where u(k) ≥ 0
and u(1)u(2) ≡ u(3)u(4) ≡ 0. Let V (k) = Q ∗ u(k). Hence Vr = (V (1)

r − V (2)
r ) +

i (V (3)
r − V (4)

r ), and by (6.3),

‖Vr‖p ≤ ‖V (1)
r ‖p + ‖V (2)

r ‖p + ‖V (3)
r ‖p + ‖V (4)

r ‖p

≤
(

p

p− 1

) 1
p

(
‖u(1)‖p + ‖u(2)‖p + ‖u(3)‖p + ‖u(4)‖p

)
.

Therefore,

‖Vr‖pp ≤ 4p
(

p

p− 1

) (
‖u(1)‖pp + ‖u(2)‖pp + ‖u(3)‖pp + ‖u(4)‖pp

)

= 4p
(

p

p− 1

) (
‖u(1) − u(2)‖pp + ‖u(3) − u(4)‖pp

)

≤ 2× 4p
(

p

p− 1

)
‖u‖pp.

This finishes the case 1 < p < 2.

Case 3: 2 < p <∞.

Let q be its conjugate exponent of p (note that 1 < q < 2). Let

U (1)(reiθ) =
M∑

n=−N
an r

|n| einθ, (reiθ ∈ D),

be an arbitrary trigonometric polynomial. The harmonic conjugate of U (1) is

V (1)(reiθ) =
M∑

n=−N
−i sgn(n) an r|n| einθ, (reiθ ∈ D).

By Lemma 6.5, by Hölder’s inequality, and then by (6.3), we have∣∣∣∣ 1
2π

∫ π

−π
V (reiθ)U (1)(reiθ) dθ

∣∣∣∣ ≤
∣∣∣∣ 1
2π

∫ π

−π
U(reiθ)V (1)(reiθ) dθ

∣∣∣∣
≤ ‖Ur‖p ‖V (1)

r ‖q
≤ ‖u‖p × cq ‖U (1)

r ‖q.

Since trigonometric polynomials are dense in Lq(T), if we take the supremum
over all nonzero polynomials U (1) in the inequality

1

‖U (1)
r ‖q

∣∣∣∣ 1
2π

∫ π

−π
V (reiθ)U (1)(reiθ) dθ

∣∣∣∣ ≤ cq ‖u‖p,
we obtain

‖Vr‖p ≤ cq ‖u‖p.
Therefore, we now know that V ∈ hp(D), 1 < p < ∞, with ‖V ‖p ≤ cp ‖u‖p.
The rest of the proof is as given for Theorem 6.4.
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If u ∈ L1(T) is real, then certainly

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D),

is an analytic function on the unit disc satisfying


F (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

If we know that F ∈ Hp(D), 1 ≤ p ≤ ∞, then we necessarily have 
F ∈ hp(D),
and thus, by Theorems 3.5, 3.6 and 3.7, u ∈ Lp(T). M. Riesz’s theorem enables
us to obtain the inverse of this result whenever 1 < p <∞. It is not difficult to
construct u ∈ L1(T) such that F �∈ H1(D), or similarly a function u ∈ L∞(T)
which gives F �∈ H∞(D).

Corollary 6.7 Let u ∈ Lp(T), 1 < p <∞, be real, and let

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D).

Then F ∈ Hp(D) and
‖u‖p ≤ ‖F ‖p ≤ cp ‖u‖p,

where cp is a constant just depending on p. Moreover, the boundary values of F
are given by

f = u+ i ũ ∈ Hp(T).

Proof. By Corollary 2.15, 
F ∈ hp(D) and by M. Riesz’s theorem, �F ∈ hp(D).
Hence, F ∈ Hp(D). Moreover, by Corollary 2.15 and Theorem 6.6, we have

‖u‖p = ‖
F‖p ≤ ‖F‖p ≤ ‖
F‖p + ‖�F‖p ≤ cp‖u‖p.

Then, by Corollary 5.18,

f(eiθ) = lim
r→1

F (reiθ) = u(eiθ) + i ũ(eiθ)

for almost all eiθ ∈ T. In other words, there is an f ∈ Hp(T) such that u = 
f
and ũ = �f .

Exercises

Exercise 6.3.1 Find u ∈ L1(T) such that F �∈ H1(D), where

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D).
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Exercise 6.3.2 Find u ∈ L∞(T) such that F �∈ H∞(D), where

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D).

Exercise 6.3.3 Let u ∈ Lp(T ), 1 < p <∞. Show that

ˆ̃u(n) = −i sgn(n) û(n), (n ∈ Z).

Hint: Use both representations given in Theorem 6.6.

Exercise 6.3.4 Let u ∈ Lp(T), 1 < p <∞. Let

Pu(eit) =
∞∑
n=0

û(n) eint.

Show that Pu ∈ Hp(T) and that

‖Pu‖p ≤ Cp ‖u‖p,

where Cp is an absolute constant.
Hint: Use Theorem 6.6 and Exercise 6.3.3. Note that

2Pu = û(0) + u+ iũ.

Remark: The operator P : Lp(T) −→ Hp(T) is called the Riesz projection.

Exercise 6.3.5 Let u ∈ Lp(T), 1 < p <∞, with∫ π

−π
u( eit ) dt = 0.

Show that
˜̃u = −u.

Hint: By Corollary 6.7, there is an f ∈ Hp(T) such that f = u+ iũ. Replace f
by if .
Remark: Compare with Exercise 5.7.4. A real u ∈ L1(T) is not necessarily the
real part of an f ∈ H1(T).

Exercise 6.3.6 Let u ∈ Lp(T), 1 < p <∞. Suppose that∫ π

−π
u( eit ) dt = 0.

Show that there are constants cp and Cp such that

cp ‖ũ‖p ≤ ‖u‖p ≤ Cp ‖ũ‖p.

Hint: Use Exercise 6.3.5 and Theorem 6.6.
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6.4 The Hilbert transform of bounded functions

If u ∈ L∞(T), then u ∈ Lp(T) for all 1 < p <∞, and thus by Theorem 6.6,

ũ ∈
⋂

1<p<∞
Lp(T). (6.4)

However, by a simple example, we see that ũ is not necessarily in L∞(T) for an
arbitrary u ∈ L∞(T). Let us consider the analytic function

F (z) = i log
(

1 + z

1− z

)

= − arctan
(

2r sin θ
1− r2

)
+
i

2
log

(
1 + r2 + 2r cos θ
1 + r2 − 2r cos θ

)
,

where z = reiθ ∈ D. Hence

u(eiθ) = lim
r→1

F (reiθ) =



−π

2
if 0 < θ < π,

π

2
if −π < θ < 0,

and
v(eiθ) = lim

r→1
�F (reiθ) = − log | tan(θ/2)|.

Since F (z) = 2
∑∞
n=0 z

2n+1/(2n + 1), by Theorem 5.1, F ∈ H2(D). Thus, by
Theorem 5.9,

ũ(eiθ) = v(eiθ) = − log | tan(θ/2)| (6.5)

for eiθ ∈ T \ {1,−1}. It is clear that ũ is unbounded. Nevertheless, ũ ∈ Lp(T)
for all 1 < p < ∞. Now we show that the Hilbert transform of a bounded
function satisfies a stronger condition than (6.4).

Theorem 6.8 (Zygmund) Let u ∈ L∞(T) be real with

‖u‖∞ ≤
π

2
.

Then
1
2π

∫ π

−π
e|ũ(eiθ)| cos(u(eiθ)) dθ ≤ 2.

Proof. Let

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt = U(z) + i V (z), (z ∈ D).

The condition ‖u‖∞ ≤ π/2 implies

−π
2
≤ U( reiθ ) ≤ π

2
,



6.4. The Hilbert transform of bounded functions 143

and thus cos(U( reiθ ) ) ≥ 0, for all reiθ ∈ D. Fix r < 1. Then

1
2π

∫ π

−π
e−i F (reiθ) dθ = e−i F (0).

Taking the real part of both sides gives

1
2π

∫ π

−π
eV (reiθ) cos(U(reiθ) ) dθ = cos(U(0) ) ≤ 1.

Replace F by −F and repeat the preceding argument to get

1
2π

∫ π

−π
e−V (reiθ) cos(U(reiθ) ) dθ ≤ 1.

The last two inequalities together imply

1
2π

∫ π

−π
e|V (reiθ)| cos(U(reiθ) ) dθ ≤ 2.

Now, by Fatou’s lemma,

1
2π

∫ π

−π
e|ũ(eiθ)| cos(u(eiθ) ) dθ

=
1
2π

∫ π

−π
lim inf
r→1

{
e|V ( reiθ )| cos(U(reiθ) )

}
dθ

≤ lim inf
r→1

1
2π

∫ π

−π
e|V (reiθ)| cos(U(reiθ) ) dθ ≤ 2.

Corollary 6.9 Let u ∈ L∞(T) be real. Then

1
2π

∫ π

−π
eλ |ũ(eiθ)| dθ ≤ 2 sec(λ ‖u‖∞ )

for
0 ≤ λ < π

2 ‖u‖∞
.

Proof. By Theorem 6.8,

1
2π

∫ π

−π
eλ|ũ( eiθ )| cos(λu( eiθ ) ) dθ ≤ 2

provided that 0 ≤ λ < π/(2 ‖u‖∞). Since

−‖u‖∞ ≤ U(reiθ) ≤ ‖u‖∞,

for all reiθ ∈ D, and
λ ‖u‖∞ <

π

2
,
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then
cos(λU(reiθ) ) ≥ cos(λ ‖u‖∞ ) > 0.

Therefore,
1
2π

∫ π

−π
eλ |ũ(eiθ)| dθ ≤ 2/ cos(λ ‖u‖∞ ).

As (6.5) shows, the condition λ < π/(2 ‖u‖∞) is sharp. In that example, if
λ = π/(2 ‖u‖∞) = 1 then

exp
(
λ |ũ(eiθ)|

)
= 1/| tan θ/2|

for θ ∈ (−π/2, π/2), and this function is not integrable.

Corollary 6.10 Let u ∈ L∞(T) be real. Then

lim sup
n→∞

‖ũ‖n
n
≤ 2 ‖u‖∞

πe
.

Proof. On the one hand, for λ > 0,

1
2π

∫ π

−π
eλ |ũ(eiθ)| dθ =

∞∑
n=0

‖ũ‖nn
n!

λn

and the series is convergent if and only if

lim sup
n→∞

‖ũ‖n
(n!)1/n

λ < 1.

On the other hand, by Corollary 6.9,

1
2π

∫ π

−π
eλ |ũ(eiθ)| dθ <∞,

provided that 0 ≤ λ < π/(2 ‖u‖∞). Therefore,

lim sup
n→∞

‖ũ‖n
(n!)1/n

≤ 2 ‖u‖∞
π

.

Finally, by Stirling’s formula limn→∞ n
(n!)1/n = e and hence the result follows.

6.5 The Hilbert transform of Dini continuous
functions

A continuous function on T is certainly bounded. Hence, at least its Hilbert
transform is integrable as described in Corollary 6.9. But continuity on T and
the fact that trigonometric polynomials are dense in C(T) enable us to get rid
of the restriction λ < π/(2 ‖u‖∞) in this case.
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Theorem 6.11 Let u ∈ C(T). Then∫ π

−π
exp

(
λ |ũ(eiθ)|

)
dθ <∞

for all λ ∈ R.

Proof. The assertion for λ ≤ 0 is trivial. Hence suppose that λ > 0. Fix ε > 0.
There is a trigonometric polynomial

∑N
n=−M an e

inθ such that ‖ϕ‖∞ < ε, where

ϕ(eiθ) = u(eiθ)−
N∑

n=−M
an e

inθ, (eiθ ∈ T).

Hence

ũ(eiθ) = ϕ̃(eiθ) +
N∑

n=−M
−i sgnnan einθ, (eiθ ∈ T),

and thus

|ũ(eiθ)| ≤ |ϕ̃(eiθ)|+
N∑

n=−M
|an|, (eiθ ∈ T).

By Corollary 6.9, we have∫ π

−π
eλ |ũ(eiθ)| dθ ≤ e

∑N
n=−M |an|

∫ π

−π
eλ |ϕ̃(eiθ)| dθ <∞,

whenever
0 ≤ λ < π

2 ε
<

π

2 ‖ϕ‖∞
.

Since ε is arbitrary, eλ |ũ| is integrable for all λ.

The modulus of continuity of u ∈ C(T) is defined by

ω(t) = ωu(t) = sup
|θ−θ′|<t

|u(eiθ)− u(eiθ′
)|. (6.6)

One can easily show that ω is a positive decreasing function with

lim
t→0

ω(t) = 0

and
ω(t1 + t2) ≤ ω(t1) + ω(t2)

for all t1, t2 > 0. Moreover, if we define ωf for an arbitrary function f as above,
then f is continuous on T if and only if limt→0 ωf (t) = 0.

The function u is called Dini continuous on T if∫ π

0

ω(t)
t

dt <∞.
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Clearly, the upper bound π can be replaced by any other positive number. If u
is Dini continuous on T, then

lim
δ→0

∫ δ

0

ω(t)
t

dt = 0 (6.7)

and the inequality

δ

∫ π

δ

ω(t)
t2

dt ≤
∫ δ′

δ

ω(t)
t

dt+
δ

δ′

∫ π

δ′

ω(t)
t

dt

shows that we also have

lim
δ→0

δ

∫ π

δ

ω(t)
t2

dt = 0. (6.8)

Theorem 6.12 Let u be Dini continuous on T. Then ũ exists at all points of
T and moreover

ωũ(δ) ≤ C
( ∫ δ

0

ωu(t)
t

dt+ δ

∫ π

δ

ωu(t)
t2

dt

)
,

where C is an absolute constant.

Proof. Since ∣∣∣∣ u(ei(θ−t))− u(ei(θ+t))2 tan(t/2)

∣∣∣∣ ≤ C ωu(t)
t

then, by (5.10), Dini continuity ensures that ũ(eiθ) exists at all eiθ ∈ T and it
is given by

ũ( eiθ ) =
1
π

∫ π

0

u(ei(θ−t))− u(ei(θ+t))
2 tan(t/2)

dt. (6.9)

For a similar reason, Hu(eiθ) also exists for all eiθ ∈ T and

Hu( eiθ ) =
1
π

∫ π

0

u(ei(θ−t))− u(ei(θ+t))
t

dt. (6.10)

Representations (6.9) and (6.10), along with the property (5.8), imply that

ωũ−Hu(δ) ≤ C ωu(δ) ≤ C δ
∫ π

δ

ωu(t)
t2

dt (6.11)

at least for δ < π/2. Since

ωũ ≤ ωũ−Hu + ωHu

it is enough to prove the theorem for Hu.
Fix δ > 0. Consider two arbitrary points θ1 and θ2 with |θ2 − θ1| < δ and

let θ3 = (θ1 + θ2)/2. Without loss of generality, assume that θ1 < θ2. Since the
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H transform of the constant function is zero, replacing u by u− u(θ3), we also
assume that u(θ3) = 0. According to the main definition (5.7),

Hu(eiθ) = lim
ε→0

1
π

∫
ε<|θ−t|<π

u(eit)
θ − t dt,

and thus, for any δ > 0 and any θ,

Hu(eiθ) = lim
ε→0

1
π

( ∫
ε<|t−θ|<δ

+
∫
δ<|t−θ|<π

)
u(eit)
θ − t dt

=
1
π

∫
δ<|t−θ|<π

u(eit)
θ − t dt+ lim

ε→0

1
π

∫
ε<|t−θ|<δ

u(eit)− u(eiθ)
θ − t dt

=
1
π

∫
δ<|t−θ|<π

u(eit)
θ − t dt+

1
π

∫
|t−θ|<δ

u(eit)− u(eiθ)
θ − t dt.

For the last integral we have∣∣∣∣
∫

|t−θ|<δ

u(eit)− u(eiθ)
θ − t dt

∣∣∣∣ ≤ 2
∫ δ

0

ωu(τ)
τ

dτ.

Hence

|Hu( eiθ1 )−Hu( eiθ2 )| ≤ 4
π

∫ δ

0

ωu(t)
t

dt+ |I1|+ |I2|+ |I3|,

where

I1 =
1
π

∫ θ2+δ

θ1+δ

u(eit)
θ1 − t

dt,

I2 =
1
π

∫ θ2−δ

θ1−δ

u(eit)
θ2 − t

dt,

I3 =
1
π

∫
δ+ (θ2−θ1)

2 <|t−θ3|<π
u(eit)

(
1

θ1 − t
− 1
θ2 − t

)
dt.

We now estimate each of these integrals:

|I1| ≤
1
π

∫ θ2+δ

θ1+δ

∣∣∣∣ u(eit)− u(eiθ3)θ1 − t

∣∣∣∣ dt
≤ 1

π

∫ θ2+δ

θ1+δ

∣∣∣∣ u(eit)− u(eiθ3)t− θ3

∣∣∣∣ dt
≤ ωu(3δ/2)

π

∫ 3δ/2

δ/2

dt

t

≤ (
3
2π

log 3 ) ωu(δ).
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A similar estimate holds for I2 and thus, by (6.11),

|Ik| ≤ C δ
∫ π

δ

ω(t)
t2

dt, (k = 1, 2).

Finally, for the third integral we have

|I3| ≤
(θ2 − θ1)

π

∫
δ+ (θ2−θ1)

2 <|t−θ3|<π

∣∣∣∣ u(eit)− u(eiθ3)(θ1 − t)(θ2 − t)

∣∣∣∣ dt
≤ 9δ

4π

∫
δ+ (θ2−θ1)

2 <|t−θ3|<π

∣∣∣∣ u(eit)− u(eiθ3)(θ3 − t)2

∣∣∣∣ dt
≤ 9δ

4π

∫ π

δ

ω(t)
t2

dt.

Corollary 6.13 Let u be Dini continuous on T. Then ũ exists at all points of
T and moreover ũ ∈ C(T).

Proof. By (6.7) and (6.8) and by Theorem 6.12, we have

lim
δ→0

ωũ(δ) = 0.

Hence, ũ ∈ C(T).

A function u ∈ C(T) is said to be Lipα, 0 < α ≤ 1, if

ωu(t) = O( tα )

as t → 0. Clearly every Lipα function is Dini continuous on T. Hence ũ exists
at all points of T. Moreover, ũ is continuous on T. The following results provide
more information about the modulus of continuity of ũ.

Corollary 6.14 (Privalov) Let u be Lipα on T with 0 < α < 1. Then ũ is also
Lipα on T.

Proof. By Theorem 6.12, we have

ωũ(δ) ≤ C

( ∫ δ

0

ω(t)
t

dt+ δ

∫ π

δ

ω(t)
t2

dt

)

≤ C

( ∫ δ

0

c tα

t
dt+ δ

∫ ∞

δ

c tα

t2
dt

)
≤ C ′ δα.

Hence, ũ is also Lipα on T.

Corollary 6.15 Let u be Lip1 on T. Then

ωũ(δ) = O(δ log 1/δ)

as δ → 0.
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Proof. By Theorem 6.12, we have

ωũ(δ) ≤ C

( ∫ δ

0

ω(t)
t

dt+ δ

∫ π

δ

ω(t)
t2

dt

)

≤ C

( ∫ δ

0

c t

t
dt+ δ

∫ π

δ

c t

t2
dt

)
≤ C ′ (δ + δ log π/δ).

Exercises

Exercise 6.5.1 Let 0 < α < 1, and let β1, . . . , βn ∈ R. Let u ∈ C(T) and
suppose that

ωu(t) = O( tα( log 1/t )β1 ( log log 1/t )β2 · · · ( log log · · · log 1/t )βn )

as t→ 0. Show that

ωũ(t) = O( tα( log 1/t )β1 ( log log 1/t )β2 · · · ( log log · · · log 1/t )βn )

as t→ 0.

Exercise 6.5.2 Let β1 > 0, and let β2, . . . , βn ∈ R. Let u ∈ C(T) and suppose
that

ωu(t) = O( t( log 1/t )β1 ( log log 1/t )β2 · · · ( log log · · · log 1/t )βn )

as t→ 0. Show that

ωũ(t) = O( t( log 1/t )1+β1 ( log log 1/t )β2 · · · ( log log · · · log 1/t )βn )

as t→ 0.

6.6 Zygmund’s L log L theorem

As we mentioned before, the assumption u ∈ L1(T) is not enough to ensure that
ũ is also in L1(T). A. Zygmund’s L logL theorem provides a sufficient condition
which ensures ũ ∈ L1(T).

Theorem 6.16 (Zygmund) Let u be real, and suppose that

‖u log+ |u| ‖1 =
1
2π

∫ π

−π
|u(eit)| log+ |u(eit)| dt <∞.
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Let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Then V ∈ h1(D), ũ ∈ L1(T) and

‖V ‖1 = ‖ũ‖1 ≤ ‖u log+ |u| ‖1 + 3e.

Moreover,

V (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) ũ(e

it) dt, (reiθ ∈ D).

Proof. First suppose that u ≥ e, and let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D). (6.12)

Thus U(z) ≥ e, and F (z) = U(z) + iV (z) is analytic on D with F (0) = U(0).
The function

ϕ(t) =




t log t if t ≥ 1,

0 if t ≤ 1

is nondecreasing and convex on R. Thus, applying Jensen’s inequality to (6.12)
gives us

U(reiθ) logU(reiθ) ≤ 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) log u(eit) dt

for all reiθ ∈ D. Hence, by Fubini’s theorem,∫ π

−π
U(reiθ) logU(reiθ) dθ ≤

∫ π

−π
u(eit) log u(eit) dt (6.13)

for each 0 ≤ r < 1.
Since |F | ≥ U > e, both U logU and |F | are infinitely differentiable on D.

Moreover, by the Cauchy–Riemann equations,

∇2(U logU) (z) =
|F ′(z)|2
U(z)

and

∇2(|F |) (z) =
|F ′(z)|2
|F (z)| ,

and thus we have
∇2(|F |) (z) ≤ ∇2(U logU) (z)
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for all z ∈ D. Now, Green’s theorem says that∫ π

−π

∂

∂r
|F | (reiθ) rdθ =

∫ r

0

∫ π

−π
∇2 |F | (ρeiθ) ρdρdθ,∫ π

−π

∂

∂r

(
U logU

)
(reiθ) rdθ =

∫ r

0

∫ π

−π
∇2(U logU) (ρeiθ) ρdρdθ.

Therefore,

d

dr

( ∫ π

−π
|F (reiθ)| dθ

)
≤ d

dr

( ∫ π

−π
U(reiθ) logU(reiθ) dθ

)
.

Integrating both sides over [0, r] gives us∫ π

−π
|F (reiθ)| dθ−

∫ π

−π
|F (0)| dθ ≤

∫ π

−π
U(reiθ) logU(reiθ) dθ−

∫ π

−π
U(0) logU(0) dθ.

Hence,

1
2π

∫ π

−π
|V (reiθ)| dθ ≤ 1

2π

∫ π

−π
|F (reiθ)| dθ

≤ 1
2π

∫ π

−π
U(reiθ) logU(reiθ) dθ + U(0) (1− logU(0))

≤ 1
2π

∫ π

−π
U(reiθ) logU(reiθ) dθ.

(Here we used the fact that U ≥ e.) Finally, by (6.13),

1
2π

∫ π

−π
|V (reiθ)| dθ ≤ 1

2π

∫ π

−π
u(eit) log u(eit) dt (6.14)

for all 0 ≤ r < 1. This settles the case whenever u ≥ e.
For an arbitrary u, write

u = u(1) + u(2) − u(3),

where

u(1)(eiθ) =




u(eiθ) if u(eiθ) > e,

e if −e ≤ u(eiθ) ≤ e,

e if u(eiθ) < −e
and

u(2)(eiθ) =




e if u(eiθ) > e,

u(eiθ) if −e ≤ u(eiθ) ≤ e,

−e if u(eiθ) < −e
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and

u(3)(eiθ) =




e if u(eiθ) > e,

e if −e ≤ u(eiθ) ≤ e,

−u(eiθ) if u(eiθ) < −e.
The functions u(1), u(2) and u(3) are defined such that u(1) ≥ e, u(3) ≥ e and
−e ≤ u(2) ≤ e. Let V (k) = Q ∗ u(k). Hence Vr = V

(1)
r + V

(2)
r − V (3)

r . Thus, by
(6.14), by Corollary 2.19 and Theorem 6.4, we have

‖Vr‖1 ≤ ‖V (1)
r ‖1 + ‖V (2)

r ‖1 + ‖V (3)
r ‖1

≤ ‖u(1) log u(1)‖1 + ‖V (2)
r ‖2 + ‖u(3) log u(3)‖1

≤ ‖u log+ |u| ‖1 + 2e+ ‖U (2)
r ‖2

≤ ‖u log+ |u| ‖1 + 2e+ ‖U (2)
r ‖∞ ≤ ‖u log+ |u| ‖1 + 3e.

Therefore, V ∈ h1(D) with ‖V ‖1 ≤ ‖u log+ |u| ‖1 + 3e. Hence

F = U + iV ∈ H1(D)

and, by Lemma 3.10 and Theorem 5.17,

f(eiθ) = lim
r→1

F (reiθ) = u(eiθ) + iũ(eiθ)

for almost all eiθ ∈ T. Thus, by Theorem 5.11,

F (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) f(eit) dt, (reiθ ∈ D).

Taking the imaginary part of both sides gives

V (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) ũ(e

it) dt, (reiθ ∈ D).

Finally, by Corollary 2.15, ‖V ‖1 = ‖ũ‖1.

Zygmund’s theorem can easily be generalized for complex functions u satis-
fying u log+ |u| ∈ L1(T). It also enables us to construct functions in H1(D).

Corollary 6.17 Let ∫ π

−π
|u(eit)| log+ |u(eit)| dt <∞,

and let

F (z) =
1
2π

∫ π

−π

eit + z

eit − z u(e
it) dt, (z ∈ D).

Then F ∈ H1(D).

Proof. Without loss of generality, suppose that u is real. Since u ∈ L1(T),
by Corollary 2.15, 
F ∈ h1(D), and since u log+ |u| ∈ L1(T), by Zygmund’s
theorem, we also have �F ∈ h1(D). Hence F ∈ H1(D).
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6.7 M. Riesz’s L log L theorem

M. Riesz showed that Zygmund’s sufficient condition given in Theorem 6.16 is
also necessary if u is lower bounded. However, this condition cannot be relaxed
and the inverse of Zygmund’s theorem, in the general case, is wrong.

Theorem 6.18 (M. Riesz) Let u be real, u ≥ C > −∞, and let u ∈ L1(T). Let

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

Suppose that V ∈ h1(D). Then u log+ |u| ∈ L1(T).

Proof. Write u = u(1) + u(2), where

u(1)(eiθ) =




u(eiθ)− 1 if u(eiθ) < 1,

0 if u(eiθ) ≥ 1

and

u(2)(eiθ) =




1 if u(eiθ) < 1,

u(eiθ) if u(eiθ) ≥ 1.

Since
|u| log+ |u| ≤ |C| log+ |C|+ |u(2)| log+ |u(2)|,

it is enough to show that |u(2)| log+ |u(2)| ∈ L1(T). Therefore, without loss of
generality, we assume that u ≥ 1.

Let

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D),

and let F = U + i V . Then F (0) = U(0) and F maps the unit disc into the
half plane 
z ≥ 1. Using the main branch of the logarithm on C \ (−∞, 0], i.e.
log z = log |z|+ i arg z, where −π < arg z < π, we have

1
2π

∫ π

−π
F (reiθ) logF (reiθ) dθ = F (0) logF (0) = U(0) logU(0).

Hence,

1
2π

∫ π

−π

(
U(reiθ)+i V (reiθ)

) (
log |F (reiθ)|+i argF (reiθ)

)
dθ = U(0) logU(0).

Taking the real part of both sides gives

1
2π

∫ π

−π

(
U(reiθ) log |F (reiθ)| − V (reiθ) argF (reiθ)

)
dθ = U(0) logU(0).
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Therefore,

1
2π

∫ π

−π
U(reiθ) logU(reiθ) dθ

≤ 1
2π

∫ π

−π
U(reiθ) log |F (reiθ)| dθ

≤ 1
2π

∫ π

−π
|V (reiθ)| | argF (reiθ)| dθ + U(0) logU(0)

≤ π

2
1
2π

∫ π

−π
|V (reiθ)| dθ + U(0) logU(0)

≤ π

2
‖V ‖1 + U(0) logU(0).

Hence, by Fatou’s lemma,

1
2π

∫ π

−π
u(eiθ) log u(eiθ) dθ ≤ lim inf

r→1

1
2π

∫ π

−π
U(reiθ) logU(reiθ) dθ

≤ π

2
‖V ‖1 + U(0) logU(0) <∞.

Exercises

Exercise 6.7.1 Construct u ≥ 1, u ∈ L1(T), such that u log u �∈ L1(I) for
any open arc I ⊂ T.

Exercise 6.7.2 Construct u ∈ L1(T) such that ũ �∈ L1(I) for any open arc
I ⊂ T.
Hint: Use Exercise 6.7.1 and Theorems 6.16 and 6.18.



Chapter 7

Blaschke products and their
applications

7.1 Automorphisms of the open unit disc

Let (zn)n≥1 be a sequence in the open unit disc D with

lim
n→∞ |zn| = 1.

Such a sequence has no accumulation point inside D. Therefore, according to
a classical theorem of Weierstrass, there is a function G, analytic on the open
unit disc, such that G(zn) = 0 for all n ≥ 1. We are even able to give an explicit
formula for G. If F is another analytic function with the same set of zeros, then
K = F/G is a well-defined zero-free analytic function on D. In other words, we
can write

F = GK,

where G is usually an infinite product constructed using the zeros of F , and K
is zero-free. This decomposition is fine and suitable for elementary studies of
analytic functions. However, if we assume that F ∈ Hp(D), then we are not
able to conclude that G or K are in any Hardy spaces. Of course, the choice
of G is not unique. F. Riesz observed that the zeros of a function F ∈ Hp(D)
satisfy the Blaschke condition∑

n

(1− |zn|) <∞.

Hence he was able to take a Blaschke product in order to extract the zeros of F .
More importantly, he showed that the zero-free function that we obtain stays
in the same Hardy space and has the same norm as F .

A bijective analytic function f : D −→ D is called an automorphism of
the open unit disc. Clearly, f−1 : D −→ D, as a function, is well-defined and
bijective. Moreover, based on elementary facts from complex analysis, we know
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that f−1 is analytic too. In other words, f−1 is also an automorphism of the
open unit disc. It is easy to see that the family of all automorphisms of the
open unit disc equipped with the law of composition of functions is a group. As
a matter of fact, the preceding assertion is true for the class of automorphisms
of any domain in the complex plane C. What makes this specific case more
interesting is that we are able to give an explicit formula for all its elements.

Let w ∈ D and let
bw(z) =

w − z
1− w̄ z .

The function bw is called a Blaschke factor or a Möbius transformation for the
open unit disc. The first important observation is that

bw ◦ bw = id (7.1)

for any w ∈ D, where id is the identity element defined by id(z) = z.
For each eiθ ∈ T and w = ρeiϑ ∈ D, we have

bw(eiθ) =
ρeiϑ − eiθ

1− ρ e−iϑeiθ
= −eiθ 1− ρ e−i(θ−ϑ)

1− ρ ei(θ−ϑ) ,

and thus
|bw(eiθ)| = 1. (7.2)

Hence, by the maximum principle,

|bw(z)| < 1 (7.3)

for all z ∈ D. The properties (7.1) and (7.3) show that each bw is an automor-
phism of the open unit disc. Similarly, (7.1) and (7.2) show that the restriction

bw : T −→ T

is a bijective map.
Let f be any automorphism of the open unit disc. Then, by definition, there

is a unique w ∈ D such that f(w) = 0. Define g = f ◦ bw. Then g is also an
automorphism of the open unit disc and g(0) = 0. Hence, by Schwarz’s lemma,
we have

|g(z)| ≤ |z|, (z ∈ D).

The essential observation here is that exactly the same argument applies to g−1.
Since g−1 is an automorphism of the open unit disc and g−1(0) = 0, then

|g−1(z)| ≤ |z|, (z ∈ D).

Replace z by g(z) in the last inequality to get |z| ≤ |g(z)|, and thus

|g(z)| = |z|, (z ∈ D).

Therefore, there is a constant γ ∈ T such that g(z) = γz. Hence

(f ◦ bw)(z) = γz, (z ∈ D).
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Finally, replace z by bw(z) in the last identity to obtain

f = γ bw.

Clearly, any such function is also an automorphism of the open unit disc.

Exercises

Exercise 7.1.1 Let U ∈ h(D). Show that

(a)
U(zn) ∈ h(D), (n ≥ 1).

(b)

U

(
eiβ

z − α
1− ᾱz

)
∈ h(D), (|α| < 1, β ∈ R).

Hint: Use Exercise 1.1.4.

Exercise 7.1.2 [Schwarz’s lemma] Let F ∈ H∞(D), ‖F‖∞ ≤ 1 and F (0) = 0.
Show that

|F (z)| ≤ |z|, (z ∈ D),

and that
|F ′(0)| ≤ 1.

Moreover, if |F (z)| = |z| for one z ∈ D \ {0}, or if |F ′(0)| = 1, then F (z) = γz,
where γ is a constant of modulus one.
Hint: Consider G(z) = F (z)/z and apply the maximum modulus principle.

Exercise 7.1.3 Verify that

b′w(0) = −(1− |w|2)

and that
b′w(w) =

−1
1− |w|2 .

Exercise 7.1.4 Let γ ∈ T, and let w ∈ D. Define

f(z) = bw(γz), (z ∈ D).

Show that f is an automorphism of the open unit disc. Find γ′ ∈ T and w′ ∈ D
such that

f = γ′ bw′ .



158 Chapter 7. Blaschke products and their applications

Exercise 7.1.5 Let w,w′ ∈ D. Compute bw ◦ bw′ .

Exercise 7.1.6 Let α, β ∈ D, and let

Aα,β = {F ∈ H∞(D) : ‖F‖∞ ≤ 1, F (α) = β }.

Find
sup

F∈Aα,β

|F ′(α)|.

Hint: Consider G = bβ ◦ F ◦ bα. Then G(0) = 0.

7.2 Blaschke products for the open unit disc

Let {zn}1�n�N be a finite sequence of complex numbers inside the unit disc D
and let α ∈ R. Then

B(z) = eiα
N∏
n=1

zn − z
1− z̄n z

is called a finite Blaschke product for the unit disc. In the sequence {zn}1�n�N ,
repetition is allowed. Based on the observation for Blaschke factors, we imme-
diately see that

|B(eiθ)| = 1 (7.4)

for all eiθ ∈ T, and
|B(z)| < 1 (7.5)

for all z ∈ D. But, if N ≥ 2, B is not one-to-one.
More generally, consider an infinite sequence of complex numbers in the unit

disc {zn}n�1, which is indexed such that

0 � |z1| � |z2| � · · ·

and limn→∞ |zn| = 1. Let σ = σ{zn}n�1 denote the set of all accumulation
points of {zn}n�1. Since limn→∞ |zn| = 1, σ is a closed nonempty subset of T.
Moreover, σ also coincides with the accumulation points of the set {1/z̄n : n �
1}. Let

Ω = Ω{zn}n�1 = C \
(
σ ∪ {1/z̄n : n � 1}

)
.

Note that we always have D ⊂ Ω for any possible choice of {zn}n�1. Besides,
T \ σ is also a subset of Ω and if it is nonempty, being a countable union of
disjoint open arcs of T, it provides the connection between the disjoint open
sets D and Ω \ D.

Let

BN (z) =
N∏
n=1

|zn|
zn

zn − z
1− z̄nz

. (7.6)
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By convention, we put |zn|/zn = 1 whenever zn = 0. Under a certain condition
on the rate of growth of {|zn|}n≥1, the partial products BN converge uniformly
on compact subsets of Ω to a nonzero analytic function, which is denoted by

B(z) =
∞∏
n=1

|zn|
zn

zn − z
1− z̄nz

. (7.7)

The function B is called an infinite Blaschke product for the open unit disc.

Theorem 7.1 (Blaschke [3]) Let {zn}n�1 be a sequence in the open unit disc
such that limn→∞ |zn| = 1. Let σ = σ{zn}n�1 denote the set of accumulation
points of {zn}n�1 and let Ω = C \

(
σ ∪ {1/z̄n : n � 1}

)
. Then the partial

products

BN (z) =
N∏
n=1

|zn|
zn

zn − z
1− z̄nz

are uniformly convergent on compact subsets of Ω if and only if

∞∑
n=1

( 1− |zn| ) <∞.

Remark: There is no restriction on arg zn.

Proof. Suppose that the sequence {BN}N≥1 is uniformly convergent to B on
compact subsets of Ω. Suppose that z1 = z2 = · · · = zk = 0 and zk+1 �= 0. By
the maximum principle, {BN}N≥1 is uniformly convergent on compact subsets
of Ω if and only if {BN (z)/zk}N≥1 does the same. Hence, without loss of
generality, we assume that |z1| > 0. According to this assumption, we have

|B(0)| =
∞∏
n=1

|zn| > 0.

On the other hand, the elementary inequality

t � et−1, 0 � t � 1,

implies

|B(0)| =
∞∏
n=1

|zn| � exp
(
−

∞∑
n=1

(1− |zn|)
)
,

and thus ∞∑
n=1

( 1− |zn| ) <∞.

Now, suppose that the last inequality holds. First of all, the identity

|zn|
zn

zn − z
1− z̄nz

= 1−
(
1− |zn|

) (
1 +
|zn| ( 1 + |zn| ) z
zn ( 1− z̄n z )

)
(7.8)
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implies∣∣∣∣ 1− |zn|
zn

zn − z
1− z̄nz

∣∣∣∣ � (1− |zn|)
(

1 +
|z|

| z − 1/z̄n |
(1 + 1/|z1|)

)
.

But, on a compact set K ⊂ Ω, we have

1 +
|z|

| z − 1/z̄n |
(1 + 1/|z1|) � CK ,

where CK is a constant independent of n. Therefore, for all z ∈ K,∣∣∣∣ 1− |zn|
zn

zn − z
1− z̄nz

∣∣∣∣ � CK (1− |zn|), (n � 1).

This inequality establishes the uniform convergence of BN on K.

A sequence {zn} of complex numbers in the open unit disc satisfying

∞∑
n=1

(
1− |zn|

)
<∞ (7.9)

is called a Blaschke sequence. We already saw that the set of accumulation
points of any Blaschke sequence is a subset of the unit circle T. Hence, under
the conditions of Theorem 7.1, BN converges uniformly on each compact subset
of D to the Blaschke product

B(z) =
∞∏
n=1

|zn|
zn

zn − z
1− z̄nz

.

Since |BN (z)| < 1 on the open unit disc, we also have

|B(z)| < 1, (z ∈ D). (7.10)

According to (7.10), a Blaschke product B, restricted to D, is in H∞(D). Hence,
by Theorem 5.2, there is a unique function b ∈ L∞(T) such that

B(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) b(e

it) dt, (reiθ ∈ D).

Moreover,
‖B ‖H∞(D) = ‖ b ‖L∞(T)

and, by Lemma 3.10,
lim
r→1−

B(reiθ) = b(eiθ)

for almost all eiθ ∈ T.
If B is a finite Blaschke product, then b is well-defined and analytic at all

points of T. But, if B is an infinite Blaschke product, then b, as a bounded
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measurable function, is defined almost everywhere on T. Nevertheless, if an
arc of T is free of the accumulation points of the zeros of B, then Theorem 7.1
ensures that b is a well-defined analytic function on this arc and |b| ≡ 1 there.

Exercises

Exercise 7.2.1 Let E be a closed nonempty subset of T. Construct a Blaschke
sequence whose accumulation set is exactly E. In particular, construct a Blaschke
sequence that accumulates at all points of T.

Exercise 7.2.2 Let {zn}1�n�N ⊂ D, let γ ∈ T, and let

B(z) = γ

N∏
n=1

zn − z
1− z̄n z

.

Show that, for any w ∈ D, the equation

B(z) = w

has exactly N solutions in D.
Hint: Do it by induction. The function B ◦ bz1 might be useful too.
Remark: Repetition is allowed among zn and also among the solutions of the
preceding equation.

Exercise 7.2.3 Construct an infinite Blaschke product B with zeros on the
interval [0, 1) such that

lim sup
r→1

|B(r)| = 1.

Remark: Note that for any such product, lim infr→1 |B(r)| = 0.

Exercise 7.2.4 Construct an infinite Blaschke product B with zeros on the
interval [0, 1) such that

lim
r→1

B(r) = 0.

Hint: Take zn = 1− n−2, n ≥ 1.

Exercise 7.2.5 Let B be a Blaschke product with zeros on the interval [0, 1),
and let

F (z) = (z − 1)2B(z), (z ∈ D).

Show that F ′ ∈ H∞(D).
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7.3 Jensen’s formula

Let F ∈ H∞(D). Then, by Lemma 3.10, we know that f(eiθ) = limr→1 F (reiθ)
exists for almost all eiθ ∈ T. If

|f(eiθ)| = 1,

for almost all eiθ ∈ T, we say that F is an inner function for the open unit
disc. A Blaschke product is an inner function. To establish this result we need
Jensen’s formula.

Jensen’s formula provides a connection between the moduli of the zeros of
a function F inside a disc and the values of |F | on the boundaries of the disc.
This result is indeed a generalization of the mean value property of harmonic
functions (Corollary 3.2). Jensen’s formula is one of the most useful results of
function theory.

Theorem 7.2 (Jensen’s formula) Let F be analytic on a domain containing
the closed disc Dr and let z1, z2, . . . , zn be the zeros of F inside Dr, repeated
according to their multiplicities. Suppose that F (0) �= 0. Then

log |F (0)| = −
n∑
k=1

log
(

r

|zk|

)
+

1
2π

∫ π

−π
log |F (reit)| dt.

Proof. First, suppose that F has no zeros on the circle ∂Dr. Let

B(z) =
n∏
k=1

r(zk − z)
r2 − z̄kz

,

and let G = F/B. Then G is a well-defined analytic function with no zeros on
the closed disc Dr. Hence, log |G| is harmonic there and, by Corollary 3.2, we
have

log |G(0)| = 1
2π

∫ π

−π
log |G(reit)| dt. (7.11)

But, B is defined such that |B(ζ)| = 1 for all ζ ∈ ∂Dr. Therefore,

|G(reit)| = |F (reit)|

for all t. We also have

G(0) = F (0)
n∏
k=1

r

zk
.

Plugging the last two identities into (7.11) gives Jensen’s formula whenever F
has no zeros on the circle ∂Dr. But both sides of the formula are continuous
with respect to r, and the sequence {|zn|}n≥1 has no accumulation point inside
the interval [0, 1). Hence, the equality holds for all r ∈ [0, 1).
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In the proof of Jensen’s formula, we used Corollary 3.2 to obtain (7.11).
However, based on Lemma 3.4 and a simple change of variable, we obtain

log |G(r0eiθ0)| =
1
2π

∫ π

−π

r2 − r20
r2 + r20 − 2rr0 cos(θ0 − t)

log |G(reit)| dt

for all r0eiθ0 ∈ Dr. This identity implies

log |F (z0)| = −
n∑
k=1

log
∣∣∣∣ r2 − z̄k z0r(z0 − zk)

∣∣∣∣
+

1
2π

∫ π

−π

r2 − r20
r2 + r20 − 2r0r cos(θ0 − t)

log |F (reit)| dt,

which is called the Poisson–Jensen formula. We state this formula slightly
differently in the following corollary. As a matter of fact, this result is a special
case of the canonical factorization that will be discussed in Section 7.6.

Corollary 7.3 Let F be analytic on a domain containing the closed disc Dr. Let
z1, . . . , zn denote the zeros of F in Dr repeated according to their multiplicities.
Then, for each z0 = r0e

iθ0 ∈ Dr, we have

F (z0) = γ

n∏
k=1

r(z0 − zk)
r2 − z̄k z0

exp
{

1
2π

∫ π

−π

reit + z0
reit − z0

log |F (reit)| dt
}
,

where γ is a constant of modulus one.

Now we are ready to show that each Blaschke product is an inner function.
Note that this fact is trivial for finite Blaschke products.

Theorem 7.4 (F. Riesz [18]) Let B be a Blaschke product for the open unit
disc. Let

b(eiθ) = lim
r→1

B(reiθ)

wherever the limit exists. Then

|b(eiθ)| = 1

for almost all eiθ ∈ T.

Proof. First of all, by (7.10), we have

1
2π

∫ π

−π
log

∣∣B(reiθ)
∣∣ dθ ≤ 0 (7.12)

for all r, 0 ≤ r < 1. Without loss of generality, we assume that B(0) �= 0.
Since otherwise, we can divide B by the factor zm and this modification does
not change |b|. Then, by Jensen’s formula,

log |B(0)| = −
∑

|zn|<r
log

(
r

|zn|

)
+

1
2π

∫ π

−π
log |B(reiθ)| dθ
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for all r, 0 < r < 1. Since B(0) =
∏∞
n=1 |zn|, we thus have

1
2π

∫ π

−π
log

∣∣B(reiθ)
∣∣ dθ =

∑
|zn|<r

log
(

r

|zn|

)
−

∞∑
n=1

log
(

1
|zn|

)
.

Given ε > 0, choose N so large that
∑∞
n=N+1 log 1/|zn| < ε, and let

R = max{ |z1|, . . . , |zN | }.

Therefore, for all r > R, we have

1
2π

∫ π

−π
log

∣∣B(reiθ)
∣∣ dθ �

N∑
n=1

log
(

r

|zn|

)
−

N∑
n=1

log
(

1
|zn|

)
− ε,

which immediately implies

lim inf
r→1

1
2π

∫ π

−π
log

∣∣B(reiθ)
∣∣ dθ � −ε.

Since ε is an arbitrary positive number and in the light of (7.12), the limit of
integral means of |B| exists and

lim
r→1

1
2π

∫ π

−π
log

∣∣B(reiθ)
∣∣ dθ = 0.

By (7.10), we have | b(eiθ) | � 1 for almost all eiθ ∈ T. Now, an application of
Fatou’s lemma gives

1
2π

∫ π

−π
− log |b(eiθ)| dθ ≤ lim

r→1

1
2π

∫ π

−π
− log

∣∣B(reiθ)
∣∣ dθ = 0.

Therefore, we necessarily have |b(eiθ)| = 1 for almost all eiθ ∈ T.

In proving Riesz’s theorem, we established the following result which by itself
is interesting and will be needed later on in certain applications.

Corollary 7.5 Let B be a Blaschke product for the open unit disc. Then

lim
r→1

∫ π

−π
log

∣∣B(reiθ)
∣∣ dθ = 0.

Exercises

Exercise 7.3.1 Show that

|bz0(z)|2 = 1− (1− |z|2) (1− |z0|2)
|1− z̄0 z|2

, (z ∈ D).
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Exercise 7.3.2 Let z0 ∈ D, and let 0 ≤ r < 1. Show that

max
|z|=r

∣∣∣∣ z0 − z1− z̄0 z

∣∣∣∣ ≤ |z0|+ r

1 + r|z0|
.

Exercise 7.3.3 Let z0 ∈ D, z0 �= 0. Show that

arg bz0(z) = arcsin
�(z0 z̄) (1− |z0|2)
|z0| |z0 − z| |1− z̄0z|

.

Exercise 7.3.4 Let zn ∈ D \ {0}, n ≥ 1. Show that the following conditions
are equivalent:

(i)
∑∞
n=1

(
1− |zn|

)
<∞;

(ii)
∑∞
n=1 log |zn| > −∞;

(iii)
∏∞
n=1 |zn| > 0.

Exercise 7.3.5 Let F be analytic on the open unit disc D and continuous on
the closed unit disc D. Suppose that

|F (eiθ)| = 1

for all eiθ ∈ T. Show that F is a finite Blaschke product.
Remark: This exercise shows that a finite Blaschke product is the solution of
an extremal problem.

Exercise 7.3.6 Let F be meromorphic in the open unit disc D and continuous
on the closed unit disc D. Suppose that

|F (eiθ)| = 1

for all eiθ ∈ T. Show that F is the quotient of two finite Blaschke products.

Exercise 7.3.7 Show that∫ π

−π
log |1− eiθ| dθ = 0.

Remark: This fact was used implicitly in the proof of Jensen’s formula.

Exercise 7.3.8 [Generalized Poisson–Jensen formula] Let F be a meromor-
phic function on a domain containing the closed disc Dr. Let z1, . . . , zn and
p1, . . . , pm denote respectively the zeros and poles of F in Dr repeated accord-
ing to their multiplicities. Show that, for each z0 = r0e

iθ0 ∈ Dr, we have

log |F (z0)| = −
n∑
k=1

log
∣∣∣∣ r2 − z̄k z0r(z0 − zk)

∣∣∣∣ +
m∑
k=1

log
∣∣∣∣ r2 − p̄k z0r(z0 − pk)

∣∣∣∣
+

1
2π

∫ π

−π

r2 − r20
r2 + r20 − 2r0r cos(θ0 − t)

log |F (reit)| dt.
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7.4 Riesz’s decomposition theorem

Let F be analytic, with no zeros on the open unit disc. Let p be any positive
number. Then we can properly define the analytic function F p on D. This
simple-looking property, which by the way is not fulfilled by harmonic functions,
has profound applications in the theory of Hardy spaces. An element of Hp(D)
might have several zeros in the unit disc. F. Riesz showed that any such element
can be written as the product of a Blaschke product and a nonvanishing element
of Hp(D). To prove this useful technique, we first verify that the zeros of
functions in any Hardy space form a Blaschke sequence.

Lemma 7.6 Let F ∈ Hp(D), 0 < p ≤ ∞, F �≡ 0, and let {zn} denote the
sequence of its zeros in D. Then∑

n

(1− |zn|) <∞.

Proof. If F has a finite number of zeros, then the result is obvious. If it has
infinitely many zeros, since F �≡ 0, they necessarily converge toward some points
in the unit circle. In other words, limr→1 |zn| = 1. Without loss of generality
assume that F (0) �= 0. By Jensen’s formula, for each 0 < r < 1, we have

log |F (0)| = −
∑

|zn|<r
log

∣∣∣∣ rzn
∣∣∣∣ +

1
2π

∫ π

−π
log |F (reiθ)| dθ.

If 0 < p <∞, then, by Jensen’s inequality,

1
2π

∫ π

−π
log |F (reiθ)|p dθ ≤ log

(
1
2π

∫ π

−π
|F (reiθ)|p dθ

)
≤ log ‖F‖pp

and thus
1
2π

∫ π

−π
log |F (reiθ)| dθ ≤ log ‖F‖p.

The last inequality clearly holds even if p =∞. Hence,

∑
|zn|<r

log
∣∣∣∣ rzn

∣∣∣∣ ≤ log ‖F‖p − log |F (0)|.

Fix N and take R so large that the first N zeros are in the disc DR. Therefore,
if R < r < 1, we have

N∑
n=1

log
∣∣∣∣ rzn

∣∣∣∣ ≤ log ‖F‖p − log |F (0)|.

First let r → 1 to obtain

N∑
n=1

log 1/|zn| ≤ log ‖F‖p − log |F (0)|,
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and then let N →∞ to get

∞∑
n=1

log 1/|zn| ≤ log ‖F‖p − log |F (0)| <∞.

But, the last inequality is equivalent to
∑
n(1− |zn|) <∞.

Lemma 7.6 shows that we can form a Blaschke product with zeros of any
nonzero element of a Hardy space. F. Riesz discovered that we can extract these
zeros such that the remaining factor is still in the same space with the same
norm.

Theorem 7.7 (F. Riesz [18]) Let F ∈ Hp(D), 0 < p ≤ ∞, F �≡ 0, and let B be
the Blaschke product formed with the zeros of F in D. Let

G = F/B.

Then G ∈ Hp(D), G is free of zeros in D, and

‖G‖p = ‖F‖p.

Proof. Clearly G is analytic and free of zeros on D. Moreover, since |B| ≤ 1, we
necessarily have ‖F‖p ≤ ‖G‖p.

Suppose that 0 < p < ∞. Fix N ≥ 1 and 0 < r < 1. Let BN be the finite
Blaschke product formed with the first N zeros of F . Then GN = F/BN is an
analytic function on D, and, by Corollary 4.14,

1
2π

∫ π

−π
|GN (reiθ)|p dθ ≤ 1

2π

∫ π

−π
|GN (ρeiθ)|p dθ

=
1
2π

∫ π

−π

|FN (ρeiθ)|p
|BN (ρeiθ)|p dθ

≤ 1
infθ |BN (ρeiθ)|

1
2π

∫ π

−π
|FN (ρeiθ)|p dθ

≤
‖F‖pp

infθ |BN (ρeiθ)|

for all ρ, r < ρ < 1. Let ρ→ 1. Since |BN | uniformly tends to 1, then

(
1
2π

∫ π

−π
|GN (reiθ)|p dθ

) 1
p

≤ ‖F‖p.

Now, let N → ∞. On the circle {|z| = r}, BN tends uniformly to B. Hence,
we obtain

‖Gr‖p ≤ ‖F‖p.

Finally, take the supremum with respect to r to get ‖G‖p ≤ ‖F‖p.
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A small modification of this argument yields a proof for the case p =∞. As
a matter of fact, the proof is even simpler in this case. First, by the maximum
principle,

|GN (reiθ)| ≤ sup
θ
|GN (ρeiθ)| ≤ ‖F‖∞

infθ |BN (ρeiθ)| ,

and thus, by letting ρ→ 1, we obtain

|GN (reiθ)| ≤ ‖F‖∞.

Then, if N →∞, we get
|G(reiθ)| ≤ ‖F‖∞.

This inequality is equivalent to ‖G‖∞ ≤ ‖F‖∞.

In the succeeding sections, we provide several applications of Riesz’s decom-
position theorem.

Exercises

Exercise 7.4.1 (G. Julia [11]) Let F ∈ Hp(D) and F (0) = 0. Show that

‖Fr‖p ≤ r ‖F‖p

for all 0 ≤ r < 1.
Hint: Apply Theorem 7.7.

Exercise 7.4.2 Let F , F �≡ 0, be analytic on the open unit disc and let {zn}
denote the sequence of its zeros in D. Show that∑

n

(1− |zn|) <∞

if and only if

sup
0≤r<1

∫ π

−π
log |F (reiθ)| dθ <∞.

7.5 Representation of Hp(D) functions (0 < p <
1)

In this section, we show that certain results discussed in Sections 5.1 and 5.6
about Hp(D) functions with 1 ≤ p ≤ ∞ are valid even if 0 < p < 1.
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Theorem 7.8 Let F ∈ Hp(D), 0 < p < 1. Then

f(eiθ) = lim
r→1

F (reiθ)

exists almost everywhere on T. Moreover f ∈ Lp(T),

lim
r→1
‖Fr − f‖p = 0

and
‖F‖p = ‖f‖p.

Proof. By Theorem 7.7, F = BG, where G is free of zeros on D, G ∈ Hp(D) and
‖F‖p = ‖G‖p. Pick a positive integer n such that np ≥ 1 and let K = G1/n.
Then K ∈ Hnp(D) ⊂ H1(D) and

F = BKn.

By Lemma 3.10, b(eiθ) = limr→1B(reiθ) and k(eiθ) = limr→1K(reiθ) exist
almost everywhere on T. Since n is an integer, f(eiθ) = limr→1 F (reiθ) also
exist almost everywhere on T and

f = b kn

with b ∈ L∞(T) and k ∈ Lnp(T). Hence, in the first place, by Theorem 7.4,
|f |p = |k|np and thus f ∈ Lp(T). Secondly, to show that limr→1 ‖Fr − f‖p = 0
we use the known fact that limr→1 ‖Kr − k‖np = 0. Indeed, using the binomial
theorem, we have

|Fr − f |p = |BrKn
r − b kn|p

=
∣∣Br [(Kr − k) + k]n −Br kn + (Br − b) kn

∣∣p
≤

n∑
j=1

(
n

j

)
|Kr − k|jp |k|(n−j)p + |Br − b|p |k|np

and thus, by Hölder’s inequality,

‖Fr−f‖pp ≤
n∑
j=1

(
n

j

)
‖Kr−k‖j/nnp ‖k‖(n−j)/n

np +
1
2π

∫ π

−π
|Br(eiθ)−b(eiθ)|p |k(eiθ)|np dθ.

By Theorem 5.1, ‖Kr − k‖np −→ 0 and, since |Br − b|p |k|np ≤ 2 |k|np, the
dominated convergence theorem ensures that

lim
r→1

∫ π

−π
|Br(eiθ)− b(eiθ)|p |k(eiθ)|np dθ = 0.

Therefore, ‖Fr − f‖p −→ 0 as r → 1. Finally, by Corollary 4.14,

‖F‖p = lim
r→1
‖Fr‖p = ‖f‖p.
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At this point we are able to complete the proof of Kolmogorov’s theorem
(Corollary 6.2). In the proof of the corollary, we showed that U, V ∈ hp(D) and
thus F = U + iV ∈ Hp(D) with boundary values f = u+ iũ. By Theorem 7.8,
as r → 1, Fr −→ f in Lp(T). Hence, Vr −→ ũ in Lp(T), which also implies
‖V ‖p = ‖ũ‖p.

The correspondence established between Hp(D) and Hp(T), 1 ≤ p ≤ ∞, in
Theorems 5.1, 5.2 and 5.11, along with Fatou’s theorem on radial limits (Lemma
3.10), enables us to give another characterization of Hp(T), 1 ≤ p ≤ ∞, classes.
Functions in Hp(T), 1 ≤ p ≤ ∞, can be viewed as the boundary values of
elements of Hp(D). This interpretation is consistent with the original definition
given in (5.2). However, the latter has one advantage. Based on Theorem 7.8,
this point of view can equally be exploited as the definition of Hp(T), 0 < p < 1,
classes. The following result gives more information about the correspondence
between Hp(D) and Hp(T).

Theorem 7.9 Let F ∈ Hp(D), 0 < p ≤ ∞, F �≡ 0, and let

f(eit) = lim
r→1

F (reit)

wherever the limit exists. Then∫ π

−π

∣∣∣∣ log |f(eit)|
∣∣∣∣ dt <∞,

lim
r→1

∫ π

−π

∣∣∣∣ log+ |F (reit)| − log+ |f(eit)|
∣∣∣∣ dt = 0

and

log |F (reiθ)| ≤ 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log |f(eit)| dt, (reiθ ∈ D).

Proof. Without loss of generality, assume that p <∞ and that F (0) �= 0. Since
log+ x ≤ x, x > 0, we have

p log+ |F (reiθ)| ≤ |F (reiθ)|p, (reiθ ∈ D),

and thus

p

∫ π

−π
log+ |F (reiθ)| dθ ≤

∫ π

−π
|F (reiθ)|p dθ ≤ 2π‖F‖pp.

Hence, by Fatou’s lemma,∫ π

−π
log+ |f(eiθ)| dθ ≤ 2π‖F‖pp/p <∞.

On the other hand, by Jensen’s formula (Theorem 7.2),

log |F (0)| = −
∑

|zn|≤r
log

(
r

|zk|

)
+

1
2π

∫ π

−π
log |F (reiθ)| dθ

≤ 1
2π

∫ π

−π
log |F (reiθ)| dθ
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and thus

1
2π

∫ π

−π
log− |F (reiθ)| dθ ≤ − log |F (0)|+ 1

2π

∫ π

−π
log+ |F (reiθ)| dθ

≤
‖F‖pp
p
− log |F (0)|.

Another application of Fatou’s lemma implies

1
2π

∫ π

−π
log− |f(eiθ)| dθ ≤

‖F‖pp
p
− log |F (0)| <∞.

Since
∣∣ log |f |

∣∣ = log+ |f |+ log− |f |, the first assertion is proved.
It is easy to verify that log x ≤ (x− 1)p/p, for x ≥ 1 and p > 0. Hence, we

immediately obtain

| log+ a− log+ b| ≤ |a− b|p/p, (a, b > 0).

The second assertion is now a direct consequence of this inequality and Theorem
7.8.

Let ρ < 1 and consider G(z) = F (ρz). The function log |G| is subharmonic
on a domain containing the closed unit disc. Hence, by Theorem 4.6,

log |G(reiθ)| ≤ 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log |G(eit)| dt.

Thus, for reiθ ∈ D,

log |F (ρreiθ)| ≤ 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log+ |F (ρeit)| dt

− 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log− |F (ρeit)| dt

= I+(ρ)− I−(ρ).

Let ρ → 1. By the second assertion of the theorem, which was proved earlier,
we have

I+(ρ) −→
∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log+ |f(eit)| dt

and, by Fatou’s lemma,∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log− |f(eit)| dt ≤ lim inf

ρ→1
I−(ρ).

Taking the difference of the last two relations gives the required inequality.

Corollary 7.10 Let F ∈ Hp(D), 0 < p < ∞, and let f(eit) = limr→1 F (reit)
wherever the limit exists. Then

|F (reiθ)|p ≤ 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) |f(eit)|p dt, (reiθ ∈ D).



172 Chapter 7. Blaschke products and their applications

Proof. By Theorem 7.9,

log |F (reiθ)| ≤ 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log |f(eit)| dt.

Hence

|F (reiθ)|p ≤ exp
{

1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log |f(eit)|p dt

}
.

Now, apply Jensen’s inequality.

In the second assertion of Theorem 7.9 we cannot replace log+ by log. For
example, consider

F (z) = exp
{
− 1 + z

1− z

}
, (z ∈ D).

Then F ∈ H∞(D) with boundary values

f(eiθ) = e−i cot(θ/2), (eiθ ∈ T).

Hence ∣∣∣∣ log |F (reiθ)| − log |f(eiθ)|
∣∣∣∣ =

1− r2
1 + r2 − 2r cos θ

and thus, for each 0 ≤ r < 1,∫ π

−π

∣∣∣∣ log |F (reiθ)| − log |f(eiθ)|
∣∣∣∣ dθ = 2π.

7.6 The canonical factorization in Hp(D) (0 < p ≤
∞)

Let F ∈ Hp(D), 0 < p ≤ ∞, F �≡ 0, and let f denote the boundary values of F
on T. By Theorem 7.9, log |f | ∈ L1(T). Hence, we are enable to define

OF (z) = exp
{

1
2π

∫ π

−π

eit + z

eit − z log |f(eit)| dt
}
, (z ∈ D), (7.13)

which is called the outer part of F . As a matter of fact, for any positive function
h with log h ∈ L1(T), the outer function

Oh(z) = exp
{

1
2π

∫ π

−π

eit + z

eit − z log |h(eit)| dt
}
, (z ∈ D), (7.14)

as an analytic function on the open unit disc, is well-defined. However, OF has
more interesting properties. First of all,

|OF (reiθ)| = exp
{

1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log |f(eit)| dt

}
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and thus, by Fatou’s theorem (Lemma 3.10),

lim
r→1
|OF (reiθ)| = |f(eiθ)| (7.15)

for almost all eiθ ∈ T. Secondly, assuming p <∞,

|OF (reiθ)|p = exp
{

1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log |f(eit)|p dt

}

and thus, by Jensen’s inequality,

|OF (reiθ)|p ≤ 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) |f(eit)|p dt.

Hence, by Fubini’s theorem,

1
2π

∫ π

−π
|OF (reiθ)|p dθ ≤ 1

2π

∫ π

−π
|f(eit)|p dt = ‖F‖pp.

In other words, OF ∈ Hp(D) and ‖OF ‖p ≤ ‖F‖p. This inequality clearly holds
even if p = ∞. On the other hand, the inequality in Theorem 7.9 can be
rewritten as

|F (z)| ≤ |OF (z)|, (z ∈ D), (7.16)

and thus we necessarily have

‖OF ‖p = ‖F‖p. (7.17)

The inner part of F is defined by

IF (z) =
F (z)
OF (z)

, (z ∈ D).

By (7.16), |IF (z)| ≤ 1, z ∈ D, and by (7.15), |IF (eiθ)| = 1 for almost all eiθ ∈ T.
Hence IF is indeed an inner function. The factorization

F = IF OF

is called the canonical, or inner–outer, factorization of F .
We can say more about the inner factor IF . According to Riesz’s theorem

(Theorem 7.7), we can write
IF = B S,

where B is a Blaschke factor formed with the zeros of F and S is a zero-free
inner function on D. Therefore, U = − log |S| is a positive harmonic function
on D satisfying

lim
r→1

U(reiθ) = 0

for almost all eiθ ∈ T. Therefore, by Theorem 3.12, there is a positive measure
σ ∈M(T), singular with respect to the Lebesgue measure, such that

− log |S(reiθ)| = 1
2π

∫
T

1− r2
1 + r2 − 2r cos(θ − t) dσ(eit), (reiθ ∈ D).
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Hence

S(z) = Sσ(z) = exp
{
− 1

2π

∫
T

eit + z

eit − z dσ(eit)
}
, (z ∈ D). (7.18)

As a matter of fact, the counterexample given after Theorem 7.9 is a prototype
of these singular inner functions obtained by a Dirac measure at point 1. Note
that for singular inner functions, we have∫ π

−π
log |Sσ(reiθ)| dθ = −

∫
T

dσ(eit) = −σ(T) (7.19)

for each 0 < r ≤ 1. Compare with Corollary 7.5.
The complete canonical factorization of F now becomes

F = B S O,

where B is the Blaschke product formed with the zeros of F , the singular inner
function S is given by (7.18), and the outer function O by (7.13). There is also
a constant of modulus one which was absorbed in B.

Since σ is a positive Borel measure and singular with respect to the Lebesgue
measure, we have σ′(eiθ) = 0 for almost all eiθ ∈ T, which in turn implies

lim
r→1
|S(reiθ)| = 1

for almost all eiθ ∈ T. What is implicit in this statement is that almost all is
with respect to the Lebesgue measure. On the other hand, we also know that
σ′(eiθ) = +∞ for almost all eiθ ∈ T, which implies

lim
r→1

S(reiθ) = 0 (7.20)

for almost all eiθ ∈ T. However, in the latter statement, almost all is with
respect to the measure σ. In particular, if σ is nonnull, at least at one point on
T, the radial limit of S is zero.

Exercises

Exercise 7.6.1 Let I be an inner function. Show that I is a Blaschke product
if and only if

lim
r→1

∫ π

−π
log |I(reiθ)| dθ = 0.

Hint: We have I = B S, where B is a Blaschke product and S is a singular inner
function. Apply Corollary 7.5 and (7.19).
Remark: Compare with Corollary 7.5.

Exercise 7.6.2 Let I be an inner function. Suppose that for each eiθ ∈ T,
either limr→1 |I(reiθ)| does not exist or it exists but limr→1 |I(reiθ)| > 0. Show
that I is a Blaschke product.
Hint: Use (7.20).
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7.7 The Nevanlinna class

Let h be a positive measurable function with log h ∈ L1(T), and let σ be a signed
Borel measure on T. We emphasize that h is not necessarily in any Lebesgue
space Lp(D) and σ is not necessarily positive. Let B be any Blaschke product
for the unit disc. Let

F = B Sσ Oh, (7.21)

where Oh and Sσ are defined by (7.14) and (7.18). Write σ = σ+ − σ−, where
σ+ and σ− are positive Borel measures on T. Then

log |F (reiθ)| ≤ 1
2π

∫
T

1− r2
1 + r2 − 2r cos(θ − t) dσ

−(eit)

+
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log+ h(eit) dt.

Therefore, by Fubini’s theorem,∫ π

−π
log+ |F (reiθ)| dθ ≤ σ−(T) +

∫ π

−π
log+ h(eit) dt

for all 0 ≤ r < 1. The integral on the left side is an increasing function of r
(Corollary 4.12). Hence, functions defined by (7.21) satisfy

sup
0≤r<1

∫ π

−π
log+ |F (reiθ)| dθ <∞. (7.22)

The Nevanlinna class N is, by definition, the family of all analytic functions F
on the open unit disc which satisfy (7.22). The following result shows that any
such function also has a representation of the form (7.21). Note that, according
to Theorem 7.9, ⋃

p>0

Hp(D) ⊂ N .

Theorem 7.11 Let F ∈ N , F �≡ 0. Then

(a) the zeros of F satisfy the Blaschke condition;

(b) for almost all eiθ ∈ T,
f(eiθ) = lim

r→1
F (reiθ)

exists and is finite;

(c) log |f | ∈ L1(T);

(d) there is a signed measure σ such that

F = B Sσ O|f |,

where B is the Blaschke product formed with the zeros of F .
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Proof. Fix ρ < 1. By Corollary 7.3, for each z ∈ Dρ, we have

F (z) = γ

n∏
k=1

ρ(z − zk)
ρ2 − z̄k z

exp
{

1
2π

∫ π

−π

ρeit + z

ρeit − z log |F (ρeit)| dt
}
,

where γ is a constant of modulus one and z1, . . . , zn denote the zeros of F in
Dρ repeated according to their multiplicities. Hence, for each z ∈ D,

F (ρz) = γ

n∏
k=1

z − zk/ρ
1− z z̄k/ρ

exp
{

1
2π

∫ π

−π

eit + z

eit − z log |F (ρeit)| dt
}
.

Define

Φρ(z) = γ

n∏
k=1

z − zk/ρ
1− z z̄k/ρ

exp
{
− 1

2π

∫ π

−π

eit + z

eit − z log− |F (ρeit)| dt
}
,

Ψρ(z) = exp
{
− 1

2π

∫ π

−π

eit + z

eit − z log+ |F (ρeit)| dt
}
.

Then Φρ and Ψρ are analytic functions in the closed unit ball of H∞(D), i.e.
|Φρ(z)| ≤ 1 and |Ψρ(z)| ≤ 1 for all z ∈ D, and

F (ρz) =
Φρ(z)
Ψρ(z)

, (z ∈ D).

Based on our main assumption on F , there is a constant C > 0 such that

Ψρ(0) = exp
{
− 1

2π

∫ π

−π
log+ |F (ρeit)| dt

}
≥ C (7.23)

for all ρ < 1. Now take a sequence converging to 1, say ρn = 1 − 1/n, n ≥ 1.
Hence, by Montel’s theorem, there is a subsequence (nk)k≥1 and functions Φ
and Ψ in the unit ball of H∞(D) such that, as k →∞,

Φρnk
(z) −→ Φ(z) and Ψρnk

(z) −→ Ψ(z)

uniformly on compact subsets of D. Therefore,

F (z) =
Φ(z)
Ψ(z)

, (z ∈ D).

Moreover, by (7.23) and the fact that Ψρ(z) �= 0 for all z ∈ D, we deduce that
Ψ(z) �= 0 for all z ∈ D. This representation allows us to derive all parts of the
theorem.

The zeros of F are the same as the zeros of Φ ∈ H∞(D). Hence (a) follows
from Lemma 7.6. By Fatou’s theorem (Lemma 3.10),

ϕ(eiθ) = lim
r→1

Φ(reiθ),

ψ(eiθ) = lim
r→1

Ψ(reiθ)
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exist and are finite for almost all eiθ ∈ T, and by the uniqueness theorem
(Theorem 5.13) the set { eiθ ∈ T : ψ(eiθ) = 0 } is of Lebesgue measure zero.
Hence, part (b) follows. Since f = ϕ/ψ, part (c) follows from Theorem 7.9.
Finally, as discussed in Section 7.6, there are positive Borel measures σ1 and σ2
such that

Φ = B Sσ1 O|ϕ| and Ψ = Sσ2 O|ψ|,

where B is the Blaschke product formed with the zeros of Φ. Hence, we obtain
F = B Sσ1−σ2 O|ϕ|/|ψ| = B Sσ O|f |.

In the proof of the preceding theorem it was shown that each element F ∈ N
is the quotient of two bounded analytic functions. On the other hand, suppose
that F = Φ/Ψ, where Φ and Ψ are bounded analytic functions on the open unit
disc. Without loss of generality, we may assume that ‖Φ‖∞ ≤ 1 and ‖Ψ‖∞ ≤ 1,
and that Ψ(0) �= 0. Hence,

log+ |F (reiθ)| ≤ − log |Ψ(reiθ)|

and thus, by Jensen’s formula (Theorem 7.2),∫ π

−π
log+ |F (reiθ)| dθ ≤ −

∫ π

−π
log |Ψ(reiθ)| dθ ≤ −2π log |Ψ(0)|

for all r < 1. Therefore, F ∈ N . We thus obtain another characterization of
the Nevanlinna class.

Corollary 7.12 Let F be analytic on the open unit disc. Then F ∈ N if and
only if F is the quotient of two bounded analytic functions.

The measure σ appearing in the canonical decomposition of functions in
the Nevanlinna class is not necessarily positive. Hence, we define a subclass as
follows:

N+ = {F ∈ N : F = B Sσ O|f | with σ ≥ 0 }.
Based on the canonical factorization theorem, we have⋃

p>0

Hp(D) ⊂ N+.

The main advantage of N+ over N is the following result.

Theorem 7.13 (Smirnov) Let F ∈ N+, and let f(eiθ) = limr→1 F (reiθ), wher-
ever the limit exists. Then F ∈ Hp(D), 0 < p ≤ ∞, if and only if f ∈ Lp(T).
In particular, if F ∈ Hs(D) for some s ∈ (0,∞] and f ∈ Lp(T), 0 < p ≤ ∞,
then F ∈ Hp(D).

Proof. Since F ∈ N+ we have the canonical factorization F = B Sσ O|f |, where
B is the Blaschke product formed with the zeros of F and σ is a positive singular
measure. Therefore, I = IF = B Sσ is an inner function. Hence, it is enough
to show that O|f | ∈ Hp(D). But, as discussed at the beginning of Section 7.6,
O|f | ∈ Hp(D) if and only if f ∈ Lp(T).
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Let

F (z) = exp
{

1 + z

1− z

}
, (z ∈ D).

Clearly F ∈ N with unimodular boundary values

f(eiθ) = ei cot(θ/2), (eiθ ∈ T).

However, F �∈ H∞(D). Hence, in Theorem 7.13 we cannot replace N+ by N .
The following result provides a characterization of the elements of N+ in the
Nevanlinna class N .

Theorem 7.14 Let F ∈ N , and let f(eiθ) = limr→1 F (reiθ), wherever the limit
exists. Then F ∈ N+ if and only if

lim
r→1

∫ π

−π
log+ |F (reiθ)| dθ =

∫ π

−π
log+ |f(eiθ)| dθ. (7.24)

Proof. Suppose that F ∈ N+. Hence F = B Sσ O|f |, where σ is a positive
singular measure. Therefore, |F | ≤ |O|f ||, which implies

log+ |F (reiθ)| ≤ 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) log+ |f |(eit) dt, (reiθ ∈ D).

Thus, by Fubini’s theorem,∫ π

−π
log+ |F (reiθ)| dθ ≤

∫ π

−π
log+ |f |(eit) dt, (0 ≤ r < 1).

The quantity on the right side is an increasing function of r (Corollary 4.12),
and by Fatou’s lemma,∫ π

−π
log+ |f(eiθ)| dθ ≤ lim inf

r→1

∫ π

−π
log+ |F (reiθ)| dθ.

Hence, (7.24) holds.
Now, suppose that (7.24) holds. Let F = B Sσ O|f | be the canonical decom-

position of F ∈ N . Write G = Sσ O|f | and denote its boundary values by g.
Since F = BG, it is enough to prove that G ∈ N+. We have |f | = |g| and

log |B(z)|+ log+ |G(z)| ≤ log+ |F (z)| ≤ log+ |G(z)|.

Thus, by Corollary 7.5 and our assumption (7.24),

lim
r→1

∫ π

−π
log+ |G(reiθ)| dθ =

∫ π

−π
log+ |g(eiθ)| dθ. (7.25)

The main reason we replaced F by G is that it has the representation

log |G(reiθ)| = 1
2π

∫
T

1− r2
1 + r2 − 2r cos(θ − t) dλ(eit), (reiθ ∈ D),
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where
dλ(eit) = log |g(eit)| dt− dσ(eit).

Hence, by Corollary 2.11 the measures log |G(reit)| dt converge in the weak*
topology to dλ(eit). Take any sequence rn > 0, n ≥ 1, such that rn → 1. Since
the sequences (log+ |G(rneit)| dt)n≥1 and (log− |G(rneit)| dt)n≥1 are uniformly
bounded in M(T), there is a subsequence (nk)k≥1 and two positive measures
λ1, λ2 ∈M(T) such that

log+ |G(rnk
eit)| dt −→ dλ1(eit) and log− |G(rnk

eit)| dt −→ dλ2(eit)

in the weak* topology. Hence, λ = λ1 − λ2. Our main task is to show that
λ1 is absolutely continuous with respect to the Lebesgue measure. This fact is
equivalent to saying that σ ≥ 0, and thus the theorem would be proved.

Let E be any Borel subset of T. Then, by Fatou’s lemma,∫
E

log+ |g(eit)| dt ≤ lim inf
r→1

∫
E

log+ |G(reit)| dt

and ∫
T\E

log+ |g(eit)| dt ≤ lim inf
r→1

∫
T\E

log+ |G(reit)| dt.

If, in any one of the last two inequalities, the strict inequality holds, then we
add them up and obtain a strict inequality which contradicts (7.25). Hence

lim inf
r→1

∫
E

log+ |G(reit)| dt =
∫
E

log+ |g(eit)| dt

for all Borel subsets E of T. In particular, if we take r = rnk
, k → ∞,

then, by (7.25) and Theorem A.4, the measures log+ |G(rnk
eit)| dt converge

to log+ |g(eit)| dt in the weak* topology. Therefore,

dλ1(eit) = log+ |g(eit)| dt.

Exercises

Exercise 7.7.1 Show that⋃
p>0

Hp(D) � N+ � N .

Exercise 7.7.2 Let F ∈ N , and let f(eiθ) = limr→1 F (reiθ), wherever the
limit exists. Show that the assumption f ∈ Lp(T), 0 < p ≤ ∞, is not enough to
conclude that F ∈ Hp(D).
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Exercise 7.7.3 Let F ∈ N . Show that there is a Blaschke product B and
singular inner functions S1, S2 and an outer function O such that

F = B S1O/S2.

Exercise 7.7.4 [Generalized Smirnov theorem] Let Og and Oh be outer func-
tions with g/h ∈ Lp(T), 0 < p ≤ ∞. Show that

Og
Oh
∈ Hp(D).

Exercise 7.7.5 Let u, ũ ∈ L1(T). Let V = Q ∗ u. Show that V ∈ h1(D),

lim
r→1
‖Vr − ũ‖1 = 0

and

V (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) ũ(e

it) dt, (reiθ ∈ D).

Hint: Let U = P ∗u, and let F = U + iV . By Kolmogorov’s theorem (Corollary
6.2), F ∈ H1/2(D). Since the boundary values of F are given by f = u + iũ ∈
L1(T), the Smirnov theorem (Theorem 7.13) ensures that F ∈ H1(D).

Exercise 7.7.6 Let u, ũ ∈ L1(T). Show that u+ iũ ∈ H1(T).
Hint: Use Exercise 7.7.5.

Exercise 7.7.7 Let u, ũ ∈ L1(T). Suppose that∫ π

−π
u( eit ) dt = 0.

Show that
˜̃u = −u.

Hint: Use Exercise 7.7.6.

Exercise 7.7.8 Let u, ũ ∈ L1(T). Show that

ˆ̃u(n) = −i sgn(n) û(n), (n ∈ Z).

Hint: Use Exercise 7.7.5.
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7.8 The Hardy and Fejér–Riesz inequalities

Another consequence of Theorem 7.7 is the following representation for the
elements of H1(D). This result by itself is interesting and will lead us to Hardy’s
inequality.

Lemma 7.15 Let F ∈ H1(D). Then there are G,K ∈ H2(D) such that

F = GK

and
‖F‖1 = ‖G‖22 = ‖K‖22.

Proof. By Theorem 7.7, F = BΦ, where B is a Blaschke product and Φ ∈
H1(D) is free of zeros on D with ‖Φ‖1 = ‖F‖1. Let

G = BΦ
1
2 and K = Φ

1
2 .

Clearly GK = F and ‖K‖22 = ‖Φ‖1 = ‖F‖1. Moreover, again by Theorem 7.7,
‖G‖22 = ‖BΦ

1
2 ‖22 = ‖Φ 1

2 ‖22 = ‖Φ‖1 = ‖F‖1.

An element F ∈ H1(D) corresponds to a unique f ∈ H1(T) and we have the
power series representation

F (z) =
∞∑
n=0

f̂(n) zn, (z ∈ D).

Since f ∈ H1(T) ⊂ L1(T), by the Riemann–Lebesgue lemma (Corollary 2.17),
we know that f̂(n)→ 0 as n→∞. Hardy’s inequality improves this result.

Theorem 7.16 (Hardy’s inequality) Let F ∈ H1(D) and let f ∈ H1(T) denote
its boundary values. Then

∞∑
n=1

|f̂(n)|
n
≤ π ‖F‖1.

Proof. By Lemma 7.15, there are G,K ∈ H2(D) such that F = GK and ‖F‖1 =
‖G‖22 = ‖K‖22. Moreover, if

G(z) =
∞∑
n=0

ĝ(n) zn, (z ∈ D),

and

K(z) =
∞∑
n=0

k̂(n) zn, (z ∈ D),

then we clearly have
f̂(n) =

∑
j+�=n
j,�≥0

ĝ(j)k̂(�).
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By Parseval’s identity (Corollary 2.22),

∞∑
n=0

|ĝ(n)|2 = ‖G‖22 = ‖F‖1

and ∞∑
n=0

|k̂(n)|2 = ‖K‖22 = ‖F‖1.

Hence

G(z) =
∞∑
n=0

|ĝ(n)| zn, (z ∈ D),

and

K(z) =
∞∑
n=0

|k̂(n)| zn, (z ∈ D),

are also in H2(D), with ‖G‖22 = ‖K‖22 = ‖F‖1. Therefore, if we define

F(z) = G(z) K(z) =
∞∑
n=0

An z
n, (z ∈ D),

then, by Hölder’s inequality, F ∈ H1(D) with

‖F‖1 ≤ ‖G‖2 ‖K‖2 = ‖F‖1

and

|f̂(n)| ≤
∣∣∣∣ ∑
j+�=n
j,�≥0

ĝ(j)k̂(�)
∣∣∣∣ ≤ ∑

j+�=n
j,�≥0

|ĝ(j)| |k̂(�)| = An

for all n ≥ 0. Hence, it is enough to prove that

∞∑
n=1

An
n
≤ π ‖F‖1.

The main advantage of F over F is that all its coefficients are positive.
Let

Φ(z) =
∞∑
n=1

zn

n
= − log(1− z), (z ∈ D),

where log is the main branch of logarithm. Hence, �Φ ∈ h∞(D) with

‖�Φ‖∞ =
π

2
.

Then, by Parseval’s identity, we have

1
2π

∫ π

−π
F(reiθ) Φ(reiθ) dθ =

∞∑
n=1

An
n
r2n
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and
1
2π

∫ π

−π
F(reiθ) Φ(reiθ) dθ = 0.

Hence,

− i
π

∫ π

−π
F(reiθ) �Φ(reiθ) dθ =

∞∑
n=1

An
n
r2n.

Therefore, for each 0 ≤ r < 1,

∞∑
n=1

An
n
r2n ≤ 2‖F‖1 ‖�Φ‖∞ ≤ π ‖F‖1.

Now, let r → 1.

Let F ∈ H∞(D). Abusing the notation, let F also denote the restric-
tion of F on the interval I = (−1, 1). Then F is clearly bounded on I and
‖F‖L∞(I) ≤ ‖F‖H∞(D). The Fejér–Riesz inequality is a generalization of this
simple observation for other Hp(D) classes.

Theorem 7.17 (Fejér–Riesz) Let F ∈ Hp(D), 0 < p <∞. Then

( ∫ 1

−1
|F (x)|p dx

) 1
p

≤ π1/p ‖F‖p.

Proof. Case 1: F ∈ H2(D) and the Taylor coefficients of F are real.

In this case, F (x) is real for all x ∈ (−1, 1). Fix 0 < r < 1. Let Γr be the curve
formed with the interval [−r, r] and the semicircle reiθ, 0 ≤ θ ≤ π. Then∫

Γr

F (z) dz = 0,

which implies ∫ r

−r
F 2(x) dx = −ir

∫ π

0
F 2(reiθ) eiθ dθ,

and thus ∫ r

−r
F 2(x) dx ≤

∫ π

0
|F (reiθ)|2 dθ. (7.26)

A similar argument shows that∫ r

−r
F 2(x) dx ≤

∫ 0

−π
|F (reiθ)|2 dθ. (7.27)

To obtain this inequality we should start with the curve Γr formed with the
interval [−r, r] and the semicircle reiθ, −π ≤ θ ≤ 0. Adding (7.26) to (7.27)
gives

2
∫ r

−r
F 2(x) dx ≤

∫ π

−π
|F (reiθ)|2 dθ ≤ 2π‖F‖22.
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Let r → 1 to obtain

( ∫ 1

−1
F 2(x) dx

) 1
2

≤ π 1
2 ‖F‖2.

Case 2: F ∈ H2(D).

Write

F (z) =
∞∑
n=0

(an + ibn) zn =
∞∑
n=0

an z
n + i

∞∑
n=0

bn z
n = F1(z) + iF2(z),

where an and bn are real numbers. Then F1 and F2 are real on the interval
(−1, 1) and

‖F1‖22 + ‖F2‖22 =
∞∑
n=0

|an|2 +
∞∑
n=0

|bn|2 =
∞∑
n=0

|an + ibn|2 = ‖F‖22.

Hence, by Case 1,

∫ 1

−1
|F (x)|2 dx =

∫ 1

−1
F 2

1 (x) dx+
∫ 1

−1
F 2

2 (x) dx

≤ π ‖F1‖22 + π ‖F2‖22 = π ‖F‖22.

Case 3: F ∈ Hp(D).

By Theorem 7.7, F = BG, where G ∈ Hp(D), G is zero-free and ‖F‖p = ‖G‖p.
Let K = Gp/2. Hence, K ∈ H2(D) and

‖K‖22 = ‖G‖pp = ‖F‖pp.

Therefore, by Case 2,

∫ 1

−1
|F (x)|p dx ≤

∫ 1

−1
|G(x)|p dx

=
∫ 1

−1
|K(x)|2 dx

≤ π ‖K‖22 = π ‖F‖pp.

Exercises
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Exercise 7.8.1 Let F ∈ H1(D) and let f ∈ H1(T) denote its boundary values.
Show that ∞∑

n=0

|f̂(n)|
n+ 1

≤ π ‖F‖1.

Exercise 7.8.2 Let G,K ∈ H2(D) and let

F = GK.

Show that F ∈ H1(D) and

‖F‖1 ≤ ‖G‖2 ‖K‖2.

Exercise 7.8.3 Let F ∈ H1(D). Show that there are G,K ∈ H1(D) such that

F = G+K,

G and K are free of zeros on D, and

‖G‖1 ≤ ‖F‖1, ‖K‖1 ≤ ‖F‖1.

Hint: If B is a Blaschke product, B �≡ 1, then 1 +B and 1−B are zero-free on
D.

Exercise 7.8.4 Let

F (z) =
∞∑
n=2

zn

log n
, (z ∈ D).

Show that F �∈ H1(D).

Exercise 7.8.5 Give an example to show that the constant π1/p in Theorem
7.17 is sharp, i.e. it cannot be replaced by a smaller one.
Hint: Consider Fε(z) = (ϕ′(z) )1/p, where ϕ is the conformal mapping from D
to the rectangle (−1, 1)× (−ε, ε), and ϕ maps (−1, 1) to itself.
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Chapter 8

Interpolating linear
operators

8.1 Operators on Lebesgue spaces

Let (X,M, µ) be a measure space with µ ≥ 0, and let Lp(X), 0 < p < ∞,
denote the space of all equivalent classes of measurable functions f such that

‖f‖p =
( ∫

X

|f |p dµ
) 1

p

<∞.

The space L∞(X) is defined similarly by requiring

‖f‖∞ = inf
M>0

{
M : µ{ t : |f(t)| > M } = 0

}
<∞.

The family of Lebesgue spaces Lp(T), 0 < p ≤ ∞, is an important example that
we have already seen several times before.

Let (X,M, µ) and (Y,N, ν) be two measure spaces. Let p, q ∈ (0,∞]. If an
operator

Λ : Lp(X) −→ Lq(Y )

is bounded, i.e. with a suitable constant C,

‖Λf‖q ≤ C ‖f‖p (8.1)

for all f ∈ Lp(X), we say that Λ is of type (p, q) and we denote its norm by

‖Λ‖(p,q) = sup
f∈Lp(X)
f �=0

‖Λf‖q
‖f‖p

.

In other words, ‖Λ‖(p,q) is the smallest possible constant C in (8.1).

187
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Suppose that the operator Λ is defined on the set

Lp0(X) + Lp1(X) = { f + g : f ∈ Lp0(X) and g ∈ Lp1(X)}

and is of types (p0, q0) and (p1, q1). More precisely, when we restrict Λ to Lp0(X)
and Lp1(X), both operators

Λ : Lp0(X) −→ Lq0(Y )

and
Λ : Lp1(X) −→ Lq1(Y )

are well-defined and bounded. Then if p is between p0 and p1, we are faced with
a natural question. Can we find q between q0 and q1 such that

Λ : Lp(X) −→ Lq(Y )

is also well-defined and bounded? The Riesz–Thorin interpolation theorem
(Theorem 8.2) provides an affirmative answer. Let us mention two relevant
examples that have already been discussed.

The Fourier transform

F : L1(T) −→ �∞(Z)
f �−→ f̂

was defined in Section 1.3. By Lemma 1.1, F is of type (1,∞). Moreover, by
Parseval’s identity (Corollary 2.22), the operator

F : L2(T) −→ �2(Z)
f �−→ f̂

is well-defined and has type (2, 2). As a matter of fact, it is not difficult to show
that

‖F‖(1,∞) = ‖F‖(2,2) = 1.

Therefore, if p ∈ [1, 2] is given, is there a proper q ∈ [2,∞] such that

F : Lp(T) −→ �q(Z)
f �−→ f̂

is well-defined and bounded?
Our second example is the convolution operator. Fix 1 ≤ r ≤ ∞ and fix

f ∈ Lr(T). Let
Λ : L1(T) −→ Lr(T)

g �−→ f ∗ g.
By Corollary 1.5, Λ is of type (1, r). On the other hand, the same corollary
implies

Λ : Lr
′
(T) −→ L∞(T)

g �−→ f ∗ g
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is of type (r′,∞), where 1/r+1/r′ = 1. Thanks to Young’s inequality (Theorem
1.4), we already know that if

s ∈ [1, r′],

and we pick

p =
sr′

r′ − s ∈ [r,∞],

then
Λ : Ls(T) −→ Lp(T)

g �−→ f ∗ g
is of type (s, p). However, using the Riesz–Thorin interpolation theorem (The-
orem 8.2), we will give a second proof of this fact.

Exercises

Exercise 8.1.1 Let (X,M, µ) be a measure space. Let 0 < p0 ≤ p ≤ p1 ≤ ∞.
Show that

Lp(X) ⊂ Lp0(X) + Lp1(X).

Exercise 8.1.2 Let (X,M, µ) be a measure space. When is the family Lp(X),
0 < p ≤ ∞, monotone?

8.2 Hadamard’s three-line theorem

In Section 4.2 we discussed several versions of the maximum principle. In partic-
ular, we saw that if F is analytic on a proper unbounded domain Ω, continuous
on Ω and |F (ζ)| ≤ 1 at all boundary points ζ, we still cannot deduce that F
is bounded on Ω. However, as Phragmen-Lindelöf observed, under some extra
conditions, we can show that the maximum principle still holds even for un-
bounded domains. There are many types of Phragmen-Lindelöf theorems with
different conditions for different domains. To prove the Riesz–Thorin interpo-
lation theorem, we need a very special case due to Hadamard.

Theorem 8.1 (Hadamard’s three-line theorem) Let S be the strip

S = {x+ iy : 0 < x < 1, y ∈ R }.

Suppose that F is continuous and bounded on S = [0, 1] × R, and that F is
analytic on S. Suppose that

|F (iy)| ≤ m0

and
|F (1 + iy)| ≤ m1

for all y ∈ R. Then
|F (x+ iy)| ≤ m1−x

0 mx
1

for all 0 < x < 1 and all y ∈ R.
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Proof. Without loss of generality assume that m0,m1 > 0. Since otherwise, we
can replace them by m0 + ε and m1 + ε, and after proving the inequality with
these new constants, we let ε→ 0.

Let

G(z) =
F (z)

m1−z
0 mz

1
.

The function G is continuous and bounded on S = [0, 1] × R, and analytic on
S. Moreover,

|G(iy)| ≤ 1

and
|G(1 + iy)| ≤ 1

for all y ∈ R. If we succeed in proving that |G(z)| ≤ 1 inside the strip, then
the required inequality follows immediately. However, this fact is a simple con-
sequence of Corollary 4.5 applied to log |G|.

Let
‖Fx‖∞ = sup

y∈R

|F (x+ iy)|.

Then Hadamard’s three-line theorem can be rewritten as

log ‖Fx‖∞ ≤ (1− x) log ‖F0‖∞ + x log ‖F1‖∞.

In other words, log ‖Fx‖∞ is a convex function of x.

Exercises

Exercise 8.2.1 [Hadamard’s three-circle theorem] Let Ω be the annulus

Ω = { z : 0 < r1 < |z| < r2 <∞}.

Suppose that F is continuous on Ω, and that F is analytic on Ω. Suppose that

|F (r1eiθ)| ≤ m1

and
|F (r2eiθ)| ≤ m2

for all θ. Show that

|F (reiθ)| ≤ m
log r2−log r
log r2−log r1
0 m

log r−log r1
log r2−log r1
1

for all r1 < r < r2 and all θ.
Remark: Hadamard’s three-circle theorem says that log ‖Fr‖∞ is a convex func-
tion of log r. Hardy’s convexity theorem (Theorem 4.15) is a generalization of
this result.
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Exercise 8.2.2 Use

Fn(z) =
F (z)

m1−z
0 mz

1
e(z

2−1)/n, (n ≥ 1),

and the ordinary maximum principle for analytic functions to give a direct proof
of Hadamard’s three-line theorem.
Hint: For each fixed n, we have

lim
z→∞
z∈S

Fn(z) = 0.

Hence, the maximum principle ensures that |Fn(z)| ≤ 1 for all z ∈ S. Now, let
n→∞.

8.3 The Riesz–Thorin interpolation theorem

Let (X,M, µ) be a measure space. A simple function is a finite linear combina-
tion

N∑
n=1

cn χAn ,

where cn are complex numbers and An ∈ M with µ(An) < ∞. Let us recall
that

χA(x) =




1 if x ∈ A,

0 if x �∈ A
is the characteristic function of A. Clearly, we can assume that An are disjoints.
Simple functions belong to all Lp(X) spaces and they are dense in Lp(X) when-
ever 0 < p <∞.

Theorem 8.2 (Riesz–Thorin interpolation theorem) Let (X,M, µ) and (Y,N, ν)
be two measure spaces. Let p0, q0, p1, q1 ∈ [1,∞]. Suppose that

Λ : Lp0(X) + Lp1(X) −→ Lq0(Y ) + Lq1(Y )

is a linear map of types (p0, q0) and (p1, q1). Let t ∈ [0, 1] and define

1
pt

=
1− t
p0

+
t

p1
and

1
qt

=
1− t
q0

+
t

q1
.

Then
Λ : Lpt(X) −→ Lqt(Y )

is a linear map of type (pt, qt), and

‖Λ‖(pt,qt) ≤ ‖Λ‖1−t
(p0,q0)

‖Λ‖t(p1,q1).
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Remark: We consider 1/∞ = 0 and 1/0 =∞.

Proof. Fix t ∈ (0, 1). Without loss of generality, we also assume that p0 ≤ p1.
We consider three cases.

Case 1: Suppose that pt, qt ∈ (1,∞).

This assumption has two advantages. First, Lqt(Y ) is the dual of Lq
′
t(Y ), where

1/qt + 1/q′
t = 1. Second, simple functions are dense in Lpt(X) and Lq

′
t(Y ).

Let ϕ be a simple function on X. Since ϕ ∈ Lp0(X) + Lp1(X), we have
Λϕ ∈ Lq0(Y ) + Lq1(Y ), and thus, by duality,

‖Λϕ‖qt = sup
∣∣∣∣

∫
Y

(Λϕ)ψ dν
∣∣∣∣,

where the supremum is taken over all simple functions ψ ∈ Lq′
t(Y ) with

‖ψ‖q′
t
≤ 1.

We apply Hadamard’s three-line theorem (Theorem 8.1) to estimate
∫
Y

(Λϕ)ψ dν.
Since ϕ and ψ are simple functions we can write them as

ϕ =
∑
m

rm e
iθm χAm and ψ =

∑
n

ρn e
iϑn χBn

,

where rm, ρn > 0, Am ∈M and Bn ∈ N, and each sum has finitely many terms.
Define

ϕz =
∑
m

r
pt

(
1−z
p0

+ z
p1

)
m eiθm χAm and ψz =

∑
n

ρ
q′

t

(
1−z

q′
0

+ z
q′
1

)
n eiϑn χBn .

The definition is arranged such that ϕt = ϕ and ψt = ψ. Without loss of
generality we can assume the sets {Am} and {Bn} are respectively pairwise
disjoint. Hence, for all α ≥ 0, we have

|ϕx+iy|α =
∑
m

r
αpt

(
1−x
p0

+ x
p1

)
m χAm

and |ψx+iy|α =
∑
n

ρ
αq′

t

(
1−x

q′
0

+ x
q′
1

)
n χBn .

In particular, the identities

|ϕiy|p0 = |ϕ1+iy|p1 = |ϕ|pt (8.2)

and
|ψiy|q

′
0 = |ψ1+iy|q

′
1 = |ψ|q′

t (8.3)

are essential for us.
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Let

F (z) =
∫
Y

(Λϕz)ψz dν

=
∑
m

∑
n

ei(θm+ϑn)
( ∫

Y

(ΛχAm)χBn dν

)
r
pt

(
1−z
p0

+ z
p1

)
m ρ

q′
t

(
1−z

q′
0

+ z
q′
1

)
n .

Hence F is an entire function, and

F (t) =
∫
Y

(Λϕ)ψ dν.

Let S be the strip

S = {x+ iy : 0 < x < 1, y ∈ R }.

Since ∣∣∣∣ rpt

(
1−z
p0

+ z
p1

)
m ρ

q′
t

(
1−z

q′
0

+ z
q′
1

)
n

∣∣∣∣ = r
pt

(
1−x
p0

+ x
p1

)
m ρ

q′
t

(
1−x

q′
0

+ x
q′
1

)
n ,

the entire function F is bounded on S̄. Moreover, by Hölder’s inequality, on the
vertical line 
z = 0 we have

|F (iy)| =
∣∣∣∣

∫
Y

(Λϕiy)ψiy dν
∣∣∣∣

≤
( ∫

Y

|Λϕiy|q0 dν
) 1

q0
( ∫

Y

|ψiy|q
′
0 dν

) 1
q′
0

≤ ‖Λ‖(p0,q0)
( ∫

Y

|ϕiy|p0 dν
) 1

p0
( ∫

Y

|ψiy|q
′
0 dν

) 1
q′
0
.

Hence, by (8.2)–(8.3) and the fact that ‖ψ‖q′
t
≤ 1, we obtain

|F (iy)| ≤ ‖Λ‖(p0,q0) ‖ϕ‖pt/p0
pt

. (8.4)

Similarly, on the vertical line 
z = 1 we have

|F (1 + iy)| =
∣∣∣∣

∫
Y

(Λϕ1+iy)ψ1+iy dν

∣∣∣∣
≤

( ∫
Y

|Λϕiy|q1 dν
) 1

q1
( ∫

Y

|ψiy|q
′
1 dν

) 1
q′
1

≤ ‖Λ‖(p1,q1)
( ∫

Y

|ϕiy|p1 dν
) 1

p1
( ∫

Y

|ψiy|q
′
1 dν

) 1
q′
1
.

Hence, by (8.2)–(8.3), we obtain

|F (1 + iy)| ≤ ‖Λ‖(p1,q1) ‖ϕ‖pt/p1
pt

. (8.5)
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Therefore, by Hadamard’s three-line theorem (Theorem 8.1) and by (8.4) and
(8.5), we have

|F (t)| ≤
(
‖Λ‖(p0,q0) ‖ϕ‖pt/p0

pt

)1−t (
‖Λ‖(p1,q1) ‖ϕ‖pt/p1

pt

)t
= ‖Λ‖1−t

(p0,q0)
‖Λ‖t(p1,q1) ‖ϕ‖pt .

Thus ∣∣∣∣
∫
Y

(Λϕ)ψ dν
∣∣∣∣ ≤ ‖Λ‖1−t

(p0,q0)
‖Λ‖t(p1,q1) ‖ϕ‖pt

.

Taking the supremum with respect to all ψ with ‖ψ‖q′
t
≤ 1 gives

‖Λϕ‖qt ≤ ‖Λ‖1−t
(p0,q0)

‖Λ‖t(p1,q1) ‖ϕ‖pt . (8.6)

This is the required inequality, but just for simple functions ϕ ∈ Lpt(X). We
use some tools from measure theory to show that (8.6) holds for all elements of
Lpt(X).

Let f ∈ Lpt(X). Then there is a sequence of simple functions ϕn ∈ Lpt(X)
such that

lim
n→∞ ‖ϕn − f‖pt = 0.

If we can show that
lim
n→∞ ‖Λϕn − Λf‖qt

= 0,

then immediately we see that (8.6) is also fulfilled by f and we are done. This
fact is actually our main assumption whenever pt = p0 or pt = p1. Hence we
assume that p0 < pt < p1.

Since (ϕn)n≥1 is convergent in Lpt(X), it is necessarily a Cauchy sequence,
and thus, by (8.6), (Λϕn)n≥1 is a Cauchy sequence in Lqt(Y ). Therefore, there
is g ∈ Lqt(Y ) such that

lim
n→∞ ‖Λϕn − g‖qt = 0.

We show that Λϕn also converges in measure to Λf and this is enough to ensure
that g = Λf .

Let
εn = ‖f − ϕn‖pt

and let
Sn = {x ∈ X : |f(x)− ϕn(x)| > εn }.

Clearly we can assume that εn > 0. Since otherwise, f would be a simple
function, and we saw that (8.6) is fulfilled by such functions. Now, on the one
hand, by Chebyshev’s inequality,

µ(Sn) =
∫
Sn

dµ ≤
∫
Sn

∣∣∣∣ f − ϕnεn

∣∣∣∣pt

dµ ≤
‖f − ϕn‖pt

pt

εpt
n

= 1,
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and thus, by Hölder’s inequality with α = pt/p0, we obtain

‖(f − ϕn)χSn‖p0p0 =
∫
X

|f − ϕn|p0 χSn dµ

≤
( ∫

X

|f − ϕn|αp0 dµ
) 1

α
( ∫

X

|χSn |α
′
dµ

) 1
α′

≤ ‖f − ϕn‖p0pt
.

On the other hand, on X \ Sn we have |f − ϕn|/εn ≤ 1, and thus∫
X\Sn

∣∣∣∣ f − ϕnεn

∣∣∣∣p1 dµ ≤
∫
X\Sn

∣∣∣∣ f − ϕnεn

∣∣∣∣pt

dµ ≤
‖f − ϕn‖pt

pt

εpt
n

= 1,

which gives
‖(f − ϕn)χX\Sn

‖p1 ≤ ‖f − ϕn‖pt .

Therefore,

‖(f − ϕn)χSn‖p0 −→ 0 and ‖(f − ϕn)χX\Sn
‖p1 −→ 0

as n→∞. Since Λ is of type (p0, q0) and (p1, q1), we conclude

‖Λ
(
(f − ϕn)χSn

)
‖q0 −→ 0 and ‖Λ

(
(f − ϕn)χX\Sn

)
‖q1 −→ 0

as n→∞. In particular,

Λ
(
(f − ϕn)χSn

)
−→ 0 and Λ

(
(f − ϕn)χX\Sn

)
−→ 0

in measure as n→∞. Adding both together gives

Λϕn −→ Λf

in measure, and we are done.

Case 2: pt ∈ (1,∞), but either qt = 1 or qt =∞.

In this case, we necessarily have q0 = q1 = qt. Let T be a bounded linear
functional on Lqt(Y ) and let

F (z) = T (Λϕz),

where ϕ is a simple function on X. Hence

|F (iy)| ≤ ‖T‖ ‖Λϕiy‖q0 ≤ ‖T‖ ‖Λ‖(p0,q0) ‖ϕ‖pt/p0
pt

and
|F (1 + iy)| ≤ ‖T‖ ‖Λϕ1+iy‖q1 ≤ ‖T‖ ‖Λ‖(p1,q1) ‖ϕ‖pt/p1

pt
.

Therefore, by Hadamard’s three-line theorem (Theorem 8.1), we have

|T (Λϕ)| = |F (it)| ≤ ‖T‖ ‖Λ‖1−t
(p0,q0)

‖Λ‖t(p1,q1) ‖ϕ‖pt .
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Finally, the Hahn–Banach theorem implies that

‖Λϕ‖qt ≤ ‖Λ‖1−t
(p0,q0)

‖Λ‖t(p1,q1) ‖ϕ‖pt .

The rest is exactly as in Case 1.

Case 3: Either pt = 1 or pt =∞.

In this case, we necessarily have p0 = p1 = pt. Let f ∈ Lpt(X). Then, by
Hölder’s inequality,

‖Tf‖qt = ‖ |Tf |1−t |Tf |t‖qt

≤ ‖Tf‖1−t
q0 ‖Tf‖

t
q1

≤
(
‖Λ‖(p0,q0) ‖f‖p0

)1−t (
‖Λ‖(p1,q1) ‖f‖p1

)t
= ‖Λ‖1−t

(p0,q0)
‖Λ‖t(p1,q1) ‖f‖p1 .

As a very special case, if r = p0 = q0 and s = p1 = q1 in the Riesz–Thorin
interpolation theorem, and, by assumption, the linear map Λ is of types (r, r)
and (s, s), i.e.

‖Λf‖r ≤ ‖Λ‖(r,r) ‖f‖r, (f ∈ Lr(X)),

and
‖Λf‖s ≤ ‖Λ‖(s,s) ‖f‖s, (f ∈ Ls(X)),

then, for each p between r and s with

1
p

=
1− t
r

+
t

s
, (0 ≤ t ≤ 1),

the map
Λ : Lp(X) −→ Lp(Y )

is of type (p, p), i.e.

‖Λf‖p ≤ ‖Λ‖(p,p) ‖f‖p, (f ∈ Lp(X)),

and
‖Λ‖(p,p) ≤ ‖Λ‖1−t

(r,r) ‖Λ‖
t
(s,s).

Exercises

Exercise 8.3.1 First, give a direct proof of Corollary 1.5. Then use this
corollary and the Riesz–Thorin interpolation theorem to obtain another proof
of Young’s inequality (Theorem 1.4).
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Exercise 8.3.2 Let (X,M, µ) and (Y,N, ν) be two measure spaces. Let
p0, q0, p1, q1 ∈ [1,∞]. Suppose that Λ is a linear map defined for all simple
functions ϕ on X such that Λϕ is a measurable function on Y and

‖Λϕ‖q0 ≤M0 ‖ϕ‖p0
and

‖Λϕ‖q1 ≤M1 ‖ϕ‖p1 .
Let t ∈ [0, 1] and define

1
pt

=
1− t
p0

+
t

p1
and

1
qt

=
1− t
q0

+
t

q1
.

Show that
‖Λϕ‖qt ≤M1−t

0 M t
1 ‖ϕ‖pt .

Moreover, if pt < ∞, then Λ can be uniquely extended to the whole space
Lpt(µ).

8.4 The Hausdorff–Young theorem

In this section we study the Housdorff–Young theorem about the Fourier trans-
form on T. There is another version with a similar proof about the Fourier
transform of functions defined on R.

Theorem 8.3 (The Hausdorff–Young theorem) Let f ∈ Lp(T), 1 ≤ p ≤ 2.
Then f̂ , the Fourier transform of f , belongs to �q(Z), where q is the conjugate
exponent of p, and

‖f̂‖q ≤ ‖f‖p.

Proof. By Lemma 1.1,

F : L1(T) −→ �∞(Z)
f �−→ f̂

is of type (1,∞) with
‖F‖(1,∞) ≤ 1.

By Parseval’s identity (Corollary 2.22),

F : L2(T) −→ �2(Z)
f �−→ f̂

is of type (2, 2) with
‖F‖(2,2) ≤ 1.

(As a matter of fact, we have ‖F‖1,∞ = ‖F‖2,2 = 1. But we do not need this
here.) Hence, with

p0 = 1, q0 =∞, p1 = 2, q1 = 2,
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the Riesz–Thorin interpolation theorem (Theorem 8.2) implies that

F : Lpt(T) −→ �qt(Z)
f �−→ f̂

is well-defined and has type (pt, qt) with

‖F‖(pt,qt) ≤ ‖F‖1−t
(1,∞) ‖F‖

t
(2,2) ≤ 1.

Hence
‖f̂‖qt ≤ ‖f‖pt .

To find the relation between pt and qt, note that

1
pt

=
1− t
∞ +

t

2
=
t

2

and
1
qt

=
1− t

1
+
t

2
= 1− t

2
.

Hence pt ∈ [1, 2] and
1
pt

+
1
qt

= 1.

Corollary 8.4 Let f ∈ Hp(T), 1 ≤ p ≤ 2. Then f̂ , the Fourier transform of
f , belongs to �q(Z+), where q is the conjugate exponent of p, and

‖f̂‖q ≤ ‖f‖p.

Exercises

Exercise 8.4.1 Let 1 ≤ p ≤ 2, and let q be the conjugate exponent of p. Let
{an}n∈Z be a sequence in �p(Z). Show that there is an f ∈ Lq(T) such that

f̂(n) = an, (n ∈ Z),

and
‖f‖q ≤ ‖f̂‖p.

Hint 1: Use duality and Theorem 8.3.
Hint 2: Give a direct proof using the Riesz–Thorin interpolation theorem.
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Exercise 8.4.2 Let 1 ≤ p ≤ 2 and let q be the conjugate exponent of p. Let
{an}n∈Z be a sequence in �p(Z+). Show that there is an f ∈ Hq(T) such that

f̂(n) = an, (n ∈ Z),

and
‖f‖q ≤ ‖f̂‖p.

Hint: Use duality and Corollary 8.4.

Exercise 8.4.3 Let 1 < p < 2 and let q be the conjugate exponent of p.
According to Theorem 8.3, the map

Lp(T) −→ �q(Z)
f �−→ f̂

is well-defined, and by the uniqueness theorem (Corollary 2.13) it is injective.
However, show that it is not surjective.

Exercise 8.4.4 Let 1 < p < 2 and let q be the conjugate exponent of p.
According to Corollary 8.4, the map

Hp(T) −→ �q(Z+)
f �−→ f̂

is well-defined, and by the uniqueness theorem (Corollary 2.13) it is injective.
However, show that it is not surjective.
Hint: See Exercise 8.4.3.

Exercise 8.4.5 According to Corollary 8.4 and by the Riemann–Lebesgue
lemma (2.17), the map

H1(T) −→ c0(Z+)
f �−→ f̂

is well-defined, and by the uniqueness theorem (Corollary 2.13) it is injective.
However, show that it is not surjective.
Hint: See Exercise 2.5.6.

Exercise 8.4.6 [The generalized Hausdorff–Young theorem] Let (X,M, µ)
be a measure space. Let (ϕn)n∈Z be an orthonormal family in L2(µ) such that

|ϕn(x)| ≤M
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for all n ∈ Z and all x ∈ X. In the first place, show that ϕn ∈ Lq(µ) for any
2 ≤ q ≤ ∞. Then, for each f ∈ Lp(µ), 1 ≤ p ≤ 2, define

f̂(n) =
∫
X

f ϕn dµ, (n ∈ Z),

and f̂ = (f̂(n))n∈Z. Show that f̂ ∈ �q(Z), where 1/p+ 1/q = 1 and

‖f̂‖q ≤M (2−p)/p ‖f‖p.

Hint: Prove the inequality for p = 1 and p = 2 and then use the Riesz–Thorin
interpolation theorem (Theorem 8.2).

8.5 An interpolation theorem for Hardy spaces

Let V, V1, V2, . . . , Vn be complex vector spaces. A map

Λ : V1 × V2 × · · · × Vn −→ V

is called a multilinear operator if it is linear with respect to each of its argu-
ments while the others are kept fixed. If these vector spaces are subspaces
(not necessarily closed) of certain Lebesgue spaces, we say that Λ is of type
(p1, p2, . . . , pn, q) whenever

‖Λ(f1, f2, . . . , fn)‖q ≤ C ‖f1‖p1 ‖f2‖p2 · · · ‖fn‖pn
.

The following result is another version of the Riesz–Thorin interpolation the-
orem (Theorem 8.2). More results of this type can be found in [2], [12] and
[22].

Lemma 8.5 Let (Xi,Mi, µi), i = 1, 2, . . . , n, and (Y,N, ν) be measure spaces.
Let Vi represent the vector space of simple functions on Xi, and let V be the
space of measurable functions on Y . Suppose that

Λ : V1 × V2 × · · · × Vn −→ V

is a multilinear operator of types (p1,0, p2,0, . . . , pn,0, q0) and (p1,1, p2,1, . . . , pn,1, q1),
where pi,0, q0, pi,1, q1 ∈ [1,∞], with constants C0 and C1. Let t ∈ [0, 1] and de-
fine

1
pi,t

=
1− t
pi,0

+
t

pi,1
and

1
qt

=
1− t
q0

+
t

q1
.

Then Λ is of type (p1,t, p2,t, . . . , pn,t, qt) with constant C1−t
0 Ct1, i.e.

‖Λ(ϕ1, ϕ2, . . . , ϕn)‖qt ≤ C1−t
0 Ct1 ‖ϕ1‖p1,t ‖ϕ2‖p2,t · · · ‖ϕn‖pn,t

for all simple functions ϕ1, ϕ2, . . . , ϕn. Moreover, if p1,t, p2,t, . . . , pn,t are all
finite, then Λ can be extended to

Lp1,t(µ1)× Lp2,t(µ2)× · · · × Lpn,t(µn),

preserving the last inequality.
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Proof. The proof is similar to the proof of the Riesz–Thorin interpolation the-
orem (Theorem 8.2). We will use the same notations applied there.

Case 1: p1,t, p2,t, . . . , pn,t <∞ and qt > 1.

Fix simple functions ϕ1, ϕ2, . . . , ϕn and ψ with

‖ϕ1‖p1,t = ‖ϕ2‖p2,t
= · · · = ‖ϕn‖pn,t = ‖ψ‖q′

t
= 1.

For the simple function
ϕi =

∑
m

rm e
iθm χAm

on the measure spaces Xi, we define

ϕi,z =
∑
m

r
pi,t

(
1−z
pi,0

+ z
pi,1

)
m eiθm χAm

.

Similarly, for
ψ =

∑
n

ρn e
iϑn χBn

,

let

ψz =
∑
n

ρ
q′

t

(
1−z

q′
0

+ z
q′
1

)
n eiϑn χBn .

Let
F (z) =

∫
Y

Λ(ϕ1,z, ϕ2,z, . . . , ϕn,z)ψz dν.

Hence, F is an entire function, which is bounded on S and

F (t) =
∫
Y

Λ(ϕ1, ϕ2, . . . , ϕn)ψ dν.

By Hölder’s inequality,

|F (iy)| ≤
( ∫

Y

|Λ(ϕ1,iy, ϕ2,iy, . . . , ϕn,iy)|q0 dν
) 1

q0
( ∫

Y

|ψiy|q
′
0 dν

) 1
q′
0

≤ C0 ‖ϕ1,iy‖p1,0 ‖ϕ2,iy‖p2,0 · · · ‖ϕn,iy‖pn,0 × ‖ψiy‖q′
0

= C0 ‖ϕ1‖p1,t/p1,0
p1,t

‖ϕ2‖p2,t/p2,0
p2,t

· · · ‖ϕn‖pn,t/pn,0
pn,t

× ‖ψ‖q
′
t/q

′
0

q′
t

= C0

and

|F (1 + iy)| ≤
( ∫

Y

|Λ(ϕ1,1+iy, ϕ2,1+iy, . . . , ϕn,1+iy)|q1 dν
) 1

q1
( ∫

Y

|ψ1+iy|q
′
1 dν

) 1
q′
1

≤ C1 ‖ϕ1,1+iy‖p1,1 ‖ϕ2,1+iy‖p2,1 · · · ‖ϕn,1+iy‖pn,1 × ‖ψ1+iy‖q′
1

= C1 ‖ϕ1‖p1,t/p1,1
p1,t

‖ϕ2‖p2,t/p2,1
p2,t

· · · ‖ϕn‖pn,t/pn,1
pn,t

× ‖ψ‖q
′
t/q

′
1

q′
t

= C1,
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for all y ∈ R. Hence, by Hadamard’s three-line theorem (Theorem 8.1),

|F (t)| =
∣∣∣∣

∫
Y

Λ(ϕ1, ϕ2, . . . , ϕn)ψ dν

∣∣∣∣ ≤ C1−t
0 Ct1.

Taking the supremum with respect to ψ with ‖ψ‖q′
t
= 1 gives( ∫

Y

|Λ(ϕ1, ϕ2, . . . , ϕn)|qt dν

) 1
qt

≤ C1−t
0 Ct1,

which is equivalent to the required result.

Case 2: Any of p1,t =∞, p2,t =∞, . . . , pn,t =∞, or qt = 1 happens.

If, for example, p1,t = ∞, then we necessarily have p1,t = p1,0 = p1,1 = ∞.
Similarly, qt = 1 implies qt = q0 = q1 = 1. If any of these possibilities happens,
in the definition of F (z) remove z from the corresponding function, e.g.

F (z) =
∫
Y

Λ(ϕ1, ϕ2,z, . . . , ϕn,z)ψ dν

corresponds to the case p1,t = ∞, qt = 1 and p2,t, . . . , pn,t < ∞. Then follow
the same procedure as in Case 1.

It remains to show that if p1,t, p2,t, . . . , pn,t are all finite, then Λ can be
extended by continuity to

Lp1,t(µ1)× Lp2,t(µ2)× · · · × Lpn,t(µn),

preserving the inequality

‖Λ(f1, f2, . . . , fn)‖qt
≤ C1−t

0 Ct1 ‖f1‖p1,t ‖f2‖p2,t · · · ‖fn‖pn,t .

The proof is based on the following simple observation. Let ϕi and φi be simple
functions on Xi. Let

∆ = Λ(φ1, φ2, . . . , φn)− Λ(ϕ1, ϕ2, . . . , ϕn).

To estimate ∆, write

∆ = Λ(φ1, φ2, . . . , φn)− Λ(ϕ1, φ2, . . . , φn)
+ Λ(ϕ1, φ2, . . . , φn)− Λ(ϕ1, ϕ2, . . . , φn)
...
+ Λ(ϕ1, . . . , ϕn−1, φn)− Λ(ϕ1, ϕ2, . . . , ϕn).

Hence,

‖∆‖qt
≤ C1−t

0 Ct1

(
max
i
{‖φi‖pi,t

, ‖ϕi‖pi,t
}

)n−1 ( n∑
i=1

‖φi − ϕi‖pi,t

)
.

Therefore, by continuity, Λ can be extended to Lp1,t(µ1) × Lp2,t(µ2) × · · · ×
Lpn,t(µn).
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The Riesz–Thorin interpolation theorem (Theorem 8.2) shows that linear
operators between Lebesgue spaces can be interpolated. Using Lemma 8.5, we
show that linear operators on Hardy spaces enjoy a similar property.

Theorem 8.6 Let (Y,N, ν) be a measure space. Suppose that

Λ : Hp0(D) −→ Lq0(Y ) and Λ : Hp1(D) −→ Lq1(Y ),

where p0, p1 ∈ (0,∞) and q0, q1 ∈ [1,∞], are bounded with constants C0 and
C1. Let t ∈ [0, 1] and define

1
pt

=
1− t
p0

+
t

p1
and

1
qt

=
1− t
q0

+
t

q1
.

Then
Λ : Hpt(D) −→ Lqt(Y )

is bounded and

‖Λ(F )‖qt ≤ C C1−t
0 Ct1 ‖F‖pt , (F ∈ Hpt(D)),

where C = C(p0, p1) is an absolute constant.

Proof. Without loss of generality, assume that p0 ≤ p1. By assumption,

‖Λ(F )‖q0 ≤ C0 ‖F‖p0 , (F ∈ Hp0(D)), (8.7)
‖Λ(F )‖q1 ≤ C1 ‖F‖p1 , (F ∈ Hp1(D)). (8.8)

For a function ϕ ∈ Lp(T), 1 < p <∞, define

Φ(z) =
1
2π

∫ π

−π

eit + z

eit − z ϕ(eit) dt, (z ∈ D). (8.9)

Then, by Corollary 6.7, Φ ∈ Hp(D) and

‖Φ‖p ≤ Ap ‖ϕ‖p, (8.10)

where Ap is a constant just depending on p. Fix an integer n such that np0 > 1.
Let ϕ1, ϕ2, . . . , ϕn be functions in Lnp0(T). By (8.10), Φi ∈ Hnp0(D) and thus,
by Hölder’s inequality, Φ1Φ2 · · ·Φn ∈ Hp0(D). Hence, we can define

Υ(ϕ1, ϕ2, . . . , ϕn) = Λ(Φ1Φ2 · · ·Φn) (8.11)

on Lnp0(T)× · · · × Lnp0(T).
Clearly, Υ is linear with respect to each argument. Moreover, by (8.7)–(8.8)

and by Hölder’s inequality,

‖Υ(ϕ1, ϕ2, . . . , ϕn)‖q0 ≤ C0 ‖Φ1Φ2 · · ·Φn‖p0 ≤ C0 ‖Φ1‖np0‖Φ2‖np0 · · · ‖Φn‖np0

and

‖Υ(ϕ1, ϕ2, . . . , ϕn)‖q1 ≤ C1 ‖Φ1Φ2 · · ·Φn‖p1 ≤ C1 ‖Φ1‖np1‖Φ2‖np1 · · · ‖Φn‖np1 .
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Hence, by (8.10),

‖Υ(ϕ1, ϕ2, . . . , ϕn)‖q0 ≤ C0A
n
np0 ‖ϕ1‖np0‖ϕ2‖np0 · · · ‖ϕn‖np0 ,

‖Υ(ϕ1, ϕ2, . . . , ϕn)‖q1 ≤ C1A
n
np1 ‖ϕ1‖np1‖ϕ2‖np1 · · · ‖ϕn‖np1 .

Therefore, by Lemma 8.5,

‖Υ(ϕ1, . . . , ϕn)‖qt ≤ C1−t
0 Ct1 (A1−t

np0A
t
np1)

n ‖ϕ1‖npt · · · ‖ϕn‖npt . (8.12)

Let F ∈ Hpt(D). Without loss of generality, assume that F (0) > 0. Since
otherwise, either multiply F by a constant of modulus one or replace it by F +ε
if F (0) = 0. By Theorem 7.7, F = BΦn, where B is a Blaschke product and
Φ ∈ Hnpt(D) with ‖BΦ‖npt

npt
= ‖Φ‖npt

npt
= ‖F‖pt

pt
and B(0) > 0, Φ(0) > 0. Let

Φ1 = BΦ and Φ2 = Φ3 = · · · = Φn = Φ.

Since npt > 1, each Φi has a representation of the form (8.9) with ϕi = 
Φi.
Hence, by (8.11) and (8.12),

‖Λ(F )‖qt ≤ C1−t
0 Ct1 (A1−t

np0A
t
np1)

n ‖ϕ1‖npt · · · ‖ϕn‖npt .

But
‖ϕi‖npt ≤ ‖Φi‖npt = ‖F‖1/npt

.

Therefore,

‖Λ(F )‖qt ≤ C C1−t
0 Ct1 ‖F‖pt , (F ∈ Hpt(D)),

where C = (A1−t
np0A

t
np1)

n.

Using the well-known isometry between Hp(D) and Hp(T), we can replace
D by T in the preceding theorem.

Exercises

Exercise 8.5.1 Let P be an analytic polynomial. Show that there is a finite
Blaschke product B and an analytic polynomial Q with no zeros in the open
unit disc D such that

P = BQ.

Exercise 8.5.2 Let (Y,N, ν) be a measure space, let V be the space of mea-
surable functions on Y , and let P denote the space of analytic polynomials on
T. Suppose that

Λ : P −→ V

is a linear operator of types (p0, q0) and (p1, q1), where p0, p1 ∈ (0,∞) and
q0, q1 ∈ [1,∞], with constants C0 and C1. Let t ∈ [0, 1] and define

1
pt

=
1− t
p0

+
t

p1
and

1
qt

=
1− t
q0

+
t

q1
.
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Show that Λ is of type (pt, qt) and

‖Λ(P )‖qt ≤ C C1−t
0 Ct1 ‖P‖pt

, (P ∈ P),

where C = C(p0, p1) is an absolute constant. Moreover, Λ can be extended to
Hpt(T), preserving the last inequality.
Hint: Modify the proof of Theorem 8.6. Moreover, the ideas used at the end of
the proof of Lemma 8.5 and the factorization given in Exercise 8.5.1 might be
useful.

8.6 The Hardy–Littlewood inequality

The Riemann–Lebesgue lemma (Corollary 2.17) says that the Fourier coeffi-
cients of a function in L1(T) tend to zero as |n| grows. Parseval’s identity
(Corollary 2.22) and Hardy’s inequality (Theorem 7.16) provide further infor-
mation if we consider smaller classes of functions. An easy argument based on
Theorem 8.6 enables us to generalize these two results.

Let Y = {0, 1, 2, . . . } be equipped with the measure

µ(n) =
1

(n+ 1)2
, (n ≥ 0).

Hence, Lp(Y ), 0 < p <∞, consists of all complex sequences (an)n≥0 such that

‖ (an)n≥0 ‖p =
( ∞∑

n=0

|an|p
(n+ 1)2

) 1
p

<∞.

According to Hardy’s inequality, the operator

Λ : H1(T) −→ L1(Y )

f �−→ ( (n+ 1)f̂(n) )n≥0

is of type (1, 1) with ‖Λ‖(1,1) ≤ π.
On the other hand, by Parseval’s identity, the operator

Λ : H2(T) −→ L2(Y )

f �−→ ( (n+ 1)f̂(n) )n≥0

is of type (2, 2) with ‖Λ‖(2,2) = 1. To apply Theorem 8.6, note that

p0 = q0 = 1, p1 = q1 = 2,

and thus p = pt = qt ∈ [1, 2], and that

‖Λf ‖p =
( ∞∑

n=0

|f̂(n)|p
(n+ 1)2−p

) 1
p

, (f ∈ Hp(T)).

Hence we immediately obtain the following result.
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Theorem 8.7 (Hardy–Littlewood) Let f ∈ Hp(T), 1 ≤ p ≤ 2. Then( ∞∑
n=0

|f̂(n)|p
(n+ 1)2−p

) 1
p

≤ Cp ‖f‖p,

where Cp is a constant just depending on p.

The Hardy–Littlewood inequality is valid even if 0 < p < 1. But we do not
discuss this case here.

Exercises

Exercise 8.6.1 Let 2 ≤ q < ∞ and let (an)n≥0 be a sequence of complex
numbers such that ∞∑

n=0

(n+ 1)q−2 |an|q <∞.

Show that F (z) =
∑∞
n=0 an z

n is in Hq(D) and

‖F‖q ≤ Cq
( ∞∑

n=0

(n+ 1)q−2 |an|q
) 1

q

,

where Cq is a constant just depending on q.
Hint: Use duality and Theorem 8.7.

Exercise 8.6.2 Let f ∈ Lp(T), 1 < p ≤ 2. Show that( ∞∑
n=−∞

|f̂(n)|p
(|n|+ 1)2−p

) 1
p

≤ Cp ‖f‖p,

where Cp is a constant just depending on p.
Hint: Use Theorem 8.7 and Exercise 6.3.4.

Exercise 8.6.3 Let 2 ≤ q < ∞. Let (an)n∈Z be a sequence of complex
numbers such that ∞∑

n=−∞
(|n|+ 1)q−2 |an|q <∞.

Show that there is an f ∈ Lq(T) such that f̂(n) = an, n ∈ Z, and

‖f‖q ≤ Cq
( ∞∑

n=−∞
(|n|+ 1)q−2 |an|q

) 1
q

,

where Cq is a constant just depending on q.
Hint: Use Exercise 8.6.2 and duality.
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The Fourier transform

9.1 Lebesgue spaces on the real line

From now on we study upper half plane analogues of the results obtained before
for the unit disc. Since the real line R is not compact and the Lebesgue measure
is not finite on R, we face several difficulties. Using a conformal mapping be-
tween the upper half plane C+ and the open unit disc D, which also establishes
a correspondence between R and T\{−1}, some of the preceding representation
theorems can be rewritten for the upper half plane. Nevertheless, working with
the Poisson kernel for C+ is somehow easier than its counterpart for D. That is
why we mostly provide direct proofs in the following.

Let f be a measurable function on R and let

‖f‖p =
( ∫ ∞

−∞
|f(t)|p dt

) 1
p

, (0 < p <∞),

and
‖f‖∞ = inf

M>0

{
M : |{ t : |f(t)| > M }| = 0

}
.

The Lebesgue spaces Lp(R), 0 < p ≤ ∞, are defined by

Lp(R) = { f : ‖f‖p <∞}.

For 1 ≤ p ≤ ∞, Lp(R) is a Banach space and L2(R) equipped with the inner
product

〈f, g〉 =
∫ ∞

−∞
f(t) g(t) dt

is a Hilbert space. It is important to note that, contrary to the case of the unit
circle, the Lebesgue spaces on R do not form a chain. In other words, for each
p, q ∈ (0,∞], p �= q, we have

Lp(R) \ Lq(R) �= ∅.

207
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We will have to cope with this fact later on.
The space of all continuous functions on R is denoted by C(R). An element

of C(R) is not necessarily bounded or uniformly continuous on R. For most
applications it is enough to consider the smaller space

C0(R) = { f : f continuous on R and lim
|t|→∞

f(t) = 0 }.

Elements of C0(R) are certainly bounded and uniformly continuous on R. How-
ever, the simple example f(t) = sin t shows that the inverse is not true. Since
elements of C0(R) are bounded, C0(R) can be considered as a subspace of L∞(R).
Indeed, in this case, we have

‖f‖∞ = max
t∈R

|f(t)|

and the maximum is attained. Another important subclass of C0(R) is Cc(R),
which consists of all continuous functions of compact support, i.e. there is an
M = M(f) such that

f(t) = 0

for all |t| ≥ M . The smooth subspaces Cn(R), Cnc (R), C∞(R) and C∞
c (R) are

defined similarly. In spectral analysis of Hardy spaces, we will also need

Lp(R+) = { f ∈ Lp(R) : f(t) = 0 for almost all t ≤ 0 }

and
C0(R+) = { f ∈ C0(R) : f(t) = 0 for all t ≤ 0 }.

The space of all Borel measures on R is denoted by M(R). This class
equipped with the norm

‖µ‖ = |µ|(R),

where |µ| is the total variation of µ, is a Banach space. Each function f ∈ L1(R)
corresponds uniquely to the measure

dµ(t) = f(t) dt

and thus we can consider L1(R) as a subspace ofM(R). Note that ‖µ‖ = ‖f‖1.
By a celebrated theorem of F. Riesz, the dual of C0(R) is M(R).

Exercises

Exercise 9.1.1 Let f : R −→ C and define its translations by

fτ (t) = f(t− τ), (τ ∈ R).

Show that
lim
τ→0
‖fτ − f‖X = 0
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if f ∈ X with X = Lp(R), 1 ≤ p < ∞, or X = C0(R). Provide an example to
show that this property does not hold if X = L∞(R). However, show that

‖fτ‖X = ‖f‖X , (τ ∈ R),

in all spaces mentioned above.

Exercise 9.1.2 Show that C0(R) is closed in L∞(R).

Exercise 9.1.3 Show that each element of C0(R) is uniformly continuous on
R. More generally, suppose that f ∈ C(R) and that

L1 = lim
t→+∞ f(t)

and
L2 = lim

t→−∞ f(t)

exist (we do not assume that L1 = L2). Show that f is uniformly continuous
on R.

Exercise 9.1.4 Show that Cc(R) is dense in Lp(R), 1 ≤ p < ∞. Can you
show that C∞

c (R) is dense in Lp(R), 1 ≤ p <∞?

Exercise 9.1.5 Show that Cc(R) is dense in C0(R). Can you show that C∞
c (R)

is dense in C0(R)?
Remark: We will develop certain techniques later on which might be useful for
the second part of this question and the previous one. See Sections 9.4 and 10.4.

Exercise 9.1.6 Show that Lp(R+) is a closed subspace of Lp(R). Similarly,
show that C0(R+) is a closed subspace of C0(R).

9.2 The Fourier transform on L1(R)

The Fourier transform of f ∈ L1(R) is defined by

f̂(t) =
∫ ∞

−∞
f(τ) e−i 2πtτ dτ, (t ∈ R).

The Fourier integral of f is given formally by∫ ∞

−∞
f̂(τ) ei 2πtτ dτ, (t ∈ R).
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One of our tasks is to study the convergence of this integral. The Fourier
transform of a measure µ ∈M(R) is defined similarly by

µ̂(t) =
∫

R

e−i 2πtτ dµ(τ), (t ∈ R).

However, if we consider L1(R) as a subspace of M(R), the two definitions of
Fourier transform are consistent.

No wonder our most important example is the Poisson kernel for the upper
half plane, which is defined by

Py(t) =
1
π

y

t2 + y2 , (y > 0). (9.1)

(See Figure 9.1.)

K3 K2 K1 0 1 2 3

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

Fig. 9.1. The Poisson kernel Py(t) for y = 0.8, 0.5, 0.2.

For a fixed x+ iy ∈ C+, let us find the Fourier transform of

f(t) =
1
π

y

(x− t)2 + y2 .
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Since Py(x) is an even function of x, we have

f̂(t) =
∫ ∞

−∞
Py(x− τ) e−i 2πtτ dτ

=
∫ ∞

−∞
Py(τ) e−i 2πt(x−τ) dτ

= e−i 2πxt
∫ ∞

−∞
Py(τ) ei 2πtτ dτ

= e−i 2πxt
∫ ∞

−∞
Py(τ) e−i 2πtτ dτ

and thus
f̂(t) = e−i 2πxt

∫ ∞

−∞
Py(τ) ei 2π|t|τ dτ.

Let R > y, and let ΓR be the positively oriented curve formed with the interval
[−R,R] and the semicircle {Reiθ : 0 ≤ θ ≤ π }. (See Figure 9.2.)

Fig. 9.2. The curve ΓR.

Then

f̂(t) = e−i 2πxt lim
R→∞

∫ R

−R

y

π(τ2 + y2)
ei 2π|t|τ dτ

= e−i 2πxt lim
R→∞

∫
ΓR

y

π(w2 + y2)
ei 2π|t|w dw.

The only pole of our integrand

F (w) =
y

π(w2 + y2)
ei 2π|t|w
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inside ΓR is iy. Moreover, the residue of F at this point is 1
2πi e

−2πy|t|. There-
fore, by the residue theorem,

f̂(t) = e−i 2πxt−2πy|t|.

In particular, the Fourier transform of the Poisson kernel

Py(t) =
1
π

y

t2 + y2

is
P̂y(t) = e−2πy|t|.

(See Figure 9.3.)

Fig. 9.3. The spectrum of Py.

Note that, for each fixed t ∈ R, we have P̂y(t)→ 1 as y → 0. We will see other
families of functions having this behavior. This phenomenon will lead us to the
definition of an approximate identity on R.

We need the Fourier transform of four functions, which are gathered in Table
9.1. Since in each case our function is exponential, it is easy to calculate its
Fourier transform. In all cases, z = x+ iy ∈ C+. Let us also remember that

sgn(t) =




1 if t > 0,

0 if t = 0,

−1 if t < 0.

In Table 9.1, it is enough to verify the first and second lines. The third and last
lines are linear combinations of the first two lines.



9.2. The Fourier transform on L1(R) 213

Table 9.1. Examples of the Fourier transform.

f(t) f̂(t)

ei 2πx t−2πy |t| 1
π

y

(x− t)2 + y2

−i sgn(t) ei 2πx t−2πy |t| 1
π

x− t
(x− t)2 + y2

{
ei 2πz t if t > 0

0 if t < 0
1

2πi
1

t− z

{
0 if t > 0

ei 2πz̄ t if t < 0 − 1
2πi

1
t− z̄

Lemma 9.1 Let µ ∈M(R). Then µ̂ ∈ C(R) ∩ L∞(R) and

‖µ̂‖∞ ≤ ‖µ‖.

In particular, for each f ∈ L1(R),

‖f̂‖∞ ≤ ‖f‖1.

Proof. For all t ∈ R, we have

|µ̂(t)| =
∣∣∣∣

∫
R

e−i 2πtτ dµ(τ)
∣∣∣∣

≤
∫

R

|e−i 2πtτ | d|µ|(τ)

=
∫

R

d|µ|(τ) = |µ|(R) = ‖µ‖,

which is equivalent to ‖ µ̂ ‖∞ ≤ ‖µ ‖. The second inequality is a special case of
the first one if we consider dµ(t) = f(t) dt and note that ‖µ‖ = ‖f‖1.
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To show that µ̂ is (uniformly) continuous on R, let t, t′ ∈ R. Then

|µ̂(t)− µ̂(t′)| =
∣∣∣∣

∫
R

(
e−i 2πtτ − e−i 2πt′τ )

dµ(τ)
∣∣∣∣

≤
∫

R

|e−i 2πtτ − e−i 2πt′τ | d|µ|(τ)

=
∫

R

|1− ei 2π(t−t′)τ | d|µ|(τ).

The integrand is bounded,

|1− ei 2π(t−t′)τ | ≤ 2,

and |µ| is a finite positive Borel measure on R. The required result now follows
from the dominated convergence theorem.

Exercises

Exercise 9.2.1 Let z = x+ iy ∈ C+. Show that

Py(x− t) =
1
π

y

(x− t)2 + y2 = 

(
i

π

1
z − t

)
.

Exercise 9.2.2 Let f ∈ L1(R) and let g(t) = ei2πτ0t f(t−τ1), where τ0, τ1 are
fixed real constants. Evaluate ĝ in terms of f̂ .

Exercise 9.2.3 Let µ ∈M(R) and let

λ(E) = µ(−E).

Evaluate λ̂ in terms of µ̂.

Exercise 9.2.4 Let f ∈ L1(R) and let g(t) = −2πitf(t). Suppose that g ∈
L1(R). Show that f̂ ∈ C1(R) and

df̂

dt
= ĝ.

What can we say if tn f(t) ∈ L1(R)?

Exercise 9.2.5 Let f ∈ L1(R) and define

F (t) =
∫ t

−∞
f(τ) dτ, (t ∈ R).

Suppose that F ∈ L1(R). Evaluate F̂ in terms of f̂ .
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Exercise 9.2.6 [Gauss–Weierstrass kernel] Let ε > 0 and let

Gε(t) = e−πεt2 , (t ∈ R).

Show that
Ĝε(t) =

1√
ε
e−πt2/ε, (t ∈ R).

Remark: Fix x ∈ R and ε > 0. A small modification of the preceding result
shows that the Fourier transform of

f(t) = ei 2πxt−πεt
2
, (t ∈ R),

is
f̂(t) =

1√
ε
e−π(x−t)2/ε, (t ∈ R).

(See Figure 9.4.)

x
K2 K1 0 1 2

0.5

1.0

1.5

2.0

2.5

Fig. 9.4. The spectrum of Gε for ε = 0.8, 0.5, 0.2.

Exercise 9.2.7 [Fejér’s kernel] Fix λ > 0 and let

Kλ(t) = λ

(
sin(πλt)
πλt

)2

, (t ∈ R).

(See Figure 9.5.) Show that

K̂λ(t) = max
{

1− |t|
λ
, 0

}
, (t ∈ R).
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(See Figure 9.6.)

x
K0.4 K0.3 K0.2 K0.1 0.0 0.1 0.2 0.3 0.4

2

4

6

8

10

Fig. 9.5. The Fejér kernel Kλ(t) for λ = 4, 7, 10.

Fig. 9.6. The spectrum of Kλ.

Exercise 9.2.8 Fix x ∈ R and λ > 0. Let

f(t) =




(
1− |t|

λ

)
ei 2πxt if |t| ≤ λ,

0 if |t| ≥ λ.

Show that

f̂(t) = λ

(
sin(πλ(x− t))
πλ(x− t)

)2

, (t ∈ R).

Hint: Use Exercises 9.2.2 and 9.2.7.
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Exercise 9.2.9 Let f ∈ C1(R) and suppose that f, f ′ ∈ L1(R). Show that

f̂ ′(t) = 2πitf̂(t), (t ∈ R).

What can we say if f ∈ Cn(R) and f, f ′, . . . , f (n) ∈ L1(R)?

Exercise 9.2.10 [de la Vallée Poussin’s kernel] Fix λ > 0 and let

Vλ(t) = 2K2λ(t)−Kλ(t), (t ∈ R).

(See Figure 9.7.) Show that

V̂λ(t) =




1 if |t| ≤ λ,

2− |t|
λ if λ ≤ |t| ≤ 2λ,

0 if |t| ≥ 2λ.

(See Figure 9.8.)

x
K0.2 K0.1 0 0.1 0.2

10

20

30

Fig. 9.7. The de la Vallée Poussin kernel Vλ(t) for λ = 4, 7, 10.

Fig. 9.8. The spectrum of Vλ.
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9.3 The multiplication formula on L1(R)
The multiplication formula is an easy consequence of Fubini’s theorem. How-
ever, it has profound implications in the spectral synthesis of harmonic functions
in the upper half plane and also in extending the definition of the Fourier trans-
form to other Lp(R) spaces.

Lemma 9.2 (Multiplication formula) Let f ∈ L1(R) and let µ ∈M(R). Then∫
R

f̂(t) dµ(t) =
∫ ∞

−∞
f(t) µ̂(t) dt.

In particular, for f, g ∈ L1(R),∫ ∞

−∞
f̂(t) g(t) dt =

∫ ∞

−∞
f(t) ĝ(t) dt.

Proof. By Fubini’s theorem, we have∫
R

f̂(t) dµ(t) =
∫

R

( ∫ ∞

−∞
f(τ) e−i 2πtτ dτ

)
dµ(t)

=
∫ ∞

−∞
f(τ)

( ∫
R

e−i 2πτt dµ(t)
)
dτ

=
∫ ∞

−∞
f(τ) µ̂(τ) dτ.

Exercises

Exercise 9.3.1 Let ε > 0 and let f ∈ L1(R). Show that∫ ∞

−∞

1√
ε
e−π(x−t)2/ε f(t) dt =

∫ ∞

−∞
e−πεt2 f̂(t) ei 2πxt dt

for all x ∈ R.
Hint: Use the multiplication formula and Exercise 9.2.6.

Exercise 9.3.2 Let λ > 0 and let f ∈ L1(R). Show that∫ ∞

−∞
λ

(
sin(πλ(x− t))
πλ(x− t)

)2

f(t) dt =
∫ λ

−λ

(
1− |t|/λ

)
f̂(t) ei 2πxt dt

for all x ∈ R.
Hint: Use the multiplication formula and Exercise 9.2.8.
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9.4 Convolution on R
As in the unit circle, we define the convolution of two functions f, g ∈ L1(R) by

(f ∗ g)(t) =
∫ ∞

−∞
f(τ) g(t− τ) dτ.

By Fubini’s theorem, we see that∫ ∞

−∞

( ∫ ∞

−∞
|f(τ) g(t− τ)| dτ

)
dt =

∫ ∞

−∞
|f(τ)|

( ∫ ∞

−∞
|g(t− τ)| dt

)
dτ

=
( ∫ ∞

−∞
|f(τ)| dτ

) ( ∫ ∞

−∞
|g(t)| dt

)
= ‖f‖1 ‖g‖1 <∞.

Hence, (f ∗g)(t) is well-defined for almost all t ∈ R, and moreover f ∗g ∈ L1(R)
with

‖f ∗ g‖1 ≤ ‖f‖1 ‖g‖1. (9.2)

Lemma 9.3 Let f, g ∈ L1(R). Then

f̂ ∗ g = f̂ ĝ.

Proof. By Fubini’s theorem, for each t ∈ R, we have

f̂ ∗ g(t) =
∫ ∞

−∞
(f ∗ g)(τ) e−i 2πtτ dτ

=
∫ ∞

−∞

( ∫ ∞

−∞
f(s) g(τ − s) ds

)
e−i 2πtτ dτ

=
∫ ∞

−∞
f(s)

( ∫ ∞

−∞
g(τ − s) e−i 2πtτ dτ

)
ds

=
∫ ∞

−∞
f(s)

( ∫ ∞

−∞
g(τ) e−i 2πt(τ+s) dτ

)
ds

=
( ∫ ∞

−∞
f(s) e−i 2πts ds

) ( ∫ ∞

−∞
g(τ) e−i 2πtτ dτ

)
= f̂(t) ĝ(t).

Using Riesz’s theorem, we can also define the convolution of two measures
µ, ν ∈M(R) by the relation∫

R

∫
R

ϕ(t+ τ) dµ(t) dν(τ) =
∫

R

ϕ(t) d(µ ∗ ν)(t), (9.3)

where ϕ ∈ C0(R). It is rather easy to see that

‖µ ∗ ν‖ ≤ ‖µ‖ ‖ν‖.
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But, since the exponential functions ϕx(t) = e−i 2πxt are not in C0(R), it is
slightly more difficult to show that

µ̂ ∗ ν = µ̂ ν̂.

However, we do not need this result in the following.
If µ ∈ M(R) and ν is absolutely continuous with respect to the Lebesgue

measure, i.e. dν(t) = f(t) dt, where f ∈ L1(R), then, for each ϕ ∈ C0(R), we
have ∫

R

ϕ(t) d(µ ∗ ν)(t) =
∫

R

∫
R

ϕ(τ + s) dµ(τ) dν(s)

=
∫

R

( ∫
R

ϕ(τ + s) f(s) ds
)
dµ(τ)

=
∫

R

( ∫
R

ϕ(t) f(t− τ) dt
)
dµ(τ)

=
∫

R

ϕ(t)
( ∫

R

f(t− τ) dµ(τ)
)
dt.

Therefore, µ ∗ ν is also absolutely continuous with respect to the Lebesgue
measure, and according to the previous calculation we may write

d(µ ∗ ν)(t) = (µ ∗ f)(t) dt,

where
(µ ∗ f)(t) =

∫
R

f(t− τ) dµ(τ) (9.4)

for almost all t ∈ R.

Exercises

Exercise 9.4.1 Let f, g ∈ L1(R). Show that∫ ∞

−∞

∫ ∞

−∞
ϕ(t+ τ) f(t) g(τ) dt dτ =

∫ ∞

−∞
ϕ(t) (f ∗ g)(t) dt

for all ϕ ∈ C0(R).
Remark: This exercise shows that the generalized definition (9.3) is consistent
with the old one whenever both measures are absolutely continuous with respect
to the Lebesgue measure.

Exercise 9.4.2 Let

f(t) =




1 if |t| ≤ 1,

0 if |t| > 1.

Evaluate f ∗ f .
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9.5 Young’s inequality

On the unit circle the space L1(T) contains all Lebesgue spaces Lp(T), 1 ≤
p ≤ ∞. As a simple consequence, after defining f ∗ g over L1(T), it was used
even if f and g were from different subclasses Lp(T). Due to the fact that dt
is not a finite measure on R, Lebesgue spaces Lp(R), 1 ≤ p ≤ ∞, do not form
a chain and thus f ∗ g is not yet defined if either f or g does not belong to
L1(R). However, Young’s theorem assures us that if f ∈ Lr(R) and g ∈ Ls(R),
for certain values of r and s, then f ∗ g is a well-defined measurable function
on R. We start with a special case of this result and then use the Riesz–Thorin
interpolation theorem (Theorem 8.2) to prove the general case.

Lemma 9.4 Let f ∈ Lp(R), 1 ≤ p ≤ ∞, and let g ∈ L1(R). Then (f ∗ g)(t) is
well-defined for almost all t ∈ R, f ∗ g ∈ Lp(R) and

‖f ∗ g‖p ≤ ‖f‖p ‖g‖1.

Proof. The case p = 1 was studied at the beginning of Section 9.4. If p = ∞,
the result is an immediate consequence of Hölder’s inequality. As a matter of
fact, in this case (f ∗ g)(t) is well-defined for all t ∈ R.

Hence, suppose that 1 < p < ∞. Let q be the conjugate exponent of p.
Then, by Hölder’s inequality,∫ ∞

−∞
|f(τ) g(t− τ)| dτ =

∫ ∞

−∞

(
|f(τ)| |g(t− τ)| 1p

)
|g(t− τ)| 1q dτ

≤
( ∫ ∞

−∞
|f(τ)|p |g(t− τ)| dτ

) 1
p

( ∫ ∞

−∞
|g(t− τ)| dτ

) 1
q

=
( ∫ ∞

−∞
|f(τ)|p |g(t− τ)| dτ

) 1
p

‖g‖
1
q

1 .

Hence, by Fubini’s theorem,∫ ∞

−∞

( ∫ ∞

−∞
|f(τ) g(t− τ)| dτ

)p
dt ≤ ‖g‖

p
q

1

∫ ∞

−∞

( ∫ ∞

−∞
|f(τ)|p |g(t− τ)| dτ

)
dt

≤ ‖g‖
p
q

1

∫ ∞

−∞
|f(τ)|p

( ∫ ∞

−∞
|g(t− τ)| dt

)
dτ

= ‖g‖
p
q

1 × ‖f‖pp ‖g‖1 = ‖f‖pp ‖g‖
p
1.

Hence { ∫ ∞

−∞

( ∫ ∞

−∞
|f(τ) g(t− τ)| dτ

)p
dt

} 1
p

≤ ‖f‖p ‖g‖1,

and this inequality ensures that (f ∗ g)(t) is well-defined for almost all t ∈ R,
f ∗ g ∈ Lp(R) and that

‖f ∗ g‖p ≤ ‖f‖p ‖g‖1.
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Lemma 9.5 Let 1 ≤ p ≤ ∞ and let q be its conjugate exponent. Let f ∈ Lp(R)
and let g ∈ Lq(R). Then f ∗ g is well-defined at all points of R and f ∗ g is a
bounded uniformly continuous function on the real line with

‖f ∗ g‖∞ ≤ ‖f‖p ‖g‖q.

Proof. First, suppose that 1 < p <∞. Then, by Hölder’s inequality, we have

∫ ∞

−∞
|f(τ) g(t− τ)| dτ ≤

( ∫ ∞

−∞
|f(τ)|p dτ

) 1
p

( ∫ ∞

−∞
|g(t− τ)|q dτ

) 1
q

,

and thus ∫ ∞

−∞
|f(τ) g(t− τ)| dτ ≤ ‖f‖p ‖g‖q

for all t ∈ R. Hence, f ∗ g is well-defined at all points of R and

‖f ∗ g‖∞ ≤ ‖f‖p ‖g‖q.

To show that f ∗ g is uniformly continuous on the real line, note that

|(f ∗ g)(t)− (f ∗ g)(t′)| ≤
∫ ∞

−∞
|f(τ)| |g(t− τ)− g(t′ − τ)| dτ

=
∫ ∞

−∞
|f(−τ)| |g(t+ τ)− g(t′ + τ)| dτ

≤ ‖f‖p ‖gt − gt′‖q,

where gt(τ) = g(τ + t). But the translation operator is continuous on Lq(R),
1 ≤ q < ∞. The verification of this fact is similar to the one given for Lq(T)
classes, except that on R we should exploit continuous functions of compact
support. Fix ε > 0 and pick ϕ ∈ Cc(R) such that

‖g − ϕ‖q < ε.

Let suppϕ ⊂ [−M,M ]. Hence, for all t, t′ ∈ R with |t− t′| < 1,

‖gt − gt′‖q ≤ ‖gt − ϕt‖q + ‖ϕt − ϕt′‖q + ‖ϕt′ − gt′‖q
≤ 2‖g − ϕ‖q + (2M + 2)1/q ‖ϕ− ϕ(t−t′)‖∞.

Since ϕ is uniformly continuous on R, there is a δ < 1 such that |s − s′| < δ
implies |ϕ(s)− ϕ(s′)| < ε/(2M + 2)1/q. Therefore,

‖gt − gt′‖q ≤ 3ε

provided that |t− t′| < δ. Hence, we have

|(f ∗ g)(t)− (f ∗ g)(t′)| ≤ 3ε ‖f‖p

if |t − t′| < δ. A small modification of this proof also works for p = 1 and
p =∞.
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Now we have all the necessary ingredients to apply the Riesz–Thorin inter-
polation theorem (Theorem 8.2) in order to prove Young’s inequality on the real
line.

Theorem 9.6 (Young’s inequality) Let f ∈ Lr(R) and let g ∈ Ls(R) with

1 ≤ r, s ≤ ∞

and
1
r

+
1
s
≥ 1.

Then f ∗ g is well-defined almost everywhere on R and f ∗ g ∈ Lp(R), where

1
p

=
1
r

+
1
s
− 1

and
‖f ∗ g‖p ≤ ‖f‖r ‖g‖s.

Proof. Fix f ∈ Lr(R). By Lemma 9.4, the convolution operator

Λ : L1(R) −→ Lr(R)
g �−→ f ∗ g

is of type (1, r) with
‖Λ‖(1,r) ≤ ‖f‖r.

On the other hand, Lemma 9.5 implies that

Λ : Lr
′
(R) −→ L∞(R)

g �−→ f ∗ g

is of type (r′,∞) with
‖Λ‖(r′,∞) ≤ ‖f‖r,

where 1/r+ 1/r′ = 1. Hence, by the Riesz–Thorin interpolation theorem (The-
orem 8.2) with

p0 = 1, q0 = r, p1 = r′, q1 =∞,
we conclude that

Λ : Lpt(R) −→ Lqt(R)
g �−→ f ∗ g

is well-defined and has type (pt, qt) with

‖Λ‖(pt,qt) ≤ ‖Λ‖1−t
(1,r) ‖Λ‖

t
(r′,∞) ≤ ‖f‖r.

Hence,
‖f ∗ g‖qt ≤ ‖f‖r ‖g‖pt .

To find the relation between pt and qt, note that

1
pt

=
1− t

1
+

t

r′ = 1− t

r
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and
1
qt

=
1− t
r

+
t

∞ =
1
r
− t

r
.

Hence,
1
qt

=
1
r

+
1
pt
− 1.

Exercises

Exercise 9.5.1 Write

|f(τ) g(t− τ)| =
(
|g(t− τ)|1− s

p

) (
|f(τ)|1− r

p

) (
|f(τ)| rp |g(t− τ)| sp

)
.

Now, modify the proof of Theorem 1.4 to give another proof of Young’s inequal-
ity on the real line.

Exercise 9.5.2 Let 1 ≤ p ≤ ∞ and let q be its conjugate exponent. Let
f ∈ Lp(R) and let g ∈ Lq(R). Show that

f ∗ g ∈ C0(R).



Chapter 10

Poisson integrals

10.1 An application of the multiplication for-
mula on L1(R)

Given a family of functions {Fy}y>0 on the real line R, we define

F (x+ iy) = Fy(x), (x+ iy ∈ C+),

and thus deal with one function defined in the upper half plane C+. On the other
hand, if F as a function on C+ is given, we can use the preceding identity as the
definition of the family {Fy}y>0. This dual interpretation will be encountered
many times in what follows. The Poisson kernel

Py(x) = P (x+ iy) =
1
π

y

x2 + y2

is a prototype of this phenomenon.
According to Lemma 9.4, if u ∈ Lp(R), 1 ≤ p ≤ ∞, then Py∗u is well-defined

almost everywhere on R and

‖Py ∗ u‖p ≤ ‖u‖p.

Looking at (Py ∗ u)(x) as a function defined in the upper half plane, we show
that it represents a harmonic function there. Moreover, using the multiplication
formula, we obtain another integral representation for (Py ∗ u)(x) in terms of
the Fourier transform of u. We also consider some other convolutions K ∗u, e.g.
when K is the conjugate Poisson kernel. Let us start with a general case.

225
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Theorem 10.1 Let µ ∈M(R). Then we have

1
π

∫
R

y

(x− t)2 + y2 dµ(t) =
∫ ∞

−∞
e−2πy|t| µ̂(t) ei 2πxt dt,

1
π

∫
R

x− t
(x− t)2 + y2 dµ(t) =

∫ ∞

−∞
−i sgn(t) e−2πy |t| µ̂(t) ei 2πxt dt,

1
2πi

∫
R

dµ(t)
t− z =

∫ ∞

0
µ̂(t) ei 2πz t dt,

1
2πi

∫
R

dµ(t)
t− z̄ = −

∫ 0

−∞
µ̂(t) ei 2πz̄ t dt,

for all z = x + iy ∈ C+. Each integral is absolutely convergent on compact
subsets of C+. Moreover, each line represents a harmonic function on C+. The
third line gives an analytic function.

Proof. All the required identities are special cases of the multiplication formula
(Lemma 9.2) applied to the Fourier transforms given in Table 9.1.

In Theorem 2.1, by applying the Laplace operator directly, we showed that
the given function U is harmonic on the unit disc. This method applies here
too. However, we provide a more instructive proof. Without loss of generality,
assume that µ is real. Hence,

U(z) =
1
π

∫
R

y

(t− x)2 + y2 dµ(t)

=
1
π

∫
R



{

i

z − t

}
dµ(t)

= 

{
i

π

∫
R

1
z − t dµ(t)

}
.

So U is the real part of an analytic function and thus it is harmonic in the upper
half plane. Since

| e−2πy|t| µ̂(t) ei2πxt | ≤ ‖µ‖ e−2πy|t|,

by the dominated convergence theorem, the integral is absolutely and uniformly
convergent on compact subsets of C+.

The second integral is the imaginary part of the preceding analytic function
and thus it is harmonic too. The last two lines are linear combinations of the
first two and, moreover, the third integral represents an analytic function.

In Theorem 10.1, if the measure µ is absolutely continuous with respect to
the Lebesgue measure, i.e.

dµ(t) = u(t) dt,

where u ∈ L1(R), then we obtain the following corollary. One of our main goals
is to show that this result also holds even if u ∈ Lp(R), 1 ≤ p ≤ 2. The great
task is to define û whenever 1 < p ≤ 2.
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Corollary 10.2 Let u ∈ L1(R). Then we have

1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt =
∫ ∞

−∞
e−2πy|t| û(t) ei 2πxt dt,

1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt =

∫ ∞

−∞
−i sgn(t) e−2πy |t| û(t) ei 2πxt dt,

1
2πi

∫ ∞

−∞

u(t)
t− z dt =

∫ ∞

0
û(t) ei 2πz t dt,

1
2πi

∫ ∞

−∞

u(t)
t− z̄ dt = −

∫ 0

−∞
û(t) ei 2πz̄ t dt,

for all z = x + iy ∈ C+. Each integral is absolutely convergent on compact
subsets of C+. Moreover, each line represents a harmonic function on C+. The
third line gives an analytic function.

10.2 The conjugate Poisson kernel

Let z = x+ iy ∈ C+. Since

y

(t− x)2 + y2 = O(1/t2)

as |t| → ∞, the function

U(z) =
1
π

∫
R

y

(t− x)2 + y2 dµ(t)

is well-defined whenever µ is a Borel measure on R such that∫
R

d|µ|(t)
1 + t2

<∞. (10.1)

Clearly, (10.1) is fulfilled whenever µ ∈ M(R). Moreover, U represents a har-
monic function in the upper half plane. The verification of this fact is exactly
as given in the proof of Theorem 10.1. In particular, if dµ(t) = u(t) dt, where
u ∈ Lp(R), 1 ≤ p ≤ ∞, then

U(z) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt

is well-defined and represents a harmonic function in C+. Moreover, by Lemma
9.4,

‖Uy‖p ≤ ‖u‖p
for all y > 0.

We already saw that


 i

z − t =
y

(x− t)2 + y2 ,
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and since
� i

z − t =
x− t

(x− t)2 + y2 ,

we are tempted to say that the harmonic conjugate of U is given by

V (z) =
1
π

∫
R

x− t
(x− t)2 + y2 dµ(t). (10.2)

However, since
x− t

(x− t)2 + y2 = O(1/|t|)

as |t| → ∞, (10.2) is well-defined whenever∫ ∞

−∞

d|µ|(t)
1 + |t| <∞.

For example, if u ∈ Lp(R), 1 ≤ p <∞, then∫ ∞

−∞

|u(t)|
1 + |t| dt <∞,

and thus the harmonic conjugate of

U(z) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt

is given by

V (z) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt. (10.3)

For the general case, where µ satisfies (10.1), simply note that



(

i

z − t +
it

1 + t2

)
=

y

(x− t)2 + y2 ,

�
(

i

z − t +
it

1 + t2

)
=

x− t
(x− t)2 + y2 +

t

1 + t2

and that, as |t| → ∞,

x− t
(x− t)2 + y2 +

t

1 + t2
= O(1/t2).

Therefore, assuming (10.1), the harmonic conjugate of

U(z) =
1
π

∫
R

y

(t− x)2 + y2 dµ(t)

is well-defined by the formula

V (z) =
1
π

∫ ∞

−∞

(
x− t

(x− t)2 + y2 +
t

1 + t2

)
dµ(t). (10.4)
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The family

Qy(t) =
1
π

t

t2 + y2 , (y ≥ 0), (10.5)

is called the conjugate Poisson kernel for the upper half plane. (See Figure
10.1.) However, as we will see, this kernel is more difficult to handle than the
Poisson kernel.

K3 K2 K1 0 1 2 3

K0.8

K0.6

K0.4

K0.2

0.2

0.4

0.6

0.8

Fig. 10.1. The conjugate Poisson kernel Qy(t) for y = 0.8, 0.5, 0.2.

10.3 Approximate identities on R
Let {Φι} be a family of integrable functions on R. In our examples below, we
will use y, ε and λ instead of ι and in all cases they range over the interval
(0,∞). However, it should be noted that y and ε tend to zero while λ tends
to infinity. Therefore, depending on the example, in the following limι means
limy→0, limε→0 or limλ→∞. Similarly, ι � ι0 means y < y0, ε < ε0 or λ > λ0.

The family {Φι} of integrable functions is an approximate identity on R if it
satisfies the following properties:

(a) for all ι,

CΦ = sup
ι

∫ ∞

−∞
|Φι(t)| dt <∞;

(b) for all ι, ∫ ∞

−∞
Φι(t) dt = 1;
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(c) for each fixed δ > 0,

lim
ι

∫
|t|>δ

|Φι(t)| dt = 0.

If, for all ι and for all t ∈ R,
Φι(t) ≥ 0,

we say that {Φι} is a positive approximate identity on R. In this case, (a) follows
from (b) with

CΦ = 1.

Our main example is of course the Poisson kernel

Py(t) =
1
π

y

t2 + y2 , (t ∈ R),

which is a positive approximate identity.
Given f ∈ Lp(R), 1 ≤ p ≤ ∞, or f ∈ C0(R), and an approximate identity

{Φι} on R, we form the new family {Φι ∗f}. With a measure µ ∈M(R) we can
also consider the family {Φι ∗ µ}. Then, similar to the case of the unit circle,
we will explore the way Φι ∗ f and Φι ∗ µ approach, respectively, f and µ as ι
grows. In particular, we are interested in the families Py ∗ f and Py ∗ µ, which
also represent harmonic functions in the upper half plane. By Theorem 10.1
and Corollary 10.2, the Fourier integrals of these two families are respectively∫ ∞

−∞
e−2πy|t| f̂(t) ei 2πxt dt

and ∫ ∞

−∞
e−2πy|t| µ̂(t) ei 2πxt dt,

which are weighted Fourier integrals of f and µ.

Exercises

Exercise 10.3.1 Let f ∈ L1(R) and define

Φλ(t) = λ f(λt), (t ∈ R),

where λ > 0. Evaluate Φ̂λ in terms of f̂ . For each fixed t ∈ R, what is the
behavior of Φ̂λ(t) if λ→∞?

Exercise 10.3.2 Let f ∈ L1(R) with∫ ∞

−∞
f(t) dt = 1.
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Let λ > 0 and define

Φλ(t) = λ f(λt), (t ∈ R).

Show that Φλ is an approximate identity on R. Under what condition is Φλ a
positive approximate identity?

Exercise 10.3.3 [Gauss–Weierstrass kernel] Let ε > 0 and let

Gε(t) =
1√
ε
e−πt2/ε, (t ∈ R).

Show that {Gε} is a positive approximate identity on R.

Exercise 10.3.4 Let p be a polynomial of degree n, and let f(t) = p(t) e−t2/2.
Show that f̂(t) = q(t) e−t2/2, where q is a polynomial of degree n. Moreover,
show that q is odd (even) if p is odd (even).

Exercise 10.3.5 [Fejér kernel] Let λ > 0 and let

Kλ(t) = λ

(
sin(πλ t)
πλ t

)2

, (t ∈ R).

Show that Kλ is a positive approximate identity on R.

Exercise 10.3.6 [de la Vallée Poussin’s kernel] Let λ > 0 and let

Vλ(t) = 2K2λ(t)−Kλ(t), (t ∈ R).

Show that Vλ is an approximate identity on R.

Exercise 10.3.7 Show that∫ ∞

−∞
K2
λ(t) dt =

2λ
3
.

Exercise 10.3.8 [Jackson’s kernel] Let λ > 0 and let

Jλ(t) =
K2
λ(t)

‖Kλ‖22
=

3λ
2

(
sin(πλ t)
πλ t

)4

, (t ∈ R).

(See Figure 10.2.) Show that Jλ is a positive approximate identity on R.
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x
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Fig. 10.2. The Jackson kernel Jλ(t) for λ = 4, 7, 10.

10.4 Uniform convergence and pointwise con-
vergence

To study the convergence of Φι ∗ f toward f , we start with the simple case
f ∈ C0(R). Let us recall that the elements of C0(R) are uniformly continuous
and bounded on R.

Theorem 10.3 Let Φι be an approximate identity on R, and let f ∈ C0(R).
Then, for all ι, Φι ∗ f ∈ C0(R) with

‖Φι ∗ f‖∞ ≤ CΦ ‖f‖∞.

Moreover, Φι ∗ f converges uniformly to f on R, i.e.

lim
ι
‖Φι ∗ f − f‖∞ = 0.

Proof. Fix ι. By Lemma 9.5, Φι ∗f is continuous on R. Since lim|t|→∞ f(t) = 0,
there is an M > 0 such that

|f(t)| < ε

for all |t| ≥M . Choose M ′ = M ′(ι) such that∫
|t|≥M ′

|Φι(t)| dt < ε.
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Hence, for |t| ≥M +M ′,

|(Φι ∗ f)(t)| =
∣∣∣∣
∫ ∞

−∞
Φι(t− τ) f(τ) dτ

∣∣∣∣
≤

( ∫
|τ |≤M

+
∫

|τ |≥M

)
|Φι(t− τ)| |f(τ)| dτ

≤ ‖f‖∞
∫

|s|≥M ′
|Φι(s)| ds+ ε

∫ ∞

−∞
|Φι(s)| ds

≤ ε (‖f‖∞ + CΦ).

The previous two facts show that Φι ∗ f ∈ C0(R). Moreover, by Lemma 9.5,

‖Φι ∗ f‖∞ ≤ ‖Φι‖1 ‖f‖∞ ≤ CΦ ‖f‖∞.

To show that Φι ∗ f converges uniformly to f on R, given ε > 0, take
δ = δ(ε) > 0 such that |f(t − τ) − f(t)| < ε, for all |τ | < δ and for all t ∈ R.
Therefore, we have

| (Φι ∗ f)(t)− f(t) | =
∣∣∣∣
∫ ∞

−∞
Φι(τ)

(
f(t− τ)− f(t)

)
dτ

∣∣∣∣
≤

( ∫ −δ

−∞
+

∫ δ

−δ
+

∫ ∞

δ

)
|Φι(τ)|

∣∣ f(t− τ)− f(t)
∣∣ dτ

≤ 2‖f‖∞
∫ −δ

−∞
|Φι(τ)| dτ + ε

∫ δ

−δ
|Φι(τ)| dτ + 2‖f‖∞

∫ ∞

δ

|Φι(τ)| dτ

≤ 2‖f‖∞
∫

|τ |>δ
|Φι(τ)| dτ + εCΦ.

Pick ι(ε, δ) = ι(ε) so large that∫
|τ |>δ

|Φι(τ)| dτ < ε,

whenever ι � ι(ε). Thus, for all ι � ι(ε) and for all t ∈ R,

| (Φι ∗ f)(t)− f(t) | < (2‖f‖∞ + CΦ) ε.

As a special case, by using the Poisson kernel we can extend an element of C0(R)
to the upper half plane C+. The outcome is a function which is continuous on the
closed upper half plane C+ and harmonic on the open half plane C+. Moreover,
due to special properties of the Poisson kernel, our function tends uniformly to
zero as the argument goes to infinity in C+.
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Corollary 10.4 Let u ∈ C0(R), and let

U(x+ iy) =




1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt if y > 0,

u(x) if y = 0.

Then

(a) U is harmonic on C+,

(b) U is continuous on C+,

(c) for each y ≥ 0, Uy ∈ C0(R) and ‖Uy‖∞ ≤ ‖u‖∞,

(d) as y → 0, Uy converges uniformly to u on R,

(e) given ε > 0, there is R > 0 such that

|U(x+ iy)| < ε,

whenever |x+ iy| ≥ R, y ≥ 0.

Proof. In Theorem 10.1 we show that U is a harmonic function on C+. Knowing
that the Poisson kernel is an approximate identity on R, properties (b), (c) and
(d) are a direct consequence of Theorem 10.3.

To prove (e), first suppose that u has a compact support, say [−M,M ]. Fix
ε > 0. Then

|U(x+ iy)| =
∣∣∣∣ 1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt
∣∣∣∣

≤ 1
π

∫ M

−M

y

(x− t)2 + y2 |u(t)| dt

≤ 2M ‖u‖∞
π y

, (x+ iy ∈ C+).

Hence, pick y0 > 0 such that

|U(x+ iy)| < ε

for all y ≥ y0 (no restriction on x). On the other hand, for 0 < y ≤ y0 and
|x| ≥M + 2y0‖u‖∞/(πε), we have

|U(x+ iy)| ≤ 1
π

∫
|t|≤M

y

(x− t)2 + y2 |u(t)| dt

<
‖u‖∞
π

∫
|τ |≥2y0‖u‖∞/(πε)

y

τ2 dτ ≤ ε.

Hence it is enough to take

R = y0 +M +
2y0‖u‖∞

πε
.
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For the general case, take v ∈ Cc(R) such that ‖u − v‖∞ < ε (remember that
Cc(R) is dense in C0(R)). Then, by part (c),

|U(x+ iy)| = |Py ∗ (u− v)(x) + (Py ∗ v)(x)|
≤ ‖u− v‖∞ + |(Py ∗ v)(x)|
< ε+ |(Py ∗ v)(x)|, (x+ iy ∈ C+).

As we saw in the previous paragraph, there is an R such that |(Py ∗ v)(x)| < ε
if |x+ iy| ≥ R and y ≥ 0. Hence

|U(x+ iy)| < 2ε

for all |x+ iy| ≥ R and y ≥ 0.

A small modification of the proof of Theorem 10.3 provides a local version
for functions which are continuous at a fixed point.

Theorem 10.5 Let Φι be an approximate identity on R, and let f ∈ L∞(R).
Suppose that f is continuous at t0 ∈ R. Then, given ε > 0, there exist ι(ε, t0)
and δ = δ(ε, t0) > 0 such that

| (Φι ∗ f)(t)− f(t0) | < ε,

whenever ι � ι(ε, t0) and |t− t0| < δ. In particular,

lim
ι

(Φι ∗ f)(t0) = f(t0).

Proof. Given ε > 0, there exists δ = δ(ε, t0) > 0 such that

|f(η)− f(t0)| < ε

if |η − t0| < 2δ. Therefore, for all t with |t− t0| < δ,

| (Φι ∗ f)(t)− f(t0) | =
∣∣∣∣
∫ ∞

−∞
Φι(τ)

(
f(t− τ)− f(t0)

)
dτ

∣∣∣∣
≤

( ∫ −δ

−∞
+

∫ δ

−δ
+

∫ ∞

δ

)
|Φι(τ)|

∣∣ f(t− τ)− f(t0)
∣∣ dτ

≤
∫

|τ |>δ
|Φι(τ)|

(
|f(t− τ)|+ |f(t0)|

)
dτ + ε

∫ δ

−δ
|Φι(τ)| dτ

≤ 2‖f‖∞
∫

|τ |>δ
|Φι(τ)| dτ + εCΦ.

Pick ι(ε, t0) so large that ∫
|τ |>δ

|Φι(τ)| dτ < ε

whenever ι � ι(ε, t0). Thus, for ι � ι(ε, t0) and for |t− t0| < δ,

|(Φι ∗ f)(t)− f(t0)| < (2‖f‖∞ + CΦ) ε.
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If u ∈ L∞(R) then the following result is a special case of Theorem 10.5.
However, due to special properties of the Poisson kernel, we are able to relax
the condition u ∈ L∞(R) slightly.

Corollary 10.6 Suppose that u ∈ L1(dt/(1 + t2), i.e.∫ ∞

−∞

|u(t)|
1 + t2

dt <∞, (10.6)

and that u is continuous at t0 ∈ R. Let

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

Then U is harmonic on C+ and besides

lim
z→t0
z∈C+

U(z) = u(t0).

Remark: The condition (10.6) is satisfied if u ∈ Lp(R), 1 ≤ p ≤ ∞.

Proof. Without loss of generality, suppose that t0 = 0. Since u is continuous
at the origin, it is necessarily bounded in a neighborhood of the origin, say
[−2δ, 2δ]. Let

ϕ(t) =




1 if |t| ≤ δ,

2− |t|
δ if δ ≤ |t| ≤ 2δ,

0 if |t| ≥ 2δ.

Now we write u = u1 +u2, where u1 = uϕ and u2 = u (1−ϕ). The function u1
is bounded on R and continuous at the origin. Hence, by Theorem 10.5,

lim
z→t0
z∈C+

(P ∗ u1)(z) = u1(0) = u(0).

Since U = P ∗ u1 + P ∗ u2, it is enough to show that

lim
z→t0
z∈C+

(P ∗ u2)(z) = 0.

But, for |x| < δ/2 and y > 0, we have

|(P ∗ u2)(x+ iy)| =
∣∣∣∣

∫
|t|≥δ

y

(x− t)2 + y2 u2(t) dt
∣∣∣∣

≤
∫

|t|≥δ

y

(|t| − δ/2)2
|u(t)| dt

≤ 4y
∫

|t|≥δ

|u(t)|
t2

dt

≤
(

4(1 + 1/δ2)
∫ ∞

−∞

|u(t)|
1 + t2

dt

)
y,
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which shows that (P ∗ u2)(z)→ 0, as z → 0.

Exercises

Exercise 10.4.1 Let f ∈ C0(R), and let

fλ(t) = λ

∫ ∞

−∞

(
sin(πλ (t− τ))
πλ (t− τ)

)2

f(τ) dτ, (t ∈ R).

Show that, for each λ > 0,
fλ ∈ C∞

0 (R)

with
‖fλ‖∞ ≤ ‖f‖∞

and
lim
λ→∞

‖fλ − f‖∞ = 0.

Hint: Use Exercise 10.3.5 and Theorem 10.3.

Exercise 10.4.2 Let f ∈ C0(R), and let

fε(t) =
1√
ε

∫ ∞

−∞
e−π(t−τ)2/ε f(τ) dτ, (t ∈ R).

Show that, for each ε > 0,
fε ∈ C∞

0 (R)

with
‖fε‖∞ ≤ ‖f‖∞

and
lim
ε→0
‖fε − f‖∞ = 0.

Hint: Use Exercise 10.3.3 and Theorem 10.3.

Exercise 10.4.3 Let Φι be an approximate identity on R, and let f be uni-
formly continuous and bounded on R. Show that, for each ι, Φι ∗ f is also
uniformly continuous and bounded on R, and moreover Φι ∗ f converges uni-
formly to f on R.
Remark: If f(x) = sinx, then (Py ∗ f)(x) = e−y sinx. Clearly, for each y > 0,
Py∗f is uniformly continuous and bounded on R, and Py∗f converges uniformly
to f on R, as y → 0. However, for all y > 0, Py ∗ f �∈ C0(R). Compare with
Corollary 10.4.
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10.5 Weak* convergence of measures

According to (9.4), φ∗µ, the convolution of an integrable function φ and a Borel
measure µ, is a well-defined integrable function. We now explore the relation
between φ∗µ and µ where φ ranges over the elements of an approximate identity.

Theorem 10.7 Let Φι be an approximate identity on R, and let µ ∈ M(R).
Then, for all ι, Φι ∗ µ ∈ L1(R) with

‖Φι ∗ µ‖1 ≤ CΦ ‖µ‖

and
‖µ‖ ≤ sup

ι
‖Φι ∗ µ‖1.

Moreover, the measures dµι(t) = (Φι ∗ µ)(t) dt converge to dµ(t) in the weak*
topology, i.e.

lim
ι

∫ ∞

−∞
ϕ(t) (Φι ∗ µ)(t) dt =

∫
R

ϕ(t) dµ(t)

for all ϕ ∈ C0(R).

Proof. The verification of the first and second assertions is similar to the proof
of Lemma 9.5. Indeed, according to (9.4), for each ι, we have

|(Φι ∗ µ)(t)| ≤
∫

R

|Φι(t− τ)| d|µ|(τ)

almost everywhere on R, and thus, by Fubini’s theorem,∫ ∞

−∞
|(Φι ∗ µ)(t)| dt ≤

∫ ∞

−∞

( ∫
R

|Φι(t− τ)| d|µ|(τ)
)
dt

=
∫

R

( ∫ ∞

−∞
|Φι(t− τ)| dt

)
d|µ|(τ)

≤ CΦ

∫
R

d|µ|(τ) = CΦ ‖µ‖.

To show the weak* convergence, let ϕ ∈ C0(R), and let ψ(t) = ϕ(−t). Then,
ψ ∈ C0(R) and by Fubini’s theorem,∫ ∞

−∞
ϕ(t) (Φι ∗ µ)(t) dt =

∫ ∞

−∞
ϕ(t)

( ∫
R

Φι(t− τ) dµ(τ)
)
dt

=
∫

R

( ∫ ∞

−∞
Φι(t− τ) ϕ(t) dt

)
dµ(τ)

=
∫

R

( ∫ ∞

−∞
Φι(−τ − t) ϕ(−t) dt

)
dµ(τ)

=
∫

R

( ∫ ∞

−∞
Φι(−τ − t) ψ(t) dt

)
dµ(τ)

=
∫

R

(Φι ∗ ψ)(−τ) dµ(τ).
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Theorem 10.3 ensures that (Φι ∗ ψ)(−τ) converges uniformly to ψ(−τ) on R.
Since |µ| is a finite Borel measure on R, we thus have

lim
ι

∫ ∞

−∞
ϕ(t) (Φι ∗ µ)(t) dt = lim

ι

∫
R

(Φι ∗ ψ)(−τ) dµ(τ)

=
∫

R

ψ(−τ) dµ(τ)

=
∫

R

ϕ(τ) dµ(τ).

Since ∣∣∣∣
∫ ∞

−∞
ϕ(t) (Φι ∗ µ)(t) dt

∣∣∣∣ ≤ (sup
ι
‖Φι ∗ µ‖1) ‖ϕ‖∞,

and (Φι ∗ µ)(t) dt converges to dµ(t) in the weak* topology, we thus have∣∣∣∣
∫

R

ϕ(t) dµ(t)
∣∣∣∣ ≤ (sup

ι
‖Φι ∗ µ‖1) ‖ϕ‖∞,

for all ϕ ∈ C0(R). Hence, by the Riesz representation theorem,

‖µ‖ ≤ sup
ι
‖Φι ∗ µ‖1.

If {Φι} is a positive approximate identity on R, then CΦ = 1 and we obtain

‖µ‖ = sup
ι
‖Φι ∗ µ‖1.

We can even show that sup can be replaced by lim in the preceding identity.
As a special case, by Theorem 10.1, the Poisson kernel extends µ to a har-

monic function U on C+ such that the measures U(t + iy) dt are uniformly
bounded and converge to dµ(t), as y → 0, in the weak* topology. This observa-
tion leads us to the uniqueness theorem, which is an essential result in harmonic
analysis.

Corollary 10.8 Let µ ∈M(R), and let

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+). (10.7)

Then U is harmonic on C+, and

‖µ‖ = sup
y>0
‖Uy‖1 = lim

y→0
‖Uy‖1.

Moreover, the measures dµy(t) = U(t + iy) dt converge to dµ(t), as y → 0, in
the weak* topology, i.e.

lim
y→0

∫
R

ϕ(t) dµy(t) =
∫

R

ϕ(t) dµ(t)

for all ϕ ∈ C0(R).
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We give two versions of the uniqueness theorem. However, both results are
a direct consequence of the relation ‖µ‖ = supy>0 ‖Uy‖1, where U is given by
(10.7).

Corollary 10.9 (Uniqueness theorem) Let µ ∈M(R). Suppose that

1
π

∫ ∞

−∞

y

(x− t)2 + y2 dµ(t) = 0

for all x+ iy ∈ C+. Then µ = 0.

Corollary 10.10 (Uniqueness theorem) Let µ ∈M(R). Suppose that

µ̂(t) = 0

for all t ∈ R. Then µ = 0. In particular, if f ∈ L1(R) and f̂(t) = 0, for all
t ∈ R, then we have f = 0.

Proof. Define U by (10.7) and note that, by Theorem 10.1,

U(x+ iy) =
∫ ∞

−∞
e−2πy|t| µ̂(t) ei 2πxt dt = 0

for all x+ iy ∈ C+.

The uniqueness theorem combined with Lemma 9.1 says that the map

M(R) −→ C(R) ∩ L∞(R)
µ �−→ µ̂

is one-to-one.

Exercises

Exercise 10.5.1 Let µ ∈M(R) and let y0 > 0. Suppose that

1
π

∫ ∞

−∞

y0
(x− t)2 + y2

0
dµ(t) = 0

for all x ∈ R. Show that µ = 0.

Exercise 10.5.2 Let µ ∈M(R). Suppose that

1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 dµ(t) = 0

for all x+ iy ∈ C+. Can we conclude that µ = 0? What if our assumption only
holds on the horizontal line y = y0?



10.6. Convergence in norm 241

Exercise 10.5.3 Let µ ∈M(R), and let

fλ(t) = λ

∫ ∞

−∞

(
sin(πλ (t− τ))
πλ (t− τ)

)2

dµ(τ), (t ∈ R).

Show that, for each λ > 0,
fλ ∈ L1(R)

with
‖fλ‖1 ≤ ‖µ‖,

and the measures fλ(t) dt converge to dµ(t) in the weak* topology, i.e.

lim
λ→∞

∫ ∞

−∞
ϕ(t) fλ(t) dt =

∫
R

ϕ(t) dµ(t)

for all ϕ ∈ C0(R).
Hint: Use Exercise 10.3.5 and Theorem 10.7.

Exercise 10.5.4 Let µ ∈M(R), and let

fε(t) =
1√
ε

∫ ∞

−∞
e−π(t−τ)2/ε dµ(τ), (t ∈ R).

Show that, for each ε > 0,
fε ∈ L1(R)

with
‖fε‖1 ≤ ‖µ‖,

and the measures fε(t) dt converge to dµ(t) in the weak* topology, i.e.

lim
ε→0

∫ ∞

−∞
ϕ(t) fε(t) dt =

∫
R

ϕ(t) dµ(t)

for all ϕ ∈ C0(R).
Hint: Use Exercise 10.3.3 and Theorem 10.7.

10.6 Convergence in norm

In this section we use the fact that Cc(R), the space of continuous functions of
compact support, is dense in Lp(R), 1 ≤ p < ∞. This assertion is not true if
p = ∞ and that is why the following result does not hold for the elements of
L∞(R).
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Theorem 10.11 Let Φι be an approximate identity on R, and let f ∈ Lp(R),
1 ≤ p <∞. Then, for all ι, Φι ∗ f ∈ Lp(R) and

‖Φι ∗ f‖p ≤ CΦ ‖f‖p.

Moreover,
lim
ι
‖Φι ∗ f − f‖p = 0.

Proof. The first two assertions are proved in Lemma 9.4. To prove the last
identity, we have

(Φι ∗ f)(t)− f(t) =
∫ ∞

−∞
Φι(τ) (f(t− τ)− f(t)) dτ, (t ∈ R).

Hence, by Minkowki’s inequality (see Section A.6),

‖Φι ∗ f − f‖p ≤
∫ ∞

−∞
|Φι(τ)| ‖fτ − f‖p dτ,

where fτ (t) = f(t− τ). It is enough to show that

lim
τ→0
‖fτ − f‖p = 0,

since then we use the same technique applied in the proof of Theorem 10.5 to
deduce that ‖Φι ∗ f − f‖p → 0. To do so, given ε > 0, pick ϕ ∈ Cc(R) such that
‖f − ϕ‖p < ε. Hence,

‖fτ − f‖p ≤ ‖fτ − ϕτ‖p + ‖ϕτ − ϕ‖p + ‖ϕ− f‖p
= 2‖ϕ− f‖p + +‖ϕτ − ϕ‖p
≤ 2ε+ ‖ϕτ − ϕ‖p.

As we saw in the proof of Lemma 9.5, ‖ϕτ − ϕ‖p → 0, as τ → 0. Hence, there
is δ > 0 such that, for |τ | < δ,

‖fτ − f‖p ≤ 3ε.

As in the preceding cases, we use the Poisson kernel, to extend u ∈ Lp(R) to the
harmonic function U = P ∗ u on C+ whose integral means ‖Uy‖p are uniformly
bounded and, y → 0, Uy converges to u in Lp(R).

Corollary 10.12 Let u ∈ Lp(R), 1 ≤ p <∞, and let

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

Then U is harmonic on C+,

sup
y>0
‖Uy‖p = lim

y→0
‖Uy‖p = ‖u‖p

and
lim
y→0
‖Uy − u‖p = 0.
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Exercises

Exercise 10.6.1 Let f ∈ Lp(R), 1 ≤ p <∞, and let

fλ(t) = λ

∫ ∞

−∞

(
sin(πλ (t− τ))
πλ (t− τ)

)2

f(τ) dτ, (t ∈ R).

Show that, for each λ > 0,
fλ ∈ Lp(R)

with
‖fλ‖p ≤ ‖f‖p

and
lim
λ→∞

‖fλ − f‖p = 0.

Hint: Use Exercise 10.3.5 and Theorem 10.11.

Exercise 10.6.2 Let f ∈ Lp(R), 1 ≤ p <∞, and let

fε(t) =
1√
ε

∫ ∞

−∞
e−π(t−τ)2/ε f(τ) dτ, (t ∈ R).

Show that, for each ε > 0,
fε ∈ Lp(R)

with
‖fε‖p ≤ ‖f‖p

and
lim
ε→0
‖fε − f‖p = 0.

Hint: Use Exercise 10.3.3 and Theorem 10.11.

10.7 Weak* convergence of bounded functions

Since Cc(R) is not dense in L∞(R), the results of Section 10.6 are not entirely
valid if p =∞. Nevertheless, a slightly weaker version also holds in this case.

Theorem 10.13 Let Φι be an approximate identity on R, and let f ∈ L∞(R).
Then, for all ι, Φι ∗ f ∈ L∞(R) ∩ C(R) with

‖Φι ∗ f‖∞ ≤ CΦ ‖f‖∞
and

‖f‖∞ ≤ sup
ι
‖Φι ∗ f‖∞.

Moreover, Φι ∗ f converges to f in the weak* topology, i.e.

lim
ι

∫ ∞

−∞
ϕ(t) (Φι ∗ f)(t) dt =

∫ ∞

−∞
ϕ(t) f(t) dt

for all ϕ ∈ L1(R).
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Proof. The first two assertions are proved in Lemma 9.5. Let ϕ ∈ L1(R), and
let ψ(t) = ϕ(−t). Then, by Fubini’s theorem,∫ ∞

−∞
ϕ(t) (Φι ∗ f)(t) dt =

∫ ∞

−∞
ϕ(t)

( ∫ ∞

−∞
Φι(t− τ) f(τ) dτ

)
dt

=
∫ ∞

−∞

( ∫ ∞

−∞
Φι(t− τ) ϕ(t) dt

)
f(τ) dτ

=
∫ ∞

−∞

( ∫ ∞

−∞
Φι(−τ − t) ϕ(−t) dt

)
f(τ) dτ

=
∫ ∞

−∞

( ∫ ∞

−∞
Φι(−τ − t) ψ(t) dt

)
f(τ) dτ

=
∫ ∞

−∞
(Φι ∗ ψ)(−τ) f(τ) dτ.

Theorem 10.11 ensures that (Φι ∗ ψ)(−τ) converges in L1(R) to ψ(−τ). Since
f is a bounded function, we thus have

lim
ι

∫ ∞

−∞
ϕ(t) (Φι ∗ f)(t) dt = lim

ι

∫ ∞

−∞
(Φι ∗ ψ)(−τ) f(τ) dτ

=
∫ ∞

−∞
ψ(−τ) f(τ) dτ

=
∫ ∞

−∞
ϕ(τ) f(τ) dτ.

Since ∣∣∣∣
∫ ∞

−∞
ϕ(t) (Φι ∗ f)(t) dt

∣∣∣∣ ≤ (sup
ι
‖Φι ∗ f‖∞) ‖ϕ‖1,

and Φι ∗ f converges to f in the weak* topology,∣∣∣∣
∫ ∞

−∞
ϕ(τ) f(τ) dτ

∣∣∣∣ ≤ (sup
ι
‖Φι ∗ f‖∞) ‖ϕ‖1

for all ϕ ∈ L1(R). Hence, by Riesz’s theorem,

‖f‖∞ ≤ sup
ι
‖Φι ∗ f‖∞.

If {Φι} is a positive approximate identity, then CΦ = 1 and we have

‖f‖∞ = sup
ι
‖Φι ∗ f‖∞ = lim

ι
‖Φι ∗ f‖∞.

Corollary 10.14 Let u ∈ L∞(R), and let

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).
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Then U is bounded and harmonic on C+, and

sup
y>0
‖Uy‖∞ = lim

y→0
‖Uy‖∞ = ‖u‖∞.

Moreover, as y → 0, Uy converges to u in the weak* topology, i.e.

lim
y→0

∫ ∞

−∞
ϕ(t)U(t+ iy) dt =

∫ ∞

−∞
ϕ(t)u(t) dt

for all ϕ ∈ L1(R).

Corollary 10.15 Let Φ be continuous and bounded on C+ and subharmonic
on C+. Then

Φ(x+ iy) ≤ 1
π

∫ ∞

−∞

y

(x− t)2 + y2 Φ(t) dt, (x+ iy ∈ C+).

Proof. Let

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 Φ(t) dt, (x+ iy ∈ C+).

By Corollaries 10.6 and 10.14, U is continuous and bounded on C+ and harmonic
on C+ with

lim
z→t
z∈C+

U(z) = Φ(t), (t ∈ R).

Let Ψ = Φ− U . Then Ψ is bounded and subharmonic on C+, and

lim
z→t
z∈C+

Ψ(z) = 0, (t ∈ R).

Hence, by Corollary 4.5, Ψ(z) ≤ 0 for all z ∈ C+.

Exercises

Exercise 10.7.1 Let f ∈ L∞(R), and let

fλ(t) = λ

∫ ∞

−∞

(
sin(πλ (t− τ))
πλ (t− τ)

)2

f(τ) dτ, (t ∈ R).

Show that, for each λ > 0,
fλ ∈ L∞(R)

with
‖fλ‖∞ ≤ ‖f‖∞
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and, as λ→∞, fλ converges to f in the weak* topology, i.e.

lim
λ→∞

∫ ∞

−∞
ϕ(t) fλ(t) dt =

∫ ∞

−∞
ϕ(t) f(t) dt

for all ϕ ∈ L1(R).
Hint: Use Exercise 10.3.5 and Theorem 10.13.

Exercise 10.7.2 Let f ∈ L∞(R), and let

fε(t) =
1√
ε

∫ ∞

−∞
e−π(t−τ)2/ε f(τ) dτ, (t ∈ R).

Show that, for each ε > 0,
fε ∈ L∞(R)

with
‖fε‖∞ ≤ ‖f‖∞

and, as ε→ 0, fε converges to f in the weak* topology, i.e.

lim
ε→0

∫ ∞

−∞
ϕ(t) fε(t) dt =

∫ ∞

−∞
ϕ(t) f(t) dt

for all ϕ ∈ L1(R).
Hint: Use Exercise 10.3.3 and Theorem 10.13.



Chapter 11

Harmonic functions in the
upper half plane

11.1 Hardy spaces on C+

The family of all complex harmonic functions in the upper half plane is denoted
by h(C+), and H(C+) is its subset containing all analytic functions on C+. Let
U ∈ h(C+), and write

‖U ‖p = sup
0<y<∞

( ∫ ∞

−∞
|U(x+ iy)|p dx

) 1
p

, (0 < p <∞),

and
‖U ‖∞ = sup

z∈C+

|U(z) |.

Then, for 0 < p ≤ ∞, we define the harmonic family

hp(C+) =
{
U ∈ h(C+) : ‖U ‖p <∞

}
and the analytic subfamily

Hp(C+) =
{
F ∈ H(C+) : ‖F ‖p <∞

}
.

These are Hardy spaces of the upper half plane. We will also need h(C+),
the family of all functions U such that U is harmonic in some open half plane
containing C+.

It is straightforward to see that hp(C+) and Hp(C+), 1 ≤ p ≤ ∞, are
normed vector spaces. We will see that h1(C+) and hp(C+), 1 < p ≤ ∞, are
actually Banach spaces respectively isomorphic toM(R) and Lp(R), 1 < p ≤ ∞.
Similarly, Hp(C+), 1 ≤ p ≤ ∞, is a Banach space isomorphic to a closed
subspace of Lp(R) denoted by Hp(R).

247
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Using these new notations, Corollaries 10.8, 10.12 and 10.14 can be rewritten
as follows:

u ∈ Lp(R) =⇒ P ∗ u ∈ hp(C+),

for each 1 ≤ p ≤ ∞, and

µ ∈M(R) =⇒ P ∗ µ ∈ h1(C+).

In this chapter, we start with a harmonic function in hp(C+), 1 ≤ p ≤ ∞, and
show that it is representable as P ∗ u or P ∗ µ.

11.2 Poisson representation for semidiscs

To obtain the Poisson representation for hp(C+) classes, we need the Poisson
integral formula for semidiscs. This formula recovers a harmonic function inside
the open semidisc

SR = {x+ iy : y > 0 and x2 + y2 < R }

from its boundary values on the semicircle

CR = {x+ iy : y ≥ 0 and x2 + y2 = R }

and on the line segment [−R,R].

Lemma 11.1 Let U be harmonic on a domain containing the closed semidisc
SR. Then

U(z) =
1
π

∫ R

−R

(
y

(t− x)2 + y2 −
xy t+ y(R2 + x t)
(R2 + x t)2 + (y t)2

)
U(t) dt

+
1
π

∫ π

0

(
R2 − r2

R2 + r2 − 2rR cos(θ −Θ)

− R2 − r2
R2 + r2 − 2rR cos(θ + Θ)

)
U(ReiΘ) dΘ,

for all z = x+ iy = reiθ ∈ SR.

Proof. Without loss of generality, assume that U is real. Let V be a harmonic
conjugate of U , and let F = U + iV . Then, by the Cauchy integral formula, for
each z ∈ SR, we have

I1 =
1
i 2π

∫
∂SR

F (ζ)
ζ − z dζ = F (z),

I2 =
1

2πi

∫
∂SR

F (ζ)
ζ − z̄ dζ = 0,

I3 =
1

2πi

∫
∂SR

F (ζ)
ζ −R2/z̄

dζ = 0,

I4 =
1

2πi

∫
∂SR

F (ζ)
ζ −R2/z

dζ = 0,
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where ∂SR represents the boundary of SR. Hence,

F (z) = I1 − I2 − I3 + I4.

Taking the real part of both sides gives the desired formula.

Exercises

Exercise 11.2.1 Let Ω be a domain in C and fix z0 ∈ Ω. A function G(z, z0)
defined on Ω \ {z0} and satisfying the following four properties is called the
Green function for Ω corresponding to the point z0:

(i) G(z, z0) > 0, for all z ∈ Ω \ {z0};

(ii) G is harmonic on Ω \ {z0};

(iii) G(z, z0) + log |z− z0| has a removable singularity at z0 (and thus it repre-
sents a harmonic function on Ω);

(iv) G(z, z0)→ 0 as z tends to any boundary point of Ω.

First, verify that ifG exists then it is unique. Then show that the Green function
of the disc Ω = DR is

G(z, z0) = log
∣∣∣∣ R2 − z̄0 z
R(z − z0)

∣∣∣∣,
and for the semidisc SR, the Green function is given by

G(z, z0) = log
∣∣∣∣ R2 − z̄0 z
R(z − z0)

R(z − z̄0)
R2 − z0 z

∣∣∣∣. (11.1)

Hint: To prove uniqueness, use the maximum principle.

Exercise 11.2.2 [Green’s formula] Let Ω be a domain in C. Suppose that U
is harmonic on a domain containing Ω. Show that, for all z0 ∈ Ω,

U(z0) = − 1
2π

∫
∂Ω
U(ζ)

∂G

∂n
(ζ, z0) ds(ζ).

Remark: ∂G/∂n represents the derivative of G in the direction of the outward
normal vector n.

Exercise 11.2.3 Use Exercise 11.2.2 and (11.1) to provide another proof for
Theorem 11.1.
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11.3 Poisson representation of h(C+) functions

In studying the boundary values of harmonic functions in the upper half plane
C+, the best possible assumption for the behavior on R is to assume that our
function is actually defined on a half plane containing C+. This class was already
denoted by h(C+).

Theorem 11.2 Let U ∈ h(C+) and suppose that U is bounded on C+. Then

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 U(t) dt, (x+ iy ∈ C+). (11.2)

Proof. Since U ∈ h(C+), by definition, there exists Y < 0 such that U is
harmonic on the half plane {�z > Y }. Fix z = x+ iy = reiθ ∈ C+. By Lemma
11.1, for each R > r, we have

U(z) =
1
π

∫ R

−R

{
y

(x− t)2 + y2 −
(R2y/r2)

((R2x/r2)− t)2 + (R2y/r2)2

}
U(t) dt

− 1
π

∫ π

0

{
2rR(R2 − r2) sin θ sin Θ(

(R2 + r2) cos Θ− 2Rr cos θ
)2 +

(
(R2 − r2) sin Θ

)2

}
U(ReiΘ) dΘ.

But, as R→∞,

(R2y/r2)
((R2x/r2)− t)2 + (R2y/r2)2

= O(1/R2)

and

2rR(R2 − r2) sin θ sin Θ(
(R2 + r2) cos Θ− 2Rr cos θ

)2 +
(
(R2 − r2) sin Θ

)2 = O(1/R).

Let R→∞. Hence, by the dominated convergence theorem, we obtain

U(z) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 U(t) dt, (z = x+ iy ∈ C+).

To extend the previous representation theorem for other classes, we need to
show that each element of hp(C+) is bounded if we stay away from the real
line. Since the disc {|z| ≤ r < 1} is compact and continuous functions are
automatically bounded on compact sets, the need for such a result was not felt
in studying hp(D) spaces.

Lemma 11.3 Let U ∈ hp(C+), 1 ≤ p <∞. Then

|U(x+ iy)| ≤ (2/π)1/p
‖U‖p
y1/p , (x+ iy ∈ C+).
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Proof. Fix z = x + iy ∈ C+ and let 0 < ρ < y. Then, for each r < ρ, by
Theorem 3.4, we have

U(z) =
1
2π

∫ π

−π
U(z + reit) dt.

Hence, by Hölder’s inequality,

|U(z)|p ≤ 1
2π

∫ π

−π
|U(z + reit)|p dt. (11.3)

(As a matter of fact, we just showed that |U |p is subharmonic.) Integrating
both sides with respect to rdr from 0 to ρ gives

|U(z)|p ρ2/2 ≤ 1
2π

∫ ρ

0

∫ π

−π
|U(z + reit)|p rdrdt.

Since the disc D(z, ρ) is a subset of the strip (−∞,∞)× [y − ρ, y + ρ], we thus
have

|U(z)|p ρ2/2 ≤ 1
2π

∫ y+ρ

y−ρ

( ∫ ∞

−∞
|U(x′ + iy′)|p dx′

)
dy′

=
1
2π

∫ y+ρ

y−ρ
‖Uy′‖pp dy′ ≤

ρ ‖U‖pp
π

.

Therefore,

|U(z)|p ≤
2 ‖U‖pp
π ρ

.

Now, let ρ→ y.

The following result is obvious if p =∞. For other values of p, it is a direct
consequence of the preceding lemma.

Corollary 11.4 Let U ∈ hp(C+), 1 ≤ p ≤ ∞. Let β > 0 and define

Uβ(z) = U(z + iβ).

Then Uβ ∈ h(C+) and Uβ is bounded on C+.

The main ingredient in the proof of Lemma 11.3 is the inequality (11.3), i.e.
the fact that |U |p, 1 ≤ p <∞, is a subharmonic function. If F is analytic then
|F |p is subharmonic for each 0 < p <∞. In other words, the inequality

|F (z)|p ≤ 1
2π

∫ π

−π
|F (z + reit)|p dt

holds for all 0 < p <∞. Therefore, Lemma 11.3 can be generalized slightly for
analytic functions.

Lemma 11.5 Let F ∈ Hp(C+), 0 < p <∞. Then

|F (x+ iy)| ≤ (2/π)1/p
‖F‖p
y1/p , (x+ iy ∈ C+).
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11.4 Poisson representation of hp(C+) functions
(1 ≤ p ≤ ∞)

Using Theorem 11.2 and Corollary 11.4 we are now able to obtain the Poisson
representation for hp(C+) classes, 1 ≤ p ≤ ∞.

Theorem 11.6 Let U ∈ hp(C+), 1 < p ≤ ∞. Then there exists a unique
u ∈ Lp(R) such that

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+),

and
‖U‖p = ‖u‖p.

Remark: Compare with Corollaries 10.6 and 10.14.

Proof. The uniqueness is a consequence of Corollary 10.9. Let β > 0 and define

Uβ(z) = U(z + iβ).

Then, by Corollary 11.4, Uβ is bounded on C+ and Uβ ∈ h(C+). Hence, by
Theorem 11.2,

U(x+ iy + iβ) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 U(t+ iβ) dt

for all x+ iy ∈ C+. Let β → 0. The rest of the proof is exactly like that given
for Theorem 3.5.

A small modification of the preceding proof, as explained similarly before
Theorem 3.7 for the case of the open unit disc, yields the Poisson representation
for h1(C+) functions.

Theorem 11.7 Let U ∈ h1(C+). Then there exists a unique µ ∈ M(R) such
that

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+),

and
‖U‖1 = ‖µ‖.

Remark: Compare with Corollary 10.8.
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Exercises

Exercise 11.4.1 Let U ∈ hp(C+), 1 ≤ p < ∞. Show that the subharmonic
function |U |p has a harmonic majorant.
Hint: Apply Theorem 11.7.

Exercise 11.4.2 Find U ∈ h(C+) such that the subharmonic function |U |p
has a harmonic majorant, but U �∈ hp(C+).
Hint: Consider U(x+ iy) = y �∈ h1(C+).
Remark: Compare with Exercises 4.1.7 and 11.4.1.

11.5 A correspondence between C+ and D
The conformal mapping

w =
i− z
i+ z

,

or equivalently

z = i
1− w
1 + w

,

gives the correspondence
C+ ←→ D
z ←→ w

between the points z = x+ iy of the upper half plane and w = reiθ of the unit
disc. Moreover, on the boundary, the formulas

eiτ =
i− t
i+ t

and

t = i
1− eiτ
1 + eiτ

provide the correspondence

R ←→ T \ {−1}
t ←→ eiτ

between R and T \ {−1}. The fact that −1 is not included is essential. Using
the last two relations, we are able to establish the correspondence

B(R) ←→ B( T \ {−1} )
A ←→ B

between the Borel subsets of R and the Borel subsets of T \ {−1} by defining

A =
{
t :

i− t
i+ t

∈ B
}
,



254 Chapter 11. Harmonic functions in the upper half plane

or equivalently

B =
{
eiτ : i

1− eiτ
1 + eiτ

∈ A
}
.

Based on this observation, we make a connection between Borel measures de-
fined on R and Borel measures defined on T \ {−1}.

Let ν be a positive Borel measure on T \ {−1}. Define its pullback λ on R
by

λ(A) = ν(B), (11.4)

where A is an arbitrary Borel subset of R, and B is related to A as explained
above. Then λ is a positive Borel measure on R, and the identity λ(A) = ν(B)
can be rewritten as∫

R

χA(t) dλ(t) =
∫

T\{−1}
χA

(
i
1− eiτ
1 + eiτ

)
dν(eiτ ),

or ∫
T\{−1}

χB(eiτ ) dν(eiτ ) =
∫

R

χB

(
i− t
i+ t

)
dλ(t).

Taking positive linear combinations shows that both identities are valid for
positive measurable step functions. Hence, by a standard limiting process, we
obtain ∫

R

ϕ(t) dλ(t) =
∫

T\{−1}
ϕ

(
i
1− eiτ
1 + eiτ

)
dν(eiτ ) (11.5)

and ∫
T\{−1}

ψ(eiτ ) dν(eiτ ) =
∫

R

ψ

(
i− t
i+ t

)
dλ(t) (11.6)

for all positive measurable functions ϕ and ψ.
We started with a measure ν on T \ {−1} and then defined λ on R. Clearly,

the procedure is symmetric and we can start with λ and then define ν. The
relations (11.5) and (11.6) still remain valid.

A very special, but important, case is the Lebesgue measure dτ on T. Using
differential calculus techniques, the relation eiτ = (i − t)/(i + t) immediately
implies that

dτ =
2 dt

1 + t2
(11.7)

and thus (11.6) is written as

∫ π

−π
ψ(eiτ ) dτ =

∫ ∞

−∞
ψ

(
i− t
i+ t

)
2dt

1 + t2
. (11.8)
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11.6 Poisson representation of positive harmonic
functions

In Section 3.5, we saw that positive harmonic functions in the unit disc are
those elements of h1(D) which are generated by positive Borel measures. As the
elementary example

U(x+ iy) = y (11.9)

shows, in the upper half plane, positive harmonic functions are not necessarily
in h1(C+). Another observation is based on the contents of Section 10.2. If µ
is a positive Borel measure on R such that∫

R

dµ(t)
1 + t2

<∞,

then
U(z) =

∫
R

y

(t− x)2 + y2 dµ(t) (11.10)

is a well-defined positive harmonic function on C+. In this section, we show
that any positive harmonic function in the upper half plane is a positive linear
combination of (11.9) and (11.10).

Theorem 11.8 (Herglotz) Let U be a positive harmonic function on C+. Then
the limit

α = lim
y→∞

U(iy)
y

exists and α ∈ [0,∞). Moreover, there exists a positive Borel measure µ on R
satisfying ∫

R

dµ(t)
1 + t2

<∞

such that

U(x+ iy) = αy +
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

Proof. Let

U(w) = U

(
i
1− w
1 + w

)
, (w ∈ D).

Then U is a positive harmonic function on D. Hence, by Theorem 3.8, there is
a finite positive Borel measure ν on T such that

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − τ) dν(e

iτ ), (reiθ ∈ D).

Thus,

U(reiθ) =
1− r2

1 + r2 + 2r cos θ
ν({−1}) +

∫
T\{−1}

1− r2
1 + r2 − 2r cos(θ − τ) dν(e

iτ ).
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To apply (11.6), we need two elementary identities which are easy to verify. If
z = x + iy ∈ C+, t ∈ R, w = reiθ ∈ D and eiτ ∈ T, and they are related as
explained in the preceding section, then we have

1− r2
1 + r2 + 2r cos θ

= y

and
1− r2

1 + r2 − 2r cos(θ − τ) =
y

(x− t)2 + y2 (1 + t2).

Therefore, by (11.6),

U(x+ iy) = ν({−1}) y +
∫

R

y

(x− t)2 + y2 (1 + t2) dλ(t),

where λ is defined by (11.4). Let α = ν({−1}) and let

dµ(t) = π (1 + t2) dλ(t).

Then clearly α ∈ [0,∞) and µ is a positive Borel measure on R such that

1
π

∫
R

dµ(t)
1 + t2

= λ(R) = ν(T \ {−1}) <∞

and

U(x+ iy) = α y +
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

Finally, since
U(iy)
y

= α+
∫

R

t2 + 1
t2 + y2 dλ(t),

and λ(R) <∞, by the dominated convergence theorem, we see that

lim
y→∞

U(iy)
y

= α.

Let µ be a Borel measure satisfying∫
R

d|µ|(t)
1 + t2

<∞,

and let α ∈ C. Let

U(x+ iy) = αy +
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

Then U is a harmonic function on the upper half plane. As we saw in Theorem
11.8, a positive harmonic function on C+ is a special case obtained by a positive
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constant α and a positive measure µ. The family discussed in Corollary 10.8 is
an even smaller subclass. Nevertheless, we expect the horizontal sections Uy to
somehow converge to µ as y → 0. Since µ satisfies a weaker condition in this
case, we have to consider a more restrictive type of convergence. This is done
by considering Cc(R), the class of continuous functions of compact support.

Theorem 11.9 Let α ∈ C and let µ be a Borel measure on R satisfying∫
R

d|µ|(t)
1 + t2

<∞.

Let

U(x+ iy) = αy +
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

Then
lim
y→0

∫
R

ϕ(t)U(t+ iy) dt =
∫

R

ϕ(t) dµ(t)

for all ϕ ∈ Cc(R).

Proof. Since ϕ has compact support,

A =
∫

R

ϕ(x) dx

is finite. Hence,∫
R

ϕ(x)U(x+ iy) dx = αAy +
∫

R

ϕ(x)
( ∫

R

Py(x− t) dµ(t)
)
dx

= αAy +
∫

R

(Py ∗ ϕ)(t) dµ(t).

By Corollary 10.4, Py∗ϕ converges uniformly and boundedly to ϕ. Let supp ϕ ⊂
[−M,M ]. Then, for |x| ≥ 2M and 0 < y < 1,

|(Py ∗ ϕ)(x)| ≤ ‖ϕ‖∞
π

∫ M

−M

y

(x− t)2 + y2 dt

≤ ‖ϕ‖∞
π

∫ M

−M

dt

(x− t)2

≤ ‖ϕ‖∞
π

2M
x2 −M2 .

Hence, for all x ∈ R and all 0 < y < 1,

|(Py ∗ ϕ)(x)| ≤ C

1 + x2 ,

where C = C(ϕ) is an absolute constant. Therefore, by the dominated conver-
gence theorem, ∫

R

(Py ∗ ϕ)(t) dµ(t) −→
∫

R

ϕ(t) dµ(t)

as y → 0.
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Exercises

Exercise 11.6.1 Let U be a real harmonic function in h1(C+). Show that U
is the difference of two positive harmonic functions.

Exercise 11.6.2 Let U1 and U2 be two positive harmonic functions on C+.
Let U = U1 − U2. Can we conclude that U ∈ h1(C+)?
Remark: Compare with Exercises 3.5.2 and 11.6.1.

11.7 Vertical limits of hp(C+) functions (1 ≤ p ≤
∞)

Using the conformal mapping given in Section 11.5, we are able to exploit Fatou’s
theorem (Theorem 3.12) and obtain a similar result about the vertical limits of
harmonic functions defined in the upper half plane. The following result is
rather general and applies for the elements of hp(C+), 1 ≤ p ≤ ∞, as a special
case.

Theorem 11.10 Let µ be a Borel measure on R such that∫
R

d|µ|(t)
1 + t2

<∞, (11.11)

and let

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

Let x0 ∈ R. Suppose that

A = lim
s→0

µ([x0 − s, x0 + s])
2s

exists and is finite. Then

lim
y→0

U(x0 + iy) = A. (11.12)

Proof. Without loss of generality, assume that µ ≥ 0, since otherwise, using
Hahn’s decomposition theorem, we can write µ = (µ1 − µ2) + i(µ3 − µ4) where
each µk is a positive Borel measure satisfying (11.11).

Without loss of generality, assume that x = 0. Let

U(w) = U

(
i
1− w
1 + w

)
, (w ∈ D).

Then, on the one hand,
lim
y→0

U(iy) = lim
r→1
U(r) (11.13)
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and, on the other hand, since

y

(x− t)2 + y2 =
1− r2

1 + r2 − 2r cos(θ − τ) cos2(τ/2),

we have

U(reiθ) =
1
π

∫
T\{−1}

1− r2
1 + r2 − 2r cos(θ − τ) cos2(τ/2) dν(eiτ ),

where ν corresponds to µ as explained in (11.4). Let

dλ(eiτ ) = 2 cos2(τ/2) dν(eiτ ).

Hence,

U(reiθ) =
1
2π

∫
T

1− r2
1 + r2 − 2r cos(θ − τ) dλ(eiτ )

and

1
2s

∫ s

−s
dλ(eiτ ) =

1
s

∫ s

−s
cos2(τ/2) dν(eiτ )

=
1
s

∫ s

−s

(
cos2(τ/2)− 1

)
dν(eiτ ) +

1
s

∫ s

−s
dν(eiτ )

=
1
s

∫ s

−s

(
cos2(τ/2)− 1

)
dν(eiτ ) +

1
s

∫ s′

−s′
dµ(t),

where

s′ = i
1− eis
1 + eis

.

Since cos2(τ/2)− 1 = O(τ2) and s′/s→ 1/2, as s→ 0, we thus have

lim
s→0

1
2s

∫ s

−s
dλ(eiτ ) = lim

s′→0

1
2s′

∫ s′

−s′
dµ(t) = A.

Since, by Theorem 3.12,

lim
r→1
U(r) = lim

s→0

1
2s

∫ s

−s
dλ(eiτ ),

the relation (11.13) implies that limy→0 U(iy) = A.

For each Borel measure µ satisfying (11.11), we know that, for almost all
x ∈ R,

lim
s→0

µ([x− s, x+ s])
2s

= µ′(x)

exists and µ′(x) is finite. Hence, by Theorem 11.10,

lim
y→0

1
π

∫
R

y

(x− t)2 + y2 dµ(t) = µ′(x)

for almost all x ∈ R. A special case of this fact is mentioned below.



260 Chapter 11. Harmonic functions in the upper half plane

Corollary 11.11 Let ∫ ∞

−∞

|u(t)|
1 + t2

dt <∞ (11.14)

and let

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

Then
lim
y→0

U(x+ iy) = u(x)

for almost all x ∈ R.

Note that (11.14) is fulfilled if u ∈ Lp(R), 1 ≤ p ≤ ∞.

Exercises

Exercise 11.7.1 Let µ be a real signed Borel measure on R such that∫
R

d|µ|(t)
1 + t2

<∞,

and let

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

Let x0 ∈ R and suppose that

µ′(x0) = +∞.

Show that
lim
y→0

U(x0 + iy) = +∞.

Exercise 11.7.2 Let µ be a Borel measure on R such that∫
R

d|µ|(t)
1 + t2

<∞,

and let

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

Show that, for almost all x0 ∈ R,

lim
z→x0

z∈Sα(x0)

U(z) = µ′(x0)
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where Sα(x0), 0 ≤ α < π/2, is the Stoltz domain

Sα(x0) = {x+ iy ∈ C+ : |x− x0| ≤ (tanα) y }.

(See Figure 11.1.)
Remark: We say that µ′(x0) is the nontangential limit of U at the point x0.

Fig. 11.1. The Stoltz domain Sα(x0).

Exercise 11.7.3 Let µ be a positive Borel measure on R such that∫
R

dµ(t)
1 + t2

<∞,

and let

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

Let x0 ∈ R and suppose that

µ′(x0) = +∞.

Show that, for any α ≥ 0,

lim
z→x0

z∈Sα(x0)

U(z) = +∞.

Exercise 11.7.4 Construct a real signed Borel measure µ such that∫
R

d|µ|(t)
1 + t2

<∞
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and
µ′(0) = +∞.

But
lim
t→0

U(t+ it) �= +∞,

where

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

Remark: Compare with Exercises 11.7.1 and 11.7.3.



Chapter 12

The Plancherel transform

12.1 The inversion formula

The representation formulas given in Theorem 10.1 and Corollary 10.2 represent
a harmonic function in h1(C+) in terms of the Fourier transform of a boundary
measure or function on R. Our goal is to generalize these results for other hp(C+)
classes. Of course, the first and most important step would be to generalize the
definition of Fourier transform for other Lp(R) spaces. Then we will be able to
obtain further representations of elements of hp(C+).

The case p = 1 of Corollary 10.12 is of particular interest and helps us to
say a bit more about the Fourier transform of functions in L1(R).

Theorem 12.1 (Inversion formula) Let f ∈ L1(R) and suppose that f̂ ∈ L1(R).
Then, for almost all t ∈ R,

f(t) =
∫ ∞

−∞
f̂(τ) ei 2πtτ dτ.

Proof. Let

Fy(x) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).

By Corollary 10.12, for each y > 0, Fy ∈ L1(R) and moreover

lim
y→0
‖Fy − f‖1 = 0.

A convergent sequence in L1(R) has a subsequence converging at almost all
points of R. Hence, there is yn > 0, yn → 0, such that

lim
n→∞Fyn

(x) = f(x)

for almost all x ∈ R. On the other hand, by Corollary 10.2, the identity

Fy(x) =
∫ ∞

−∞
e−2πy|t| f̂(t) ei 2πxt dt

263
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holds for all x ∈ R and y > 0. Now, the assumption f̂ ∈ L1(R) together with
the dominated convergence theorem imply that

lim
y→0

Fy(x) =
∫ ∞

−∞
f̂(t) ei 2πxt dt

for all x ∈ R. Therefore, we immediately obtain the inversion formula.

Writing the inversion formula as

f(t) =
∫ ∞

−∞
f̂(τ) e−i 2π(−t)τ dτ,

the last integral can be interpreted as the Fourier transform of f̂ , and we obtain

f(t) = ˆ̂
f(−t), (t ∈ R), (12.1)

provided that f, f̂ ∈ L1(R).
Suppose that f ∈ L1(R), fix y > 0, and consider

Fy(x) =
∫ ∞

−∞
e−2πy|t| f̂(t) ei 2πxt dt.

By Corollary 10.12, Fy ∈ L1(R). Hence, according to (12.1), we have

F̂y(t) = e−2πy|t| f̂(t).

Clearly F̂y ∈ C0(R), for all y > 0. On the other hand, ‖Fy − f‖1 → 0 and thus,
by Lemma 9.1,

lim
y→0
‖F̂y − f̂‖∞ = 0.

Therefore,
f̂ ∈ C0(R).

This is the Riemann–Lebesgue lemma on the real line. The Riemann–Lebesgue
lemma combined with the uniqueness theorem (Corollary 10.10) say that the
mapping

L1(R) −→ C0(R)
f �−→ f̂

is well-defined and one-to-one.
The following result is a simple consequence of Corollaries 10.2, 10.6 and

(11.11). However, this simple observation has an important application in ex-
tending the definition of Fourier transform to Lp(R), 1 < p ≤ 2, spaces.

Corollary 12.2 Let f ∈ L1(R). Suppose that f̂ ≥ 0 and that f is continuous
at 0. Then f̂ ∈ L1(R) and

f(t) =
∫ ∞

−∞
f̂(τ) ei 2πtτ dτ
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for almost all t ∈ R. In particular,

f(0) =
∫ ∞

−∞
f̂(τ) dτ.

Proof. By Corollary 10.2,

1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt =
∫ ∞

−∞
e−2πy |t| f̂(t) ei 2πxt dt (12.2)

for all y > 0 and all x ∈ R. As a special case, on the imaginary axis we have

1
π

∫ ∞

−∞

y

t2 + y2 f(t) dt =
∫ ∞

−∞
e−2πy |t| f̂(t) dt

for all y > 0. Let y → 0. Then the monotone convergence theorem ensures that
the right side tends to ∫ ∞

−∞
f̂(t) dt,

and Corollary 10.6 says that the left side converges to f(0). Hence

f(0) =
∫ ∞

−∞
f̂(t) dt,

which incidentally also implies that f̂ ∈ L1(R). Knowing that f̂ ∈ L1(R), the
inversion formula (Theorem 12.1) applies and ensures that the first identity
holds for almost all t ∈ R.

Exercises

Exercise 12.1.1 Let f ∈ L1(R), and let

fλ(t) =
∫ λ

−λ

(
1− |τ |/λ

)
f̂(τ) ei 2πtτ dτ, (t ∈ R).

Show that, for each λ > 0,
fλ ∈ L1(R)

with
‖fλ‖1 ≤ ‖f‖1,

f̂λ(t) =




(
1− |t|/λ

)
f̂(t) if |t| ≤ λ,

0 if |t| ≥ λ
and

lim
λ→∞

‖fλ − f‖1 = 0.

Hint: Use Exercises 9.3.2 and 10.6.1.
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Exercise 12.1.2 Let f ∈ L1(R), and let

fε(t) =
∫ ∞

−∞
e−πετ2

f̂(τ) ei 2πtτ dτ, (t ∈ R).

Show that, for each ε > 0,
fε ∈ L1(R)

with
‖fε‖1 ≤ ‖f‖1,

f̂ε(t) = e−πεt2 f̂(t)

and
lim
ε→0
‖fε − f‖1 = 0.

Hint: Use Exercises 9.3.1 and 10.6.2.

Exercise 12.1.3 We saw that the map

L1(R) −→ C0(R)
f �−→ f̂

is injective. However, show that it is not surjective.

12.2 The Fourier–Plancherel transform

Using Corollary 12.2, we show that the Fourier transform maps L1(R) ∩ L2(R)
into L2(R). This is the first step in generalizing the definition of Fourier trans-
form.

Theorem 12.3 (Plancherel) Let f ∈ L1(R) ∩ L2(R). Then f̂ ∈ L2(R) and
moreover

‖f̂‖2 = ‖f‖2.

Proof. Let g(x) = f(−x) and let h = f ∗g. By Young’s inequality (Lemma 9.5),

h ∈ L1(R) ∩ C(R)

and, by Lemma 9.3,
ĥ = f̂ ĝ = |f̂ |2 ≥ 0.

Hence, by Corollary 12.2, ĥ ∈ L1(R), which is equivalent to f̂ ∈ L2(R), and
moreover

h(0) =
∫ ∞

−∞
ĥ(t) dt.
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Let us calculate both sides according to their definitions. On the one hand, we
have ∫ ∞

−∞
ĥ(t) dt =

∫ ∞

−∞
|f̂(t)|2 dt = ‖f̂‖22

and, on the other hand,

h(0) =
∫ ∞

−∞
f(t) g(0− t) dt =

∫ ∞

−∞
f(t) f(t) dt = ‖f‖22.

Comparing the last three identities implies ‖f̂‖2 = ‖f‖2.

Theorem 12.3 is a valuable result. Since Cc(R) ⊂ L1(R) ∩ L2(R), the latter
is also dense in L2(R). This fact enables us to extend the definition of Fourier
transform to L2(R). Indeed, let f ∈ L2(R). Pick any sequence fn ∈ L1(R) ∩
L2(R), n ≥ 1, such that

lim
n→∞ ‖fn − f‖2 = 0.

Then (fn)n≥1 is a Cauchy sequence in L2(R) and, by Theorem 12.3, we have

‖f̂n − f̂m‖2 = ‖ ̂fn − fm‖2 = ‖fn − fm‖2,

and thus (f̂n)n≥1 is also a Cauchy sequence in L2(R). Since L2(R) is complete,

lim
n→∞ f̂n

exists in L2(R). If (gn)n≥1 is another sequence in L1(R) ∩ L2(R) satisfying
similar properties, then limn→∞ ĝn also exists in L2(R). However, again by
Theorem 12.3, we have

‖f̂n − ĝn‖2 = ‖ ̂fn − gn‖2 = ‖fn − gn‖2
≤ ‖fn − f‖2 + ‖gn − f‖2 −→ 0,

and thus
lim
n→∞ ĝn = lim

n→∞ f̂n.

Therefore, as an element of L2(R), the limit of f̂n is independent of the choice
of sequence as long as the sequence is in L1(R) ∩ L2(R) and converges to f in
L2(R). Hence, we define the Fourier–Plancherel transform of f ∈ L2(R) by

Ff = lim
n→∞ f̂n,

where fn is any sequence in L1(R) ∩ L2(R) satisfying

lim
n→∞ ‖fn − f‖2 = 0.

In particular, if f ∈ L1(R) ∩ L2(R), we can take fn = f , and thus we have

Ff = f̂ . (12.3)
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In other words, the two definitions coincide on L1(R)∩L2(R). Therefore, with-
out any ambiguity we can also use the notation f̂ for the Fourier–Plancherel
transform of functions in L2(R). Finally, by Theorem 12.3,

‖f̂‖2 = lim
n→∞ ‖f̂n‖2 = lim

n→∞ ‖fn‖2 = ‖f‖2 (12.4)

for all f ∈ L2(R). Thus, the Fourier–Plancherel transformation

F : L2(R) −→ L2(R)
f �−→ f̂

is an operator on L2(R) which preserves the norm.
For an arbitrary function f ∈ L2(R) we usually take

fn(t) =




f(t) if |t| ≤ n,

0 if |t| > n.

Hence, we have

f̂ (t) = l.i.m.
n→∞

∫ n

−n
f(τ) e−i 2πtτ dτ,

where l.i.m. stands for limit in mean and implies that the limit is taken in L2(R).

Let us discuss a relevant example. The conjugate Poisson kernel is in L2(R).
We evaluate its Fourier–Plancherel transform. Fix x+ iy ∈ C+, and let

f(t) =
1
π

x− t
(x− t)2 + y2 , (t ∈ R).

To obtain the Fourier–Plancherel transform of f , we first calculate the Fourier
transform of

fn(t) =




1
π

x− τ
(x− τ)2 + y2 if |t− x| ≤ n,

0 if |t− x| > n.

Hence,

f̂n(t) =
1
π

∫ x+n

x−n

x− τ
(x− τ)2 + y2 e−i 2πtτ dτ

=
1
π

∫ n

−n

τ

τ2 + y2 e−i 2πt(x−τ) dτ

=
e−i 2πxt

π

∫ n

−n

τ

τ2 + y2 ei 2πtτ dτ.



12.2. The Fourier–Plancherel transform 269

Suppose that t > 0 and n > y. Hence, by Cauchy’s integral formula,

f̂n(t) =
e−i 2πxt

π

( ∫
Γn

−
∫
Cn

)
ζ

ζ2 + y2 ei 2πtζ dζ

= i e−2πyt−i 2πxt − e−i 2πxt

π

∫
Cn

ζ

ζ2 + y2 ei 2πtζ dζ.

Fig. 12.1. The curve Γn.

The curve Cn is the semicircle in Γn. (See Figures 12.1 and 12.2.) To estimate
the last integral, note that

∣∣∣∣ ζ

ζ2 + y2 ei 2πtζ
∣∣∣∣ ≤ n

n2 − y2 e−2πt
ζ ,

for all ζ ∈ Cn, and write

∫
Cn

=
∫
Cn∩{
ζ>√

n}
+

∫
Cn∩{
ζ<√

n}
.
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Fig. 12.2. The curve Cn.

Therefore,∣∣∣∣
∫
Cn

ζ

ζ2 + y2 ei 2πtζ dζ

∣∣∣∣ ≤ πn2

n2 − y2 e−2πt
√
n +

2n2

n2 − y2 arcsin
1√
n
,

which implies

f̂n(t) = i e−2πyt−i 2πxt + o(1), (t > 0),

as n→∞. A similar argument shows that

f̂n(t) = −i e2πyt−i 2πxt + o(1), (t < 0).

We know that f̂n converges to f̂ in L2(R). Hence a subsequence of f̂n converges
almost everywhere to f̂ . But, as the last two identities show,

f̂n(t) −→ i sgn(t) e−2πy|t|−i 2πxt

at all t ∈ R \ {0}. Hence

f̂(t) = i sgn(t) e−2πy|t|−i 2πxt, (t ∈ R).

In particular, the Fourier–Plancherel transform of

Qy(t) =
1
π

t

t2 + y2

is
Q̂y(t) = −i sgn(t) e−2πy|t|.

(See Figure 12.3.)
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Fig. 12.3. The spectrum of 1
i Qy.

Exercises

Exercise 12.2.1 Let f ∈ L1(R) and suppose that f̂ ∈ L2(R). Show that we
also have f ∈ L2(R).

Exercise 12.2.2 Let f ∈ L1(R) and g ∈ L2(R). Show that

f̂ ∗ g = f̂ ĝ.

12.3 The multiplication formula on Lp(R) (1 ≤
p ≤ 2)

The identity ‖f̂‖2 = ‖f‖2 implies that the Fourier–Plancherel transform is
injective on L2(R). To show that it is also surjective, and thus a unitary operator
on L2(R), we need the following generalization of the multiplication formula.

Lemma 12.4 (Multiplication formula) Let f, g ∈ L2(R). Then∫ ∞

−∞
f(t) ĝ(t) dt =

∫ ∞

−∞
f̂(t) g(t) dt.
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Proof. Pick two sequences fn, gn ∈ L1(R) ∩ L2(R), n ≥ 1, such that

lim
n→∞ ‖fn − f‖2 = lim

n→∞ ‖gn − g‖2 = 0.

According to the definition of the Fourier–Plancherel transform, we also have

lim
n→∞ ‖f̂n − f̂‖2 = lim

n→∞ ‖ĝn − ĝ‖2 = 0.

Thus, by Hölder’s inequality,

lim
n→∞ ‖fnĝn − fĝ‖1 = lim

n→∞ ‖f̂ngn − f̂g‖1 = 0.

But fn, gn ∈ L1(R). Hence, by Lemma 9.2,∫ ∞

−∞
f(t) ĝ(t) dt = lim

n→∞

∫ ∞

−∞
fn(t) ĝn(t) dt

= lim
n→∞

∫ ∞

−∞
f̂n(t) gn(t) dt

=
∫ ∞

−∞
f̂(t) g(t) dt.

We are now able to show that the Fourier–Plancherel transform F is sur-
jective on L2(R). As a matter of fact, if g is orthogonal to the range of F ,
i.e. ∫ ∞

−∞
f̂(t) g(t) dt = 0

for all f ∈ L2(R), then, by the multiplication formula, we have∫ ∞

−∞
f(t) ˆ̄g(t) dt = 0,

which immediately implies ˆ̄g = 0. Hence, by (12.4), ḡ = 0. Thus F is surjective.
Using (12.1), we can also provide an inversion formula for the Fourier–

Plancherel transform. Let T denote the unitary operator

T : L2(R) −→ L2(R)
f(t) �−→ f(−t).

Hence T ◦ F ◦ F is also a unitary operator on L2(R), and moreover, by (12.1),
the identity

T ◦ F ◦ F = id

holds at least on a dense subset of L2(R), e.g. on C∞
c (R). Note that if f ∈

C∞
c (R), then certainly f̂ ∈ L1(R). Therefore, the identity holds on L2(R) and

thus
F−1 = T ◦ F . (12.5)
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Exercises

Exercise 12.3.1 Let f ∈ C∞
c (R). Show that

f̂ ∈ C∞(R) ∩ Lp(R)

for all 0 < p ≤ ∞.
Hint: Use Exercise 9.2.9.

Exercise 12.3.2 Let f, g ∈ L2(R). Show that∫ ∞

−∞
f̂(t) ĝ(t) dt =

∫ ∞

−∞
f(t) g(−t) dt.

Hint: Use Lemma 12.4 and (12.5).

12.4 The Fourier transform on Lp(R) (1 ≤ p ≤ 2)

Let
f ∈ L1(R) + L2(R).

Then for each f = f1 + f2, where f1 ∈ L1(R) and f2 ∈ L2(R), define its Fourier
transform by

f̂ = f̂1 + Ff2.

If f has another representation, say f = g1 + g2, where g1 ∈ L1(R) and g2 ∈
L2(R), then

f1 − g1 = g2 − f2 ∈ L1(R) ∩ L2(R),

and thus, by (12.3),

f̂1 − g1 = F(g2 − f2).

Therefore,
f̂1 + Ff2 = ĝ1 + Fg2,

which implies that f̂ is well-defined. Since, for all p with 1 ≤ p ≤ 2,

Lp(R) ⊂ L1(R) + L2(R),

the Fourier transforms of elements of Lp(R), 1 ≤ p ≤ 2, are well-defined now.

Theorem 12.5 (Hausdorff–Young theorem) Let f ∈ Lp(R), 1 ≤ p ≤ 2. Then
f̂ ∈ Lq(R), where q is the conjugate exponent of p, and

‖f̂‖q ≤ ‖f‖p.
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Proof. By Lemma 9.1,

F : L1(R) −→ L∞(R)
f �−→ f̂

is of type (1,∞) with
‖F‖(1,∞) ≤ 1

and, by Plancherel’s theorem (see (12.4)),

F : L2(R) −→ L2(R)
f �−→ f̂

is of type (2, 2) with
‖F‖(2,2) ≤ 1.

The rest is exactly as in the proof of Theorem 8.3.

Exercises

Exercise 12.4.1 Let f ∈ L1(R) and g ∈ Lp(R), 1 ≤ p ≤ 2. Show that

f̂ ∗ g = f̂ ĝ.

Hint: Use Exercise 12.2.2.

Exercise 12.4.2 Let 1 ≤ p ≤ 2, and let q be the conjugate exponent of p. Let
g ∈ Lp(R). Show that there is an f ∈ Lq(R) such that

f̂ = g

and that
‖f‖q ≤ ‖f̂‖p.

Hint 1: Use duality and Theorem 12.5.
Hint 2: Give a direct proof using the Riesz–Thorin interpolation theorem.

12.5 An application of the multiplication for-
mula on Lp(R) (1 ≤ p ≤ 2)

The contents of this chapter are designed to obtain the following result, which
reveals the spectral properties of elements in hp(C+), 1 ≤ p ≤ 2.



12.5. An application of the multiplication formula on Lp(R) (1 ≤ p ≤ 2) 275

Theorem 12.6 Let u ∈ Lp(R), 1 ≤ p ≤ 2. Then we have

1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt =
∫ ∞

−∞
e−2πy|t| û(t) ei 2πxt dt,

1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt =

∫ ∞

−∞
−i sgn(t) e−2πy |t| û(t) ei 2πxt dt,

1
2πi

∫ ∞

−∞

u(t)
t− z dt =

∫ ∞

0
û(t) ei 2πz t dt,

1
2πi

∫ ∞

−∞

u(t)
t− z̄ dt = −

∫ 0

−∞
û(t) ei 2πz̄ t dt,

for all z = x + iy ∈ C+. The integrals are absolutely convergent on compact
subsets of C+. Moreover, each line represents a harmonic function on C+. The
third line gives an analytic function.

Proof. The case p = 1 was considered in Corollary 10.2. We start by proving
the first identity for p = 2. If u ∈ L2(R), pick a sequence un ∈ L1(R) ∩ L2(R),
n ≥ 1, such that

lim
n→∞ ‖un − u‖2 = 0.

Then, again by Corollary 10.2,

1
π

∫ ∞

−∞

y

(x− t)2 + y2 un(t) dt =
∫ ∞

−∞
e−2πy |t| ûn(t) ei 2πxt dt.

Let n→∞. The Cauchy–Schwarz inequality ensures that the left side converges
to

1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt,

and the right side to ∫ ∞

−∞
e−2πy |t| û(t) ei 2πxt dt,

as n→∞. Hence, we obtain the required equality. Other identities are proved
similarly if p = 2.

If u ∈ Lp(R) ⊂ L1(R) + L2(R), write u = u1 + u2, where u1 ∈ L1(R) and
u2 ∈ L2(R). Each identity holds for u1 and u2. Hence, taking their linear
combination, each identity also holds for u.

Since
û = û1 + û2 ⊂ C0(R) + L2(R),

the presence of e−2πy |t| ensures that the right-side integral converges absolutely
and uniformly on compact subsets of C+. Finally, the same method used in
Theorem 10.1 shows that each row represents a harmonic function.

Corollary 12.7 (Uniqueness theorem) Let f ∈ Lp(R), 1 ≤ p ≤ 2. Suppose that

f̂(t) = 0
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for almost all t ∈ R. Then
f(t) = 0

for almost all t ∈ R.

Proof. By Theorem 12.6, we have

1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt =
∫ ∞

−∞
e−2πy|t| f̂(t) ei 2πxt dt = 0

for all x+ iy ∈ C+. Hence, by Corollary 11.11, f = 0.

Exercises

Exercise 12.5.1 [Multiplication formula] Let f, g ∈ Lp(R), 1 ≤ p ≤ 2. Show
that ∫ ∞

−∞
f(t) ĝ(t) dt =

∫ ∞

−∞
f̂(t) g(t) dt.

Exercise 12.5.2 Let 1 < p < 2 and let q be the conjugate exponent of p. By
Theorem 12.5 and Corollary 12.7, the map

Lp(R) −→ Lq(R)
f �−→ f̂

is well-defined and injective. However, show that it is not surjective.

12.6 A complete characterization of hp(C+) spaces

Similar to what we did in Section 4.7, we summarize the results of preceding
sections to demonstrate a complete characterization of hp(C+) spaces. In the
following, U is harmonic in the upper half plane C+.

Case 1: p = 1.

U ∈ h1(C+) if and only if there exists µ ∈M(R) such that

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

The measure µ is unique and

U(x+ iy) =
∫ ∞

−∞
µ̂(t) e−2πy|t|+i2πxt dt, (x+ iy ∈ C+),
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where µ̂ ∈ C(R) ∩ L∞(R) and

‖µ̂‖∞ ≤ ‖µ‖.

The measures dµy(t) = U(t+ iy) dt converge to dµ(t) in the weak* topology, as
y → 0, i.e.

lim
y→0

∫
R

ϕ(t) dµy(t) =
∫

T

ϕ(t) dµ(t)

for all ϕ ∈ C0(R), and we have

‖U‖1 = ‖µ‖ = |µ|(R).

Case 2: 1 < p ≤ 2.

U ∈ hp(C+) if and only if there exists u ∈ Lp(R) such that

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

The function u is unique and

U(x+ iy) =
∫ ∞

−∞
û(t) e−2πy|t|+i2πxt dt, (x+ iy ∈ C+),

where û ∈ Lq(R), with 1/p+ 1/q = 1, and

‖û‖q ≤ ‖u‖p.

Moreover,
lim
y→0
‖Uy − u‖p = 0,

and thus
‖U‖p = ‖u‖p.

Case 3: 2 < p <∞.

U ∈ hp(C+) if and only if there exists u ∈ Lp(R) such that

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

The function u is unique,
lim
y→0
‖Uy − u‖p = 0,

and thus
‖U‖p = ‖u‖p.
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Case 4: p =∞.

U ∈ h∞(C+) if and only if there exists u ∈ L∞(R) such that

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

The function u is unique and

‖U‖∞ = ‖u‖∞.

Moreover, Uy converges to u in the weak* topology, as y → 0, i.e.

lim
y→0

∫
R

ϕ(t) U(t+ iy) dt =
∫

R

ϕ(t) u(t) dt

for all ϕ ∈ L1(R).

The first case shows that h1(C+) and M(R) are isometrically isomorphic
Banach spaces. Similarly, by the other three cases, hp(C+) and Lp(R), 1 < p ≤
∞, are isometrically isomorphic.

Exercises

Exercise 12.6.1 We saw that h1(C+) andM(R) are isometrically isomorphic
Banach spaces. Consider L1(R) as a subspace of M(R). What is the image of
L1(R) in h1(C+) under this correspondence? What is the image of positive
measures? Do they give all the positive harmonic functions in the upper half
plane?

Exercise 12.6.2 We know that h∞(C+) and L∞(R) are isometrically isomor-
phic Banach spaces. Consider C0(R) as a subspace of L∞(R). What is the image
of C0(R) in h∞(C+) under this correspondence? What is the image of Cc(R)?



Chapter 13

Analytic functions in the
upper half plane

13.1 Representation of Hp(C+) functions (1 <
p ≤ ∞)

Since Hp(C+) ⊂ hp(C+), the representation theorems that we have obtained
for harmonic functions apply to analytic functions too. Some of these results
have been gathered in Section 12.6. In this chapter we study the analytic Hardy
spaces Hp(C+) in more detail.

Lemma 13.1 Let β > 0. If F ∈ Hp(C+), 1 ≤ p <∞, then

∫ ∞

−∞

F (t+ iβ)
t− z̄ dt = 0, (z ∈ C+).

If F ∈ H∞(C+), then

∫ ∞

−∞

F (t+ iβ)
(t− z̄)(t+ i)

dt = 0, (z ∈ C+).

Proof. Fix z ∈ C+ and β > 0. Let R > β + |z| and let ΓR,β be the curve shown
in Figure 13.1. Therefore, iβ + z̄ is not in the interior of ΓR,β , and thus, by
Cauchy’s integral formula,

∫
ΓR,β

F (ζ)
ζ − iβ − z̄ dζ = 0.

279
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Fig. 13.1. The curve ΓR,β .

Hence, ∫ R cos θR

−R cos θR

F (t+ iβ)
t− z̄ dt = −

∫ π−θR

θR

F (Reiθ)
Reiθ − iβ − z̄ iRe

iθdθ,

where, according to triangle ∆R,β , we have θR = arcsin(β/R). (See Figure
13.2.)

Fig. 13.2. The triangle ∆R,β .

By Lemma 11.3, we now have∣∣∣∣
∫ π−θR

θR

F (Reiθ)
Reiθ − iβ − z̄ iRe

iθdθ

∣∣∣∣ ≤ R (2/π)1/p ‖F‖p
R− |iβ + z̄|

∫ π−θR

θR

1
(R sin θ)1/p

dθ

≤ 2R (2/π)1/p ‖F‖p
(R− |iβ + z̄|)R1/p

∫ π/2

θR

1
(2θ/π)1/p

dθ

≤ 2R (2/π)1/p ‖F‖p
(R− |iβ + z̄|)R1/p

∫ π/2

θR

1
2θ/π

dθ

=
πR (2/π)1/p ‖F‖p
(R− |iβ + z̄|)R1/p log(π/2θR).
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But θR ≥ sin θR = β/R, and thus∣∣∣∣
∫ π−θR

θR

F (Reiθ)
Reiθ − iβ − z̄ iRe

iθdθ

∣∣∣∣ ≤ πR (2/π)1/p ‖F‖p
(R− |iβ + z̄|)R1/p log(πR/2β).

Hence, ∫ R cos θR

−R cos θR

F (t+ iβ)
t− z̄ dt = O(logR/R1/p).

Now let R→∞.
The proof for the case p =∞ is even simpler. The reason we add the extra

factor (t + i) in the denominator is that, for an arbitrary bounded analytic
function F ,

F (t+ iβ)
t− z̄

is not necessarily integrable over R.

No wonder we want to let β → 0 in the preceding lemma to obtain a repre-
sentation theorem based on the boundary values of F on the real line R. Let us
see what happens. If F ∈ Hp(C+), 1 < p <∞, then, by Theorem 11.6, there is
a unique f ∈ Lp(R) such that

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+). (13.1)

Moreover, by Corollary 10.12, we have

lim
β→0
‖Fβ − f‖p = 0.

Hence, by Lemma 13.1,∫ ∞

−∞

f(t)
t− z̄ dt = lim

β→0

∫ ∞

−∞

Fβ(t)
t− z̄ dt = 0 (13.2)

for all z ∈ C+. Since

y

(x− t)2 + y2 =
i/2
t− z̄ −

i/2
t− z (13.3)

and
(x− t)

(x− t)2 + y2 =
−1/2
t− z +

−1/2
t− z̄ ,

the representation (13.1) along with the property (13.2) imply

F (z) =
1

2πi

∫ ∞

−∞

f(t)
t− z dt

=
i

π

∫ ∞

−∞

x− t
(x− t)2 + y2 f(t) dt,
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for all z = x+ iy ∈ C+.
On the other hand, if f ∈ Lp(R), 1 < p <∞, satisfying∫ ∞

−∞

f(t)
t− z̄ dt = 0, (z ∈ C+),

is given, we can define

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).

Then, on the one hand, by Corollary 10.12, F ∈ hp(C+), and on the other hand,
by (13.3) and our assumption on f , we obtain

F (z) =
1

2πi

∫ ∞

−∞

f(t)
t− z dt, (z ∈ C+).

Thus F indeed represents an element of Hp(C+).
Finally, since Fy converges to f in Lp(R), we have

‖F‖p = ‖f‖p.

The preceding discussion shows that Hp(C+), 1 < p < ∞, is isomorphically
isometric to

Hp(R) =
{
f ∈ Lp(R) :

∫ ∞

−∞

f(t)
t− z̄ dt = 0, for all z ∈ C+

}
, (13.4)

which is a closed subspace of Lp(R).

Theorem 13.2 Let F be analytic in the upper half plane C+. Then F ∈
Hp(C+), 1 < p <∞, if and only if there is f ∈ Hp(R) such that

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).

If so, f is unique and we also have

F (z) =
i

π

∫ ∞

−∞

x− t
(x− t)2 + y2 f(t) dt

=
1

2πi

∫ ∞

−∞

f(t)
t− z dt, (z = x+ iy ∈ C+).

Moreover,
lim
y→0
‖Fy − f‖p = 0

and
‖F‖p = ‖f‖p.
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A slight modification of the argument provided above for Hp(C+), 1 < p <
∞, gives a representation for H∞(C+). If F ∈ H∞(C+), then, by Theorem
11.6, there is a unique f ∈ L∞(R) such that

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+), (13.5)

and
lim
β→0

∫ ∞

−∞
ϕ(t) F (t+ iβ) dt =

∫ ∞

−∞
ϕ(t) f(t) dt

for all ϕ ∈ L1(R). In particular, with

ϕ(t) =
1

(t− z̄)(t+ i)
, (t ∈ R, z ∈ C+),

we obtain ∫ ∞

−∞

f(t)
(t− z̄)(t+ i)

dt = 0, (z ∈ C+). (13.6)

Since
y

(x− t)2 + y2 =
(z + i)/2i

(t− z)(t+ i)
− (z̄ + i)/2i

(t− z̄)(t+ i)
, (13.7)

the representation (13.5) along with the properties (13.6) and (13.7) imply

F (z) =
1

2πi

∫ ∞

−∞

(
1

t− z −
1

t+ i

)
f(t) dt, (z ∈ C+).

On the other hand, if f ∈ L∞(R) satisfying∫ ∞

−∞

f(t)
(t− z̄)(t+ i)

dt = 0, (z ∈ C+),

is given, we can define

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).

Then, on the one hand, by Corollary 10.14, F ∈ h∞(C+), and on the other
hand, by (13.7) and our assumption on f , we obtain

F (z) =
1

2πi

∫ ∞

−∞

(
1

t− z −
1

t+ i

)
f(t) dt, (z ∈ C+).

Thus F represents an element of H∞(C+). Finally, by Corollary 10.14, we have

‖F‖∞ = ‖f‖∞.

The preceding discussion shows that H∞(C+) is isomorphically isometric to

H∞(R) =
{
f ∈ L∞(R) :

∫ ∞

−∞

f(t)
(t− z̄)(t+ i)

dt = 0, for all z ∈ C+

}
,

which is a closed subspace of L∞(R).
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Theorem 13.3 Let F be analytic in the upper half plane C+. Then F ∈
H∞(C+) if and only if there is an f ∈ H∞(R) such that

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).

If so, f is unique and we also have

F (z) =
i

π

∫ ∞

−∞

(
x− t

(x− t)2 + y2 +
1

t+ i

)
f(t) dt

=
1

2πi

∫ ∞

−∞

(
1

t− z −
1

t+ i

)
f(t) dt, (z = x+ iy ∈ C+).

Moreover,
‖F‖∞ = ‖f‖∞.

Exercises

Exercise 13.1.1 Show that

H∞(R) =
{
f ∈ L∞(R) :

∫ ∞

−∞

f(t)
(t− z̄)(t− w̄)

dt = 0, for all z, w ∈ C+

}
.

Exercise 13.1.2 Let f ∈ L∞(R) be such that∫ ∞

−∞

f(t)
(t− z̄)2 dt = 0

for all z ∈ C+. Can we conclude that f ∈ H∞(R)?

13.2 Analytic measures on R
One of our main goals in this chapter is to show that Theorem 13.2 remains
valid even if p = 1. To prove this result, we need to study a special class of
Borel measures. A measure µ ∈M(R) is called analytic if

µ̂(t) = 0 (13.8)

for all t ≤ 0. We use Riesz’s theorem (Theorem 5.10) to characterize these
measures.

Lemma 13.4 Let µ ∈M(R). Then the following are equivalent:

(a) µ is analytic;
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(b) for all z ∈ C+, ∫
R

dµ(t)
t− z̄ = 0; (13.9)

(c) dµ(t) = u(t) dt where u ∈ L1(R) and û(t) = 0 for all t ≤ 0.

Proof. (a) =⇒ (b) : According to Theorem 10.1, for any µ ∈M(R), we have

1
2πi

∫
R

dµ(t)
t− z̄ = −

∫ 0

−∞
µ̂(t) ei 2πz̄ t dt, (z ∈ C+).

Hence, (a) clearly implies (b).
(b) =⇒ (c) : Taking the successive derivative of (13.9) with respect to z̄

gives ∫
R

dµ(t)
(t− z̄)n = 0

for all n ≥ 1 and z ∈ C+. Since

(t+ z̄)n−1

(t− z̄)n =
n−1∑
k=0

(
n− 1
k

)
(2t)k (−1)n−1−k

(t− z̄)k+1 ,

we thus have ∫
R

(t+ z̄)n−1

(t− z̄)n dµ(t) = 0, (n ≥ 1).

In particular, for z = i, we obtain∫
R

(
t− i
t+ i

)n
dµ(t)
i− t = 0, (n ≥ 1).

Now we make the change of variable eiτ = i−t
i+t to write the preceding integral

over T. Therefore, by (11.6), we have∫
T

einτ dν(eiτ ) = 0, (n ≥ 1),

where dν(eiτ ) is the pullback of dµ(t)/(i− t) and we assume that ν({−1}) = 0.
The celebrated theorem of F. and M. Riesz (Theorem 5.10) implies that dν(eiτ )
is absolutely continuous with respect to the Lebesgue measure dτ . Hence, by
(11.4) and (11.7), dµ(t) is absolutely continuous with respect to the Lebesgue
measure dt, i.e.

dµ(t) = u(t) dt,

where u ∈ L1(R). Moreover, based on the assumption, u satisfies∫ ∞

−∞

u(t)
t− z̄ dt = 0, (z ∈ C+).



286 Chapter 13. Analytic functions in the upper half plane

Thus, by Corollary 10.2, we have

−
∫ 0

−∞
û(t) ei 2πz̄ t dt =

∫ ∞

−∞

u(t)
t− z̄ dt = 0, (z ∈ C+).

In particular, with z = x+ i, x ∈ R, we obtain∫ ∞

−∞

(
û(t) e−2π t χ(−∞,0)(t)

)
ei 2πx t dt = 0

for all x ∈ R. Hence, by the uniqueness theorem (Corollary 12.7),

û(t) = 0

for almost all t < 0. Since û is a continuous function, the last identity holds for
all t ≤ 0.

(c) =⇒ (a) : This part is obvious.

13.3 Representation of H1(C+) functions

The definition (13.4) is valid even if p = 1. Now, using Lemma 13.4, we show
that H1(R) also deserves attention. If F ∈ H1(C+), then, by Theorem 11.7,
there is a unique µ ∈M(R) such that

lim
β→0

∫ ∞

−∞
ϕ(t)F (t+ iβ) dt =

∫
R

ϕ(t) dµ(t)

for all ϕ ∈ C0(R). In particular, if ϕ(t) = 1/(t− z̄), then, by Lemma 13.1,∫ ∞

−∞

dµ(t)
t− z̄ = 0, (z ∈ C+).

Hence, µ is an analytic measure and, by Lemma 13.4, there is an f ∈ L1(R)
such that

dµ(t) = f(t) dt

and ∫ ∞

−∞

f(t)
t− z̄ dt = 0, (z ∈ C+).

The big step is now taken and the rest of the discussion is exactly like the one
given for the case 1 < p <∞ in Section 13.1.

Theorem 13.5 Let F be analytic in the upper half plane C+. Then F ∈
H1(C+) if and only if there is an f ∈ H1(R) such that

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).
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If so, f is unique and we also have

F (z) =
i

π

∫ ∞

−∞

x− t
(x− t)2 + y2 f(t) dt

=
1

2πi

∫ ∞

−∞

f(t)
t− z dt, (z = x+ iy ∈ C+).

Moreover,
lim
y→0
‖Fy − f‖1 = 0,

and
‖F‖1 = ‖f‖1.

13.4 Spectral analysis of Hp(R) (1 ≤ p ≤ 2)

In the preceding sections we defined Hp(R), 1 ≤ p ≤ ∞, as a closed subspace of
Lp(R), and showed that it is isomorphically isometric to Hp(C+). If 1 ≤ p ≤ 2,
the Fourier transforms of elements of Hp(R) are well-defined. In this section we
study the Fourier transform of these elements.

Theorem 13.6 Let f ∈ Hp(R), 1 ≤ p ≤ 2, and let

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).

Then f̂(t) = 0, for almost all t ≤ 0, and moreover

F (z) =
∫ ∞

0
f̂(t) ei2πzt dt, (z ∈ C+).

Proof. By Theorem 12.6, we have

1
2πi

∫ ∞

−∞

f(t)
t− z̄ dt = −

∫ 0

−∞
f̂(t) ei 2πz̄ t dt,

for all z = x + iy ∈ C+ and all f ∈ Lp(R), 1 ≤ p ≤ 2. If f ∈ Hp(R), then, by
definition,

1
2πi

∫ ∞

−∞

f(t)
t− z̄ dt = 0, (z ∈ C+).

Hence, ∫ 0

−∞
f̂(t) ei 2πz̄ t dt = 0, (z ∈ C+).

Thus, by the uniqueness theorem (Corollary 12.7), we necessarily have f̂(t) = 0
for almost all t ≤ 0.
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Finally, by Theorem 12.6, we have

F (z) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt

=
∫ ∞

−∞
e−2πy|t| f̂(t) ei 2πxt dt

=
∫ ∞

0
e−2πyt f̂(t) ei 2πxt dt

=
∫ ∞

0
f̂(t) ei2πzt dt, (z = x+ iy ∈ C+).

The case p = 1 of Theorem 13.6 is more interesting, since in this case f̂ is
continuous on R and we thus have

f̂(t) = 0

for all t ≤ 0. In particular, for t = 0, we obtain the following result.

Corollary 13.7 Let f ∈ H1(R). Then∫ ∞

−∞
f(τ) dτ = 0.

Theorem 13.6 has a converse which enables us to give another characteri-
zation of Hp(R), 1 ≤ p ≤ 2. Suppose that f ∈ Lp(R), 1 ≤ p ≤ 2, satisfying
f̂(t) = 0, for almost all t ≤ 0, is given. Hence, by Theorem 12.6, we immediately
have

1
2πi

∫ ∞

−∞

f(t)
t− z̄ dt = −

∫ 0

−∞
f̂(t) ei 2πz̄ t dt = 0

for all z = x+ iy ∈ C+. Therefore, f ∈ Hp(R). Based on this observation and
Theorem 13.6, we can say

Hp(R) = { f ∈ Lp(R) : f̂(t) = 0 for almost all t ≤ 0 }

for 1 ≤ p ≤ 2. Hence, by the Hausdorff–Young theorem (Theorem 12.5), the
Hardy space Hp(R), 1 ≤ p ≤ 2, is mapped into Lq(R+), where q is the conju-
gate exponent of p, under the Fourier transform. According to the uniqueness
theorem (Corollary 12.7), the map is injective. Hence, we naturally ask if it is
surjective too. Using Plancherel’s theorem we prove this assertion for p = 2. In
other cases the map is not surjective.

Theorem 13.8 Let ϕ ∈ L2(R+). Then there is an f ∈ H2(R) such that

f̂ = ϕ.



13.5. A contraction from Hp(C+) into Hp(D) 289

Proof. Let
f(t) = ϕ̂(−t).

By Plancherel’s theorem we certainly have f ∈ L2(R). Moreover, by (12.5),

f̂(t) = ˆ̂ϕ(−t) = ϕ(t).

Hence f̂ ∈ L2(R+), which is equivalent to f ∈ H2(R).

Exercises

Exercise 13.4.1 By Theorem 13.6 and the uniqueness theorem (Corollary
12.7), the map

H1(R) −→ C0(R+)
f �−→ f̂

is injective. However, show that it is not surjective.
Hint: Use Exercise 12.1.3.

Exercise 13.4.2 Let 1 < p < 2 and let q be the conjugate exponent of p. By
Theorem 13.6 and the uniqueness theorem (Corollary 12.7), the map

Hp(R) −→ Lq(R+)
f �−→ f̂

is injective. However, show that it is not surjective.
Hint: See Exercise 12.5.2.

13.5 A contraction from Hp(C+) into Hp(D)

The following result gives a contraction from Hp(C+) into Hp(D). This is a
valuable tool which enables us to easily establish some properties of Hardy
spaces of the upper half plane from the known results on the unit disc.

Lemma 13.9 Let F ∈ Hp(C+), 0 < p ≤ ∞, and let

G(w) = π1/p F

(
i
1− w
1 + w

)
, (w ∈ D).

Then G ∈ Hp(D) and
‖G‖Hp(D) ≤ ‖F‖Hp(C+).
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Proof. The result is obvious if p = ∞. Hence, suppose that 0 < p < ∞.
Fix β > 0. By Lemma 11.5, |F (z + iβ)|p, as a function of z, is a bounded
subharmonic function on C+ which is also continuous on C+. Thus, by Corollary
10.15,

|F (x+ iy + iβ)|p ≤ 1
π

∫ ∞

−∞

y

(x− t)2 + y2 |F (t+ iβ)|p dt, (x+ iy ∈ C+).

By assumption, (|Fβ |p)β>0 is a uniformly bounded family in L1(R). Hence, there
is a measure λ ∈M(R) and a subsequence (|Fβn |p)n≥1 such that |F (t+iβn)|p dt
converges to dλ(t) in the weak* topology. Hence,

λ(R) = ‖λ‖ ≤ lim inf
n→∞ ‖Fβn

‖pp = ‖F‖pp. (13.10)

Moreover, by letting βn → 0, we obtain

|F (x+ iy)|p ≤ 1
π

∫
R

y

(x− t)2 + y2 dλ(t), (x+ iy ∈ C+).

Now we apply the change of variable z = i1−w
1+w , as discussed in Section 11.5, to

get

|G(reiθ)|p ≤
∫

T

1− r2
1 + r2 − 2r cos(θ − τ) cos2(τ/2) dν(τ), (reiθ ∈ D),

where ν is the pullback of λ with the extra assumption ν( {−1} ) = 0. The
identity

y

(x− t)2 + y2 =
1− r2

1 + r2 − 2r cos(θ − τ) cos2(τ/2)

was also used implicitly in the preceding calculation. Therefore, by Fubini’s
theorem and (13.10),

1
2π

∫ π

−π
|G(reiθ)|p dθ ≤

∫
T

cos2(τ/2) dν(τ) ≤
∫

T

dν(τ) = ν(T) = λ(R) ≤ ‖F‖pp.

Lemma 13.9 says that the mapping

Hp(C+) −→ Hp(D)

F (z) �−→ π1/p F
(
i1−w
1+w

)
is a contraction. Even though this map is one-to-one, it is not onto. More
precisely, if we start with G ∈ Hp(D), 0 < p <∞, and define

F (z) = G

(
i− z
i+ z

)
, (z ∈ C+),

then F is not necessarily in Hp(C+). A simple counterexample is G(w) = w ∈
H1(D), for which F (z) = i−z

i+z �∈ H1(C+).
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Theorem 13.10 Let F ∈ Hp(C+), 0 < p ≤ ∞, F �≡ 0. Then

(a)
f(x) = lim

y→0
F (x+ iy)

exists for almost all x ∈ R.

(b) ∫ ∞

−∞

∣∣∣∣ log |f(t)|
∣∣∣∣ dt

1 + t2
<∞,

(c)

lim
y→0

∫ ∞

−∞

∣∣∣∣ log+ |F (t+ iy)| − log+ |f(t)|
∣∣∣∣ dt

1 + t2
= 0,

(d)

log |F (x+ iy)| ≤ 1
π

∫ ∞

−∞

y

(x− t)2 + y2 log |f(t)| dt, (x+ iy ∈ C+).

Proof. Define

G(w) = F

(
i
1− w
1 + w

)
, (w ∈ D).

By Lemma 13.9, G ∈ Hp(D). Hence, by Fatou’s theorem (Theorem 3.12), G
has boundary values almost everywhere on T. Moreover, the results gathered
in Theorem 7.9 hold for G. Applying again the change of variable z = i 1−w

1+w ,
which was discussed in Section 11.5, implies all the parts. Note that dτ =
2dt/(1 + t2).

The following result was partially obtained in the proof of Lemma 13.9.
Knowing that F has boundary values almost everywhere on the real line, we
obtain a candidate for the measure λ appearing there.

Corollary 13.11 Let F ∈ Hp(C+), 0 < p <∞, and let

f(x) = lim
y→0

F (x+ iy)

wherever the limit exists. Then f ∈ Lp(R),

‖f‖p = ‖F‖p

and

|F (x+ iy)|p ≤ 1
π

∫ ∞

−∞

y

(x− t)2 + y2 |f(t)|p dt, (x+ iy ∈ C+).
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Proof. The first assertion is a direct consequence of Fatou’s lemma, which also
implies ‖f‖p ≤ ‖F‖p. By Theorem 13.10,

log |F (x+ iy)| ≤ 1
π

∫ ∞

−∞

y

(x− t)2 + y2 log |f(t)| dt, (x+ iy ∈ C+).

Hence

|F (x+ iy)|p ≤ exp
{

1
π

∫ ∞

−∞

y

(x− t)2 + y2 log |f(t)|p dt
}
, (x+ iy ∈ C+).

Now apply Jensen’s inequality to obtain the last result. Moreover, by Fubini’s
theorem, we have∫ ∞

−∞
|F (x+ iy)|pdx ≤

∫ ∞

−∞
|f(t)|p dt, (y > 0).

Hence, ‖F‖p ≤ ‖f‖p.

Exercises

Exercise 13.5.1 Let ϕ,ϕn ∈ Lp(R), 0 < p <∞, n ≥ 1. Suppose that

ϕn(x) −→ ϕ(x)

for almost all x ∈ R, and that

lim
n→∞ ‖ϕn‖p = ‖ϕ‖p.

Show that
lim
n→∞ ‖ϕn − ϕ‖p = 0.

Hint: Apply Egorov’s theorem [5, page 21].

Exercise 13.5.2 Let F ∈ Hp(C+), 0 < p <∞, and let

f(x) = lim
y→0

F (x+ iy)

wherever the limit exists. Show that

lim
y→0
‖Fy − f‖p = 0.

Hint: Use Corollary 13.11 and Exercise 13.5.1.
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13.6 Blaschke products for the upper half plane

In Section 7.1, we called

bw0(w) =
w0 − w

1− w̄0 w
, (w ∈ D),

a Blaschke factor for the open unit disc. If we apply the change of variables
given in Section 11.5, we obtain

|w0|
w0

w0 − w
1− w̄0 w

=

∣∣ i−z0
i−z̄0

∣∣
i−z0
i−z̄0

z − z0
z − z̄0

, (13.11)

where z ∈ C+ and w ∈ D are related by

w =
i− z
i+ z

, or equivalently z = i
1− w
1 + w

.

The points z0 ∈ C+ and w0 ∈ D are related by the same equations. As usual,
we assume that ∣∣ i−z0

i−z̄0
∣∣

i−z0
i−z̄0

= 1

if z0 = i. Moreover, we also have

1− |w0|2 =
4�z0
|i+ z0|2

. (13.12)

Therefore, for each z0 ∈ C+, we call

bz0(z) =
z − z0
z − z̄0

a Blaschke factor for the upper half plane. Either by direct verification or by
(13.11) and our knowledge of the Blaschke factors for the open unit disc, it is
easy to verify that

|bz0(z)| < 1, (z ∈ C+),

and that
|bz0(t)| = 1, (t ∈ R).

In the light of (13.12), a sequence (zn)n≥1 ⊂ C+ is called a Blaschke sequence
for the upper half plane if

∞∑
n=1

�zn
|i+ zn|2

<∞. (13.13)

Hence, Theorem 7.1 is rewritten as follows for C+.
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Theorem 13.12 Let {zn}n�1 be a sequence in the upper half plane with no
accumulation point in C+. Let σ = σ{zn}n�1 denote the set of all accumulation
points of {zn}n�1 which are necessarily on the real line R, and let Ω = C \

(
σ∪

{z̄n : n � 1}
)
. Then the partial products

BN (z) =
N∏
n=1

∣∣ i−zn

i−z̄n

∣∣
i−zn

i−z̄n

z − zn
z − z̄n

are uniformly convergent on compact subsets of Ω if and only if
∞∑
n=1

�zn
|i+ zn|2

<∞.

The limit of these partial products is called an infinite Blaschke product for
the upper half plane and is denoted by

B(z) =
∞∏
n=1

eiαn
z − zn
z − z̄n

,

where the real number αn is chosen such that

eiαn =

∣∣ i−zn

i−z̄n

∣∣
i−zn

i−z̄n

.

Equivalently, we can say that αn is a real number such that

eiαn
i− zn
i− z̄n

≥ 0.

Clearly B ∈ H∞(C+) and ‖B‖∞ ≤ 1. However, in the same manner, Theorem
7.4 is written as follows for the upper half plane. This result implies that
‖B‖∞ = 1.

Theorem 13.13 Let B be a Blaschke product for the upper half plane. Let

b(x) = lim
y→0

B(x+ iy)

wherever the limit exists. Then

|b(x)| = 1

for almost all x ∈ R.

13.7 The canonical factorization in Hp(C+) (0 <
p ≤ ∞)

In this section we show that the zeros of a function in Hp(C+) satisfy the
Blaschke condition. Hence we form a Blaschke product to extract these zeros.
This technique was discussed for Hardy spaces of the open unit disc in Section
7.4.
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Lemma 13.14 Let F ∈ Hp(C+), 0 < p ≤ ∞, F �≡ 0. Let (zn) be the sequence
of zeros of F , counting multiplicities, in C+. Then (zn) is a Blaschke sequence
for the upper half plane, i.e.

∑
n

�zn
|i+ zn|2

<∞.

Proof. Let

G(w) = F

(
i
1− w
1 + w

)
, (w ∈ D).

By Lemma 13.9, G ∈ Hp(D). Let

wn =
i− zn
i+ zn

.

The sequence (wn) represents the set of zeros of G in D. Hence, by Lemma 7.6,∑
n

(1− |wn|2) <∞.

But

1− |wn|2 =
4�zn
|i+ zn|2

,

which implies that (zn) satisfies the Blaschke condition for the upper half plane.

Knowing that the zeros of a function F in the Hardy class Hp(C+) fulfil the
Blaschke condition, we are able to construct a Blaschke product, say B. Then
clearly G = F/B is a well-defined analytic function in the upper half plane. To
be more precise, we should say that G has removable singularities at the zeros
of F . Moreover, as we discussed similarly in Theorem 7.7, G stays in the same
class and has the same norm. However, we go further and provide the complete
canonical factorization for elements of Hp(C+).

A function F ∈ H∞(C+) is called inner for the upper half plane if

|f(t)| = | lim
y→0

F (t+ iy)| = 1

for almost all t ∈ R. According to Theorem 13.13, any Blaschke product B is
an inner function for the upper half plane. Let σ be a positive singular Borel
measure on R satisfying ∫

R

dσ(t)
1 + t2

<∞.

Then direct verification shows that

Sσ(z) = S(z) = exp
{
− i

π

∫
R

(
1

z − t +
t

1 + t2

)
dσ(t)

}
, (z ∈ C+),
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is an inner function for C+. For obvious reasons, S is called a singular inner
function. Finally,

Eα(z) = E(z) = eiαz, (z ∈ C+),

where α ≥ 0, is also an inner function for C+. The product of two inner functions
is clearly inner. Hence, I = EBS is inner. A part of the canonical factorization
theorem says that each inner function has such a decomposition.

Let h ≥ 0 and let ∫ ∞

−∞

| log h(t)|
1 + t2

dt <∞.

Then

Oh(z) = O(z) = exp
{
i

π

∫ ∞

−∞

(
1

z − t +
t

1 + t2

)
log h(t) dt

}
, (z ∈ C+),

is called an outer function for the upper half plane. According to Theorem 13.10,
if F ∈ Hp(C+), 0 < p ≤ ∞, F �≡ 0 and f(x) = limy→0 F (x + iy) wherever the
limit exists, then ∫ ∞

−∞

∣∣∣∣ log |f(t)|
∣∣∣∣ dt

1 + t2
<∞.

Hence, we can define the outer part of F by

OF (z) = exp
{
i

π

∫ ∞

−∞

(
1

z − t +
t

1 + t2

)
log |f(t)| dt

}
, (z ∈ C+).

Theorem 13.15 Let F ∈ Hp(C+), 0 < p ≤ ∞, F �≡ 0. Let B be the Blaschke
product formed with zeros of F in C+. Then there is a positive singular Borel
measure σ satisfying ∫

R

dσ(t)
1 + t2

<∞

and a constant α ≥ 0 such that

F = IF OF ,

where the inner part of F is given by

IF = EαB Sσ.

Proof. Let

G(w) = F

(
i
1− w
1 + w

)
, (w ∈ D).

By Lemma 13.9, G ∈ Hp(D). Hence, according to the canonical factorization
theorem for Hardy spaces on the open unit disc, we have

G = B Sν OG,
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where B is the Blaschke product formed with the zeros of G, ν is a finite positive
singular Borel measure on T,

Sν(w) = exp
{
− 1

2π

∫
T

eiτ + w

eiτ − w dν(eiτ )
}

and

OG(w) = exp
{

1
2π

∫
T

eiτ + w

eiτ − w log |G(eiτ )| dτ
}

is the outer part of G. Write

Sν(w) = exp
{
− ν({−1})

2π
1− w
1 + w

}
exp

{
− 1

2π

∫
T\{−1}

eiτ + w

eiτ − w dν(eiτ )
}
.

Let α = ν({−1})/(2π), and let λ be the pullback of ν to the real line. Now we
apply again the change of variables z = i 1−w

1+w and t = i 1−eiτ

1+eiτ . Note that

eiτ + w

eiτ − w = i

(
1

z − t +
t

1 + t2

)
(1 + t2).

Finally, let dσ(t) = (1 + t2) dλ(t). The canonical decomposition for the upper
half plane follows immediately from the corresponding decomposition on the
open unit disc.

Exactly the same technique that was applied in the proof of Theorem 7.8 can
be utilized again to obtain a similar result for the upper half plane. A different
proof of this result was sketched in Exercise 13.5.2. Moreover, the result has
already been proved when 1 ≤ p <∞.

Corollary 13.16 Let F ∈ Hp(C+), 0 < p <∞, and let

f(t) = lim
y→0

F (t+ iy)

wherever the limit exists. Then f ∈ Lp(R) and

lim
r→1
‖Fr − f‖p = 0.

Exercises

Exercise 13.7.1 Let h ≥ 0, and let∫ ∞

−∞

| log h(t)|
1 + t2

dt <∞.

Show that Oh ∈ Hp(C+), 0 < p ≤ ∞, if and only if h ∈ Lp(R). Moreover,
‖Oh‖p = ‖h‖p.
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Exercise 13.7.2 Let σ be a nonzero positive singular Borel measure on R
satisfying ∫

R

dσ(t)
1 + t2

<∞.

Let

S(z) = exp
{
− i

π

∫
R

(
1

z − t +
t

1 + t2

)
dσ(t)

}
, (z ∈ C+).

Show that there is an x0 ∈ R such that

lim
y→0

S(x0 + iy) = 0.

Remark: Remember that limy→0 |S(x+ iy)| = 1 for almost all x ∈ R.

13.8 A correspondence between Hp(C+) and Hp(D)

In Section 11.5 we introduced a conformal mapping between the open unit disc
and the upper half plane. However, if we apply this mapping, we do not obtain
a bijection between the Hardy spaces of the upper half plane and those of the
open unit disc. Nevertheless, these spaces are not completely irrelevant. Lemma
13.9 provides a contraction from Hp(C+) into Hp(D). However, the map is not
surjective. The following result gives an isometric isomorphism between these
two families of Hardy spaces.

Theorem 13.17 Let 0 < p ≤ ∞. Let F and G be analytic functions respectively
on C+ and D which are related by the following equivalent equations:

F (z) =
(

1√
π(z + i)

)2/p

G

(
i− z
i+ z

)
, (z ∈ C+),

G(w) =
(

2
√
π i

1 + w

)2/p

F

(
i
1− w
1 + w

)
, (w ∈ D).

Then G ∈ Hp(D) if and only if F ∈ Hp(C+). Moreover,

‖F‖Hp(C+) = ‖G‖Hp(D).

Proof. The result is clear if p = ∞. Hence let 0 < p < ∞. First, suppose that
G ∈ Hp(D). Thus G has boundary values almost everywhere on T, which we
represent by G(eiτ ), and

‖G‖Hp(D) =
(

1
2π

∫ π

−π
|G(eiτ )|p dτ

)1/p

.
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Hence, by the first relation, F also has boundary values almost everywhere on
R, which we denote by F (t), and

F (t) =
(

1 + eiτ

2
√
π i

)2/p

G(eiτ ),
(
t = i

1− eiτ
1 + eiτ

∈ R
)
.

We write this identity as

(√
π(i+ t)

)2/p
F (t) = G(eiτ ).

Thus, by (11.7), ∫ ∞

−∞
|F (t)|p dt =

1
2π

∫ π

−π
|G(eiτ )|p dτ. (13.14)

By Corollary 7.10, we have

|G(reiθ)|p ≤ 1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − τ) |G(eiτ )|p dτ.

Hence, making the change of variable w = i−z
i+z , we obtain

|F (x+ iy)|p ≤ 1
π

∫ ∞

−∞

y

(x− t)2 + y2 |F (t)|p dt.

Therefore, by Fatou’s lemma,∫ ∞

−∞
|F (x+ iy)|p dx ≤

∫ ∞

−∞
|F (t)|p dt, (y > 0).

This inequality shows that F ∈ Hp(C+) and, by (13.14), ‖F‖Hp(C+) = ‖G‖Hp(D).
The reverse implication is similar, except that we need Corollary 13.11.
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Chapter 14

The Hilbert transform on R

14.1 Various definitions of the Hilbert transform

Let F be analytic and bounded on some half plane

Ω = {x+ iy : y > −Y },

with Y > 0. Suppose that ∫ ∞

−∞

|F (t)|
1 + |t| dt <∞ (14.1)

and
lim
z→∞
z≥0

F (z) = 0. (14.2)

Fix x ∈ R. Let 0 < ε < Y and let Γε,R be the curve shown in Figure 14.1.

Fig. 14.1. The curve Γε,R.

301
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Then, by Cauchy’s theorem,

F (x) =
1

2πi

∫
Γε,R

F (ζ)
ζ − x dζ

=
1

2πi

∫
ε≤|x−t|≤R

F (t)
t− x dt+

1
2π

∫ 2π

π

F (x+ εeit) dt

+
1
2π

∫ π

0
F (x+Reit) dt.

Let R→∞. By (14.1) and (14.2) we obtain

F (x) =
1

2πi

∫
|x−t|≥ε

F (t)
t− x dt+

1
2π

∫ 2π

π

F (x+ εeit) dt.

Thus

F (x) = lim
ε→0

i

π

∫
|x−t|≥ε

F (t)
x− t dt. (14.3)

Let us write u = 
F and v = �F on the real line. Hence, (14.3) is equivalent
to

v(x) = lim
ε→0

1
π

∫
|x−t|≥ε

u(t)
x− t dt

and

u(x) = − lim
ε→0

1
π

∫
|x−t|≥ε

v(t)
x− t dt.

Similar to the case of the unit circle, the preceding argument highlights the
importance of the transform

lim
ε→0

1
π

∫
|x−t|≥ε

φ(t)
x− t dt

whenever φ is the real or the imaginary part of an analytic function satisfying
certain properties. However, this transform is also well-defined on other classes
of functions and has several interesting properties. To avoid any problem at
infinity, we impose the condition∫ ∞

−∞

|φ(t)|
1 + |t| dt <∞.

Then the Hilbert transform of φ at the point x ∈ R is defined by

Hφ(x) = φ̃(x) = lim
ε→0

1
π

∫
|x−t|≥ε

φ(t)
x− t dt (14.4)

whenever the limit exists.
As we have seen before, in many cases we are faced with a function φ satis-

fying ∫ ∞

−∞

|φ(t)|
1 + t2

dt <∞.
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In this case, the Hilbert transform is defined by

Hφ(x) = φ̃(x) = lim
ε→0

1
π

∫
|x−t|>ε

(
1

x− t +
t

1 + t2

)
φ(t) dt. (14.5)

The presence of t/(1 + t2) ensures that for each fixed x ∈ R and ε > 0,∫
|x−t|>ε

(
1

x− t +
t

1 + t2

)
φ(t) dt

is a well-defined Lebesgue integral. This fact is a consequence of

1
x− t +

t

1 + t2
= O(1/t2)

as |t| → ∞. If φ is a measurable function such that∫ ∞

−∞

|φ(t)|
1 + |t|n dt <∞,

for a certain integer n, we are still able to add a specific term to 1/(x− t) such
that the whole combination behaves like 1/|t|n, as |t| → ∞, and thus obtain a
meaningful Lebesgue integral which depends on ε. Then, by taking its limit as
ε→ 0, we define the Hilbert transform of φ at x.

14.2 The Hilbert transform of C1
c (R) functions

Let ∫ ∞

−∞

|φ(t)|
1 + t2

dt <∞.

Fix x ∈ R and suppose that∫ 1

0

|φ(x− t)− φ(x+ t)|
t

dt <∞. (14.6)

We rewrite ∫
|x−t|>ε

(
1

x− t +
t

1 + t2

)
φ(t) dt

as∫ 1

ε

φ(x− t)− φ(x+ t)
t

dt+
∫ x+1

x−1

t φ(t)
1 + t2

dt+
∫

|x−t|>1

(
1

x− t+
t

1 + t2

)
φ(t) dt.

Hence, φ̃(x), as defined in (14.5), exists and is given by

πφ̃(x) =
∫ 1

0

φ(x− t)− φ(x+ t)
t

dt+
∫ x+1

x−1

t φ(t)
1 + t2

dt

+
∫

|x−t|>1

(
1

x− t +
t

1 + t2

)
φ(t) dt. (14.7)
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The condition (14.6) is fulfilled if φ is continuous on [x−1, x+1] and differentiable
at x. Clearly, the interval [x−1, x+1] can be replaced by any other finite interval
around x. Similarly, if φ ∈ C1c (R), the space of continuously differentiable
functions of compact support on R, then φ̃, as defined by (14.4), exists for
all x ∈ R and is given by

φ̃(x) =
1
π

∫ ∞

0

φ(x− t)− φ(x+ t)
t

dt. (14.8)

Theorem 14.1 Let φ ∈ C1c (R). Then φ̃ ∈ C0(R).

Proof. Let

V (x+ iy) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 φ(t) dt, (x+ iy ∈ C+).

This formula can be rewritten as

Vy(x) =
1
π

∫ ∞

0

t

t2 + y2 (φ(x− t)− φ(x+ t)) dt.

Hence,

|Vy(x)− φ̃(x)| ≤ 1
π

∫ ∞

0

∣∣∣∣ t

t2 + y2 −
1
t

∣∣∣∣ |φ(x− t)− φ(x+ t)| dt

≤ 1
π

∫ ∞

0

y2

t2 + y2

|φ(x− t)− φ(x+ t)|
t

dt.

However,
|φ(x− t)− φ(x+ t)|

t
≤ 2 ‖φ′‖∞ <∞,

which implies

|Vy(x)− φ̃(x)| ≤ 2 ‖φ′‖∞
π

∫ ∞

0

y2

t2 + y2 dt = ‖φ′‖∞ y

for all x ∈ R. In other words, Vy converges uniformly to φ̃ on R. Since, for each
y > 0, Vy is continuous, φ̃ is also continuous on R.

It remains to show that φ̃ tends to zero at infinity. Let supp φ ⊂ [−M,M ].
Without loss of generality, suppose that x > M . Hence

φ̃(x) =
1
π

∫ x+M

x−M

φ(x− t)
t

dt,

and thus

|φ̃(x)| ≤ 2M ‖φ‖∞
x−M .

Therefore, we indeed have
φ̃(x) = O(1/|x|) (14.9)

as |x| → ∞.
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14.3 Almost everywhere existence of the Hilbert
transform

In this section we follow a similar path as in Section 5.7 to show that the Hilbert
transform is well-defined almost everywhere on R.

Lemma 14.2 Let ∫ ∞

−∞

|u(t)|
1 + t2

dt <∞

and let

V (x+ iy) =
1
π

∫ ∞

−∞

(
x− t

(x− t)2 + y2 +
t

1 + t2

)
u(t) dt, (x+ iy ∈ C+).

Then, for almost all t ∈ R,

lim
y→0

{
V (x+ iy)− 1

π

∫
|x−t|>y

(
1

x− t +
t

1 + t2

)
u(t) dt

}
= 0.

Proof. By Lebegue’s theorem

lim
δ→0

1
δ

∫ δ

0
|u(x− t)− u(x+ t) | dt = 0

for almost all x ∈ R. We show that at such a point the lemma is valid.
Let

∆ = V (x+ iy)− 1
π

∫
|x−t|>y

(
1

x− t +
t

1 + t2

)
u(t) dt.

Hence,
∆ = I1 + I2 + I3,

where
I1 =

1
π

∫
|x−t|≤y

x− t
(x− t)2 + y2 u(t) dt,

I2 =
1
π

∫
|x−t|≤y

t

1 + t2
u(t) dt

and

I3 =
1
π

∫
|x−t|>y

(
x− t

(x− t)2 + y2 −
1

x− t

)
u(t) dt.

The first two integrals are easier to estimate:

|I1| ≤
1
π

∫ y

0

τ

τ2 + y2 |u(x− τ)− u(x+ τ)| dτ

≤ 1
πy

∫ y

0
|u(x− τ)− u(x+ τ)| dτ = o(1)
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and

|I2| ≤
1
π

∫
|x−t|≤y

|t|
1 + t2

|u(t)| dt = o(1)

as y → 0. To estimate the third integral, first note that

I3 ≤ 1
π

∫ ∞

y

∣∣∣∣ τ

τ2 + y2 −
1
τ

∣∣∣∣ |u(x− τ)− u(x+ τ)| dτ

≤ y2

π

∫ ∞

y

|u(x− τ)− u(x+ τ)|
τ3 dτ.

Now, as was similarly shown in the proof of Lemma 5.16, the last expression
also tends to zero when y → 0.

In the preceding lemma, we saw that the difference of two functions of y
tends to zero, as y → 0, at almost all points of the real line. Now, we show
that one of them has a finite limit almost everywhere. Hence, the other one
necessarily has the same finite limit at almost all points of the real line.

Lemma 14.3 Let ∫ ∞

−∞

|u(t)|
1 + t2

dt <∞

and let

V (x+ iy) =
1
π

∫ ∞

−∞

(
x− t

(x− t)2 + y2 +
t

1 + t2

)
u(t) dt, (x+ iy ∈ C+).

Then, for almost all x ∈ R,
lim
y→0

V (x+ iy)

exists.

Proof. Without loss of generality assume that u ≥ 0, u �≡ 0. Since otherwise we
can write u = (u1 − u2) + i(u3 − u4), where each uk is positive. Let

F (z) =
i

π

∫ ∞

−∞

(
1

z − t +
t

1 + t2

)
u(t) dt, (z ∈ C+).

Then


F (z) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt > 0, (z = x+ iy ∈ C+).

Hence, using a conformal mapping ϕ between the unit disc and the upper half
plane and considering F ◦ ϕ, Lemma 5.14 ensures that

lim
y→0

F (x+ iy)

exists and is finite for almost all x ∈ R. Since V = �F , then

lim
y→0

V (x+ iy)

also exists and is finite for almost all x ∈ R.
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A similar reasoning shows that if u satisfies the stronger condition∫ ∞

−∞

|u(t)|
1 + |t| dt <∞

and we define

V (x+ iy) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+),

then limy→0 V (x+ iy) exists and is finite for almost all x ∈ R. Note that in this
case

V (x+ iy) = �
(
i

π

∫ ∞

−∞

u(t)
z − t dt

)
, (z = x+ iy ∈ C+).

Theorem 14.4 Let ∫ ∞

−∞

|u(t)|
1 + t2

dt <∞.

Then, for almost all x ∈ R,

ũ(x) = lim
ε→0

1
π

∫
|x−t|>ε

(
1

x− t +
t

1 + t2

)
u(t) dt

and

lim
y→0

1
π

∫ ∞

−∞

(
x− t

(x− t)2 + y2 +
t

1 + t2

)
u(t) dt

exist and they are equal.

Proof. Apply Lemmas 14.2 and 14.3.

If ∫ ∞

−∞

|u(t)|
1 + |t| dt <∞

and we define

V (x+ iy) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+),

then, for almost all x ∈ R,

lim
y→0

{
V (x+ iy)− 1

π

∫
|x−t|>y

u(t)
x− t dt

}
= 0.

Therefore, we conclude that in this case,

ũ(x) = lim
ε→0

1
π

∫
|x−t|>ε

u(t)
x− t dt = lim

y→0
V (x+ iy)

for almost all x ∈ R.
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14.4 Kolmogorov’s theorem

Similar to the case of the unit circle, the assumption∫ ∞

−∞

|u(t)|
1 + t2

dt <∞

is not enough to ensure that ∫ ∞

−∞

|ũ(t)|
1 + t2

dt <∞.

Nevertheless, a slight modification of the Kolmogorov theorem for the unit circle
gives the following result for the Hilbert transform of functions defined on the
real line.

Theorem 14.5 (Kolmogorov) Let u be a real function satisfying∫ ∞

−∞

|u(t)|
1 + t2

dt <∞.

Then, for each λ > 0,∫
{|ũ|>λ}

dt

1 + t2
≤ 4

λ

∫ ∞

−∞

|u(t)|
1 + t2

dt.

Proof. (Carleson) Fix λ > 0. First suppose that u ≥ 0 and u �≡ 0. Therefore,
the analytic function

F (z) =
i

π

∫ ∞

−∞

(
1

z − t +
t

1 + t2

)
u(t) dt

maps the upper half plane into the right half plane, and moreover we have

F (i) =
1
π

∫ ∞

−∞

u(t)
1 + t2

dt > 0. (14.10)

Then, as y → 0, by Corollary 11.11,


F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt −→ u(x)

and by Lemma 14.3,

�F (x+ iy) =
1
π

∫ ∞

−∞

(
x− t

(x− t)2 + y2 +
t

1 + t2

)
u(t) dt −→ ũ(x),

for almost everywhere x ∈ R. Now, we apply the conformal mapping used in
Theorem 6.1, and define

G(z) =
2F (z)

F (z) + λ
.
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Since G ∈ H∞(C+), g(t) = limy→0G(t+ iy) exists and

g(t) =
2(u(t) + i ũ(t) )
u(t) + i ũ(t) + λ

for almost all t ∈ R. Hence


g = 1 +
u2 + ũ2 − λ2

(u+ λ)2 + ũ2 ≥ 1

provided that ũ > λ. On the other hand, by Theorem 11.6,

1
π

∫ ∞

−∞


g(t)
1 + t2

dt = 
G(i) =
2F (i)

F (i) + λ

and, by (14.10),
2F (i)

F (i) + λ
≤ 2
λ

∫ ∞

−∞

|u(t)|
1 + t2

dt.

Therefore,∫
{|ũ|>λ}

dt

1 + t2
≤

∫
{|ũ|>λ}


g(t)
1 + t2

dt ≤ 2
λ

∫ ∞

−∞

|u(t)|
1 + t2

dt.

For an arbitrary real u ∈ L1(R), write u = u1 − u2, where uk ≥ 0 and
u1u2 ≡ 0. The rest of the proof is similar to the one given for Theorem 6.1.

Kolmogorov’s theorem says∫
{|ũ|>λ}

dt

1 + t2
= O(1/λ)

as λ → ∞. However, using the fact that in L1(dt/(1 + t2)), u can be approxi-
mated by functions in C∞

c (R), the space of infinitely differentiable functions of
compact support, we slightly generalize this result.

Corollary 14.6 Let u be a real function satisfying∫ ∞

−∞

|u(t)|
1 + t2

dt <∞.

Then ∫
{|ũ|>λ}

dt

1 + t2
= o(1/λ)

as λ→∞.

Proof. Fix ε > 0. There is a φ ∈ C∞
c (R) such that∫ ∞

−∞

|u(t)− φ(t)|
1 + t2

dt < ε.
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By Theorem 14.1, φ̃ is bounded on R. Note that we used (14.5) as the definition
of φ̃. If

λ > 2‖φ̃‖∞,
then

{ |ũ| > λ } ⊂ { |ũ− φ̃| > λ/2 }.
Hence, by Theorem 14.5,∫

{|ũ|>λ}

dt

1 + t2
≤

∫
{ |ũ−φ̃|>λ/2 }

dt

1 + t2
≤ 8

λ

∫ ∞

−∞

|u(t)− φ(t)|
1 + t2

dt ≤ 8ε
λ
.

Exercises

Exercise 14.4.1 Find a measurable function u such that∫ ∞

−∞

|u(t)|
1 + t2

dt <∞,

but ∫ ∞

−∞

|ũ(t)|
1 + t2

dt =∞.

Exercise 14.4.2 Let ∫ ∞

−∞

|u(t)|
1 + t2

dt <∞.

Suppose that there is an α > 0 such that

αx− ũ(x)

is increasing on R. Show that

lim
x→±∞

ũ(x)
x

= 0.

Hint: Fix ε > 0 and let γ = 1 + ε. By Corollary 14.6,

lim
n→∞ γn

∫
{|ũ|>εγn}

dt

1 + t2
= 0,

for all large integers n. Hence, there is an xn ∈ [γn, γn+1] such that

|ũ(xn)| ≤ εγn.

Note also that

αxn − ũ(xn) ≤ αx− ũ(x) ≤ αxn+1 − ũ(xn+1)

for all x ∈ [xn, xn+1].
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14.5 M. Riesz’s theorem

Let u ∈ Lp(R), 1 < p <∞, and let

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+),

V (x+ iy) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

Then, by Corollary 10.12, U ∈ hp(C+),

lim
y→0
‖Uy − u‖p = 0

and, as y → 0, by Corollary 11.11,

U(x+ iy) −→ u(x)

for almost everywhere x ∈ R. For the conjugate function V , Theorem 14.4 says
that

lim
y→0

V (x+ iy) = ũ(x)

for almost all x ∈ R. In this section our main goal is to show that V ∈ hp(C+),
ũ ∈ Lp(R) and limy→0 ‖Vy − ũ‖p = 0.

Theorem 14.7 (M. Riesz’s theorem) Let u ∈ Lp(R), 1 < p <∞, and let

V (x+ iy) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

Then V ∈ hp(C+), ũ ∈ Lp(R) and there is a constant Cp, just depending on p,
such that

‖V ‖p = ‖ũ‖p ≤ Cp ‖u‖p.
Moreover,

V (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 ũ(t) dt, (x+ iy ∈ C+),

and
lim
y→0
‖Vy − ũ‖p = 0.

Proof. Without loss of generality, assume that u is real. Let U = P ∗ u. The
proof has several steps.

Case 1: u ∈ Lp(R), 1 < p ≤ 2, u ≥ 0, u �≡ 0 and u has compact support.

Let F = U + iV . Clearly F is analytic and 
F > 0 in the upper half plane. By
Corollary 10.12, for all y > 0,

‖Uy‖p ≤ ‖u‖p.
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On the other hand, if supp u ⊂ [−M,M ], then

|V (x+ iy)| ≤ 1
π

∫ ∞

−∞

|x− t|
(x− t)2 + y2 |u(t)| dt ≤

(
1
2π

∫ M

−M
|u(t)| dt

)
1
y

and

|V (x+ iy)| ≤ 1
π

∫ ∞

−∞

|x− t|
(x− t)2 + y2 |u(t)| dt ≤

|z|+M

π(|z| −M)2

∫ M

−M
|u(t)| dt,

which implies

|V (z)| =
(

6
π

∫ M

−M
|u(t)| dt

)
1
|z|

for all z ∈ C+, |z| > 2M . Put

M ′ =
1
2π

∫ M

−M
|u(t)| dt.

Fix β > 0. Therefore, for all x+ iy ∈ C+,

∫ ∞

−∞
|V (x+ iy + iβ)|p dx ≤ 4M (M ′/β)p + 2(12M ′)p

∫ ∞

2M

dx

xp
<∞.

In other words, Vβ ∈ hp(C+). Define

G(z) = F p(z + iβ).

Clearly, G is analytic in C+ and since

|G(x+ iy)| ≤ 2p (|U(x+ iy + iβ)|p + |V (x+ iy + iβ)|p),

we have G ∈ H1(C+). Thus, by Corollary 13.7,

∫ ∞

−∞
G(x) dx = 0. (14.11)

Choose α ∈ (π/2p, π/2). Since 1 < p ≤ 2, such a selection is possible. Let

Sα = {x+ iy : x > 0, |y/x| ≤ tanα }

and

Ωα = {x+ iy : x < 0, |y/x| ≤ − tan(pα) }.

(See Figures 14.2 and 14.3.)
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Fig. 14.2. The domain Sα.

Fig. 14.3. The domain Ωα.
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It is important to note that

|x+ iy| ≤ x

cosα
if x+ iy ∈ Sα

and
−x ≥ |x+ iy| | cos(pα)| if x+ iy ∈ Ωα.

Define
E = {x ∈ R : F (x+ iβ) ∈ Sα }.

(See Figure 14.4.)

Fig. 14.4. The set E + iβ.

Taking the real part of (14.11) gives us∫
E


F p(x+ iβ) dx+
∫

R\E

F p(x+ iβ) dx = 0. (14.12)

If x ∈ E, then F (x+ iβ) is in the sector Sα and thus

|F (x+ iβ)| ≤ U(x+ iβ)
cosα

.

However, if x �∈ E, then F p(x+ iβ) will be in Ωα and thus

|F (x+ iβ)|p ≤ −
F
p(x+ iβ)
| cos(pα)| .

(See Figure 14.5.)
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Fig. 14.5. The image under the pth power.

The first inequality implies∫
E

|F (x+ iβ)|p dx ≤ 1
cosp α

∫
E

Up(x+ iβ) dx

and the second one, along with (14.12), gives∫
R\E
|F (x+ iβ)|p dx ≤ − 1

| cos(pα)|

∫
R\E

F p(x+ iβ) dx

=
1

| cos(pα)|

∫
E


F p(x+ iβ) dx

≤ 1
| cos(pα)|

∫
E

|F (x+ iβ)|p dx

≤ 1
cosp α | cos(pα)|

∫
E

Up(x+ iβ) dx.

Hence,∫ ∞

−∞
|F (x+ iβ)|p dx ≤ 1

cosp α

(
1 +

1
| cos(pα)|

) ∫ ∞

−∞
Up(x+ iβ) dx.

Since
|V (x+ iβ)| ≤ |F (x+ iβ)|,

the desired result follows for this case with the constant

Kp =
1

cosα

(
1 +

1
| cos(pα)|

) 1
p

.

Case 2: u ∈ Lp(R), 1 < p ≤ 2, and u has compact support.
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We prove a weaker form of the required inequality. Write u = u1 − u2 where
u1, u2 ≥ 0, u1u2 ≡ 0 and they have compact support. Thus

|u|p = |u1|p + |u2|p.

Moreover, with obvious notations, V = V1 − V2 and thus∫ ∞

−∞
|V (x+ iβ)|p dx ≤ 2p

( ∫ ∞

−∞
|V1(x+ iβ)|p dx+

∫ ∞

−∞
|V2(x+ iβ)|p dx

)
.

Hence, by the result of the preceding case, we obtain∫ ∞

−∞
|V (x+ iβ)|p dx ≤ 2pKp

p

( ∫ ∞

−∞
|U1(x+ iβ)|p dx+

∫ ∞

−∞
|U2(x+ iβ)|p dx

)

≤ 2pKp
p

( ∫ ∞

−∞
|u1(x)|p dx+

∫ ∞

−∞
|u2(x)|p dx

)

= 2pKp
p

∫ ∞

−∞
|u(x)|p dx.

Case 3: u ∈ Lp(R), 1 < p ≤ 2.

First, we prove a weaker form of the required inequality. For an arbitrary
u ∈ Lp(R), 1 < p ≤ 2, take a sequence un ∈ Lp(R), un of compact support,
such that

lim
y→0
‖un − u‖p = 0.

Let Vn = Q ∗ un. By Case 2, for each β > 0,∫ ∞

−∞
|Vn(x+ iβ)|p dx ≤ 2pKp

p

∫ ∞

−∞
|un(x)|p dx.

On the other hand, by Hölder’s inequality, for each x+ iβ ∈ C+,

Vn(x+ iβ) −→ V (x+ iβ)

as n→∞. Hence, by Fatou’s lemma,∫ ∞

−∞
|V (x+ iβ)|p dx ≤ lim inf

n→∞

∫ ∞

−∞
|Vn(x+ iβ)|p dx

≤ lim
n→∞ 2pKp

p

∫ ∞

−∞
|un(x)|p dx

= 2pKp
p

∫ ∞

−∞
|u(x)|p dx.

Second, we prove the general case. Fix x0 + iy0 ∈ C+. Let

φ(x+ iy) =
x0 − x

(x0 − x)2 + (y + y0)2
, (x+ iy ∈ C+).
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Clearly, φ is a bounded harmonic function on the closed upper half plane, and
thus, by Theorem 11.2,

φ(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 φ(t) dt.

More explicitly, we have

x0 − x
(x0 − x)2 + (y + y0)2

=
1
π

∫ ∞

−∞

y

(x− t)2 + y2

x0 − t
(x0 − t)2 + y2

0
dt

for all x+ iy ∈ C+. Therefore, for all y > 0,

V (x0 + iy0 + iy) =
1
π

∫ ∞

−∞

x0 − x
(x0 − x)2 + (y + y0)2

u(x) dx

=
1
π

∫ ∞

−∞

(
1
π

∫ ∞

−∞

y

(x− t)2 + y2

x0 − t
(x0 − t)2 + y2

0
dt

)
u(x) dx

=
1
π

∫ ∞

−∞

(
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(x) dx
)

x0 − t
(x0 − t)2 + y2

0
dt

=
1
π

∫ ∞

−∞

x0 − t
(x0 − t)2 + y2

0
U(t+ iy) dt.

Hence, by the result of Case 2,∫ ∞

−∞
|V (x0 + iy0 + iy)|p dx0 ≤ 2pKp

p

∫ ∞

−∞
|U(t+ iy)|p dt.

Let y0 → 0 and apply Fatou’s lemma to get the required inequality.

Case 4: u ∈ Lp(R), 2 < p <∞.

The proof is by duality. Let q be the conjugate exponent of p. Hence 1 < q < 2.
Let φ ∈ Lq(R) be of compact support and let

Φ(x+ iy) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 φ(t) dt, (x+ iy ∈ C+).

Hence, by Fubini’s theorem,∫ ∞

−∞
V (x+ iy)φ(x) dx =

∫ ∞

−∞

(
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt

)
φ(x) dx

= −
∫ ∞

−∞

(
1
π

∫ ∞

−∞

t− x
(t− x)2 + y2 φ(x) dx

)
u(t) dt

= −
∫ ∞

−∞
Φ(t+ iy)u(t) dt.

Therefore, by Hölder’s inequality and the result of Case 3,∣∣∣∣
∫ ∞

−∞
V (x+ iy)φ(x) dx

∣∣∣∣ ≤ ‖Φy‖q ‖u‖p ≤ Cq ‖φ‖q ‖u‖p.
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Divide by ‖φ‖q and then take the supremum with respect to all φ to obtain

‖Vy‖p ≤ Cq ‖u‖p.

Now, the passage from this inequality to

‖Vy‖p ≤ Cq ‖Uy‖p
is exactly as explained in Case 3 for the case 1 < p ≤ 2.

Case 5: Poisson representation.

Knowing that V ∈ hp(C+), 1 < p < ∞, Theorem 11.6 ensures the existence of
v ∈ Lp(R) such that

V (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 v(t) dt, (x+ iy ∈ C+),

and
lim
y→0
‖Vy − v‖p.

On the other hand, by Corollary 11.11,

lim
y→0

V (x+ iy) = v(x)

for almost all x ∈ R. Moreover, by Corollary 14.4, we also have

lim
y→0

V (x+ iy) = ũ

for almost all x ∈ R. Hence, ũ = v and we are done.

Corollary 14.8 Let u be real and let u ∈ Lp(R), 1 < p <∞. Let

F (z) =
1
πi

∫ ∞

−∞

u(t)
t− z dt, (z ∈ C+).

Then F ∈ Hp(C+) and
‖F‖p ≤ Kp ‖u‖p,

where the constant Kp just depends on p. Moreover,

f(t) = lim
y→0

F (t+ iy) = u(t) + iũ(t)

for almost all t ∈ R.

Proof. Write F = U + iV . Hence U = P ∗u and V = Q∗u. By Corollary 10.12,
U ∈ hp(C+). Moreover, the M. Riesz theorem ensures that V ∈ hp(C+) and
‖Vy‖p ≤ Cp‖Uy‖p. Hence,

‖Fy‖p ≤ ‖Uy‖p + ‖Vy‖p ≤ (1 + Cp) ‖Uy‖p ≤ (1 + Cp) ‖u‖p.

Since U −→ u and V −→ ũ, almost everywhere on R, the last assertion imme-
diately follows.
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Let u be real, u ∈ Lp(R), 1 < p <∞ and let

F (z) =
1
πi

∫ ∞

−∞

u(t)
t− z dt, (z ∈ C+).

By the preceding result, F ∈ Hp(C+), whose boundary values on the real line
are given by f = u+ iũ. Thus, by Theorem 13.2, we also have

F (z) =
1

2πi

∫ ∞

−∞

u(t) + iũ(t)
t− z dt, (z ∈ C+).

Therefore,

F (z) =
1
π

∫ ∞

−∞

ũ(t)
t− z dt, (z ∈ C+),

which is equivalent to

F (z) = − 1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 ũ(t) dt+

i

π

∫ ∞

−∞

y

(x− t)2 + y2 ũ(t) dt.

Hence, for almost all t ∈ R,

lim
y→0

F (t+ iy) = −˜̃u(t) + iũ(t).

But, we also know that

lim
y→0

F (t+ iy) = u(t) + iũ(t)

for almost all t ∈ R. Therefore, we obtain the following result.

Corollary 14.9 Let u ∈ Lp(R), 1 < p <∞. Then

˜̃u = −u.

Combining this result with M. Riesz’s theorem immediately implies the follow-
ing.

Corollary 14.10 Let u ∈ Lp(R), 1 < p <∞. Then

cp ‖u‖p ≤ ‖ũ‖p ≤ Cp ‖u‖p,

where cp and Cp are constants just depending on p.

Corollaries 14.9 and 14.10 show that the map

Lp(R) −→ Lp(R)
u �−→ ũ

is an automorphism of the Banach space Lp(R), 1 < p < ∞. In the following
we show that if p = 2, then this map is an isometry.
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Corollary 14.11 Let 1 < p < ∞, u ∈ Lp(R) and v ∈ Lq(R), where q is the
conjugate exponent of p. Then∫ ∞

−∞
ũ(x) ṽ(x) dx =

∫ ∞

−∞
u(x) v(x) dx

and ∫ ∞

−∞
ũ(x) v(x) dx = −

∫ ∞

−∞
u(x) ṽ(x) dx.

In particular, if u ∈ L2(R), then∫ ∞

−∞
|u(x)|2 dx =

∫ ∞

−∞
|ũ(x)|2 dx,∫ ∞

−∞
u(x) ũ(x) dx = 0.

Proof. Without loss of generality, assume that u and v are real-valued. Let

F (z) =
1
πi

∫ ∞

−∞

u(t)
t− z dt, (z ∈ C+),

and

G(z) =
1
πi

∫ ∞

−∞

v(t)
t− z dt, (z ∈ C+).

By Corollary 14.8, F ∈ Hp(C+) and G ∈ Hq(C+). Hence

FG ∈ H1(C+)

with boundary values

F (t)G(t) =
(
u(t) + iũ(t)

) (
v(t) + iṽ(t)

)
.

Hence, by Corollary 13.7, ∫ ∞

−∞
F (t)G(t) dt = 0.

The real and imaginary parts of this equality are the required identities.

Exercises

Exercise 14.5.1 Let u ∈ L2(R), and let

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+),

V (x+ iy) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).
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Show that, for all y > 0,∫ ∞

−∞
U2(x+ iy) dx =

∫ ∞

−∞
V 2(x+ iy) dx.

Exercise 14.5.2 Let u, ũ ∈ L1(R). Show that ˜̃u = −u.
Hint: f = u+ iũ ∈ H1(R).

Exercise 14.5.3 Let f ∈ Hp(R), 1 ≤ p < ∞. Show that f̃ = −if and thus
f̃ ∈ Hp(R).
Hint: Use Exercise 14.5.2 and Corollary 14.9.

Exercise 14.5.4 Let F ∈ Hp(R), 1 ≤ p <∞, and let f denote its boundary
value function on R. Show that

F (z) =
1
2π

∫ ∞

−∞

f̃(t)
t− z dt, (z ∈ C+).

Hint: Use Exercise 14.5.3.

14.6 The Hilbert transform of Lipα(t) functions

Let f : R −→ C be a continuous function. The modulus of continuity of f is, as
similarly defined in (6.6),

ωf (t) = sup
|x−x′|≤t

|f(x)− f(x′)|.

Of course, the assumption ωf (t) −→ 0, as t → 0, implies that f is uniformly
continuous on R. However, even for a bounded continuous function f on R,
ωf (t) does not necessarily tend to zero as t→ 0.

As in the unit circle, f is called Lipα, for some α with 0 < α ≤ 1, if

ωf (t) = O( tα )

as t→ 0+. In this section, our first goal is to replace tα by tα(t), where α(t) is
a function defined for small values of t, which properly tends to α as t → 0+.
Then we will study the Hilbert transform of these families. The contents of this
section are from [14].

A test function α(t) is a real continuous function defined in a right neigh-
borhood of zero, say (0, t0), such that, as t→ 0+, we have

α(t) = α+ o(1), (α ∈ R),∫ t

0
τα(τ)−β dτ =

tα(t)−β+1

α+ 1− β + o( tα(t)−β+1 ), (β < α+ 1),∫ t0

t

τα(τ)−β dτ =
tα(t)−β+1

β − α− 1
+ o( tα(t)−β+1 ), (β > α+ 1).
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The space of all continuous functions f : R −→ C satisfying

ωf (t) = O( tα(t) ), (t→ 0+),

will be denoted by Lipα(t). Clearly, the classical space Lipα is a special case
corresponding to the test function α(t) ≡ α.

Given a test function α(t), let

α̂(t) = α+
log

( ∫ t0
t
τα(τ)−α−1 dτ

)
log t

.

We show that α̂(t) is also a test function. We call it the test function associated
with α(t). In the definition of a test function, we put two conditions dealing
with cases β < α+ 1 and β > α+ 1. The associated test function is introduced
to deal with the troublesome case β = α + 1. Note that the associated test
function is defined so that

tα̂(t) = tα
∫ t0

t

τα(τ)−α−1 dτ.

Lemma 14.12 Let α(t) be a test function. Then α̂(t) is also a test function.

Proof. Clearly, α̂(t) is a continuous function on (0, t0). Our first task is to show
that limt→0+ α̂(t) = α. For each ε > 0, we have

tα̂(t)−α =
∫ t0

t

τα(τ)−α−1 dτ =
∫ t0

t

τα(τ)−α−1−ε τε dτ

≥ tε
∫ t0

t

τα(τ)−α−1−ε dτ = tε
(
tα(t)−α−ε

ε
+ o(tα(t)−α−ε)

)
.

Hence, lim inft→0+ tα̂(t)−α(t) ≥ 1
ε . Let ε→ 0 to get

lim
t→0+

tα̂(t)−α(t) =∞. (14.13)

Let λ ∈ R and let
ϕλ(t) = tα̂(t)−α+λ.

Then, we have
ϕ′
λ(t) = tλ−1−α+α(t) (λtα̂(t)−α(t) − 1 ).

If λ ≤ 0, then ϕ′
λ < 0 and thus ϕλ is strictly decreasing. On the other hand,

if λ > 0, by (14.13), ϕ′
λ(t) > 0 for small values of t and thus ϕλ is strictly

increasing.
Fix ε > 0. For small enough τ , say 0 < τ < τ0 < min{1, t0}, we have

α− ε ≤ α(τ) ≤ α+ ε.

Hence,
τε−1 ≤ τα(τ)−α−1 ≤ τ−ε−1.
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For 0 < t < τ0, we thus get

τε0
ε
− tε

ε
=

∫ τ0

t

τε−1 dτ ≤
∫ τ0

t

τα(τ)−α−1 dτ ≤
∫ τ0

t

τ−ε−1 dτ =
t−ε

ε
− τ−ε

0

ε
.

Therefore, for 0 < t < τ0,

log
(
t−ε

ε −
τ−ε
0
ε

)
log t

≤
log

( ∫ τ0
t
τα(τ)−α−1 dτ

)
log t

≤
log

(
τε
0
ε −

tε

ε

)
log t

,

which implies

−ε ≤ lim inf
t→0+

log
( ∫ t0

t
τα(τ)−α−1 dτ

)
log t

≤ lim sup
t→0+

log
( ∫ t0

t
τα(τ)−α−1 dτ

)
log t

≤ 0.

Now, let ε→ 0 to get

lim
t→0+

log
( ∫ t0

t
τα(τ)−α−1 dτ

)
log t

= 0.

Hence,
lim
t→0+

α̂(t) = α.

Let β < α+ 1. Then∫ t

0
τ α̂(τ)−β dτ =

∫ t

0
τα−β τ α̂(τ)−α dτ

≥ tα̂(t)−α
∫ t

0
τα−β dτ =

tα̂(t)−β+1

α− β + 1
.

On the other hand, for 0 < ε < 1 + α− β, we have∫ t

0
τ α̂(τ)−β dτ =

∫ t

0
τα−β−ε τ α̂(τ)−α+ε dτ

≤ tα̂(t)−α+ε
∫ t

0
τα−β−ε dτ =

tα̂(t)−β+1

α− β + 1− ε .

Hence, ∫ t

0
τ α̂(τ)−β dτ =

tα̂(t)−β+1

α− β + 1
+ o( tα̂(t)−β+1 ).

Finally, let β > α+ 1. Then∫ t0

t

τ α̂(τ)−β dτ =
∫ t0

t

τα−β τ α̂(τ)−α dτ

≤ tα̂(t)−α
∫ t0

t

τα−β dτ ≤ tα̂(t)−β+1

β − α− 1
.



324 Chapter 14. The Hilbert transform on R

On the other hand, for each ε > 0, we have∫ τ0

t

τ α̂(τ)−β dτ =
∫ τ0

t

τα−β−ε τ α̂(τ)−α+ε dτ

≥ tα̂(t)−α+ε
∫ τ0

t

τα−β−ε dτ =
tα̂(t)−β+1

β − α− 1 + ε
(1− (t/τ0)β+ε−α−1).

Hence, ∫ t0

t

τ α̂(τ)−β dτ =
tα̂(t)−β+1

β − α− 1
+ o( tα̂(t)−β+1 ).

In the following, the notion f(t) � g(t), as t → 0+, means that there are
constants c, C > 0 such that

c g(t) ≤ f(t) ≤ C g(t)

in a right neighborhood of zero.

Corollary 14.13 Let α(t) be a test function with limt→0+ α(t) = α. Let β, γ, C
be real constants such that C > 0, γ > 0 and α > β − 1. Then

∫ t0

0

τα(τ)−β

τγ + C tγ
dτ �




tα(t)+1−β−γ if α < γ + β − 1,

tα̂(t)−α if α = γ + β − 1,

1 if α > γ + β − 1,

as t→ 0+.

Proof. We decompose the integral over two intervals (0, t) and (t, t0) and then
we use our assumptions on α(t). Hence,∫ t0

0

τα(τ)−β

τγ + C tγ
dτ =

( ∫ t

0
+

∫ t0

t

)
τα(τ)−β

τγ + C tγ
dτ

�
∫ t

0

τα(τ)−β

tγ
dτ +

∫ t0

t

τα(τ)−β

τγ
dτ

� tα(τ)−β+1

tγ
+ tα(τ)−β−γ+1.

The first estimate is true since α > β − 1, and the second one holds since
α < β + γ − 1. Similarly, by (14.13), we have∫ t0

0

τα(τ)−α−1+γ

τγ + C tγ
dτ =

( ∫ t

0
+

∫ t0

t

)
τα(τ)−α−1+γ

τγ + C tγ
dτ

�
∫ t

0

τα(τ)−α−1+γ

tγ
dτ +

∫ t0

t

τα(τ)−α−1+γ

τγ
dτ

� tα(t)−α + tα̂(t)−α � tα̂(t)−α.

The last case is proved similarly.
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Let

α(t) = α− α1
log2 1/t
log 1/t

− α2
log3 1/t
log 1/t

− · · · − αn
logn+1 1/t

log 1/t
, (14.14)

where α, α1, α2, . . . , αn ∈ R and logn = log log · · · log (n times). For this func-
tion, we have

tα(t) = tα ( log 1/t )α1 ( log2 1/t )α2 · · · ( logn 1/t )αn .

We give a sufficient and simple criterion showing at least that the function
defined in (14.14) is a test function.

Theorem 14.14 Let α ∈ R and let α(t) be a real continuously differentiable
function defined on (0, t0) with limt→0+ α(t) = α. Suppose that

lim
t→0+

α′(t) t log t = 0.

Then α(t) is a test function.

Proof. Let
d( tα(t)−γ )

dt
= (α(t)− γ + α′(t) t log t ) tα(t)−γ−1,

and note that
α(t)− γ + α′(t) t log t −→ α− γ

as t→ 0+. Hence, for β < α+ 1, we have∫ t

0
τα(τ)−β dτ =

∫ t

0
τα(τ)−α τα−β dτ

=
tα(t)−β+1

α− β + 1
− 1
α− β + 1

∫ t

0
(α(τ)− α+ α′(τ) τ log τ ) τα(τ)−β dτ

=
tα(t)−β+1

α− β + 1
+ o(1)

∫ t

0
τα(τ)−β dτ.

Therefore,

( 1 + o(1) )
∫ t

0
τα(τ)−β dτ =

tα(t)−β+1

α− β + 1
.

Thus the second required condition is satisfied. For β > α+ 1, we have∫ t0

t

τα(τ)−β dτ =
∫ t0

t

τα(τ)−α τα−β dτ

=
τα(τ)−β+1

α− β + 1

∣∣∣∣τ=t0
τ=t

−
∫ t0

t

(α(τ)− α+ α′(τ) τ log τ ) τα(τ)−β dτ

= O(1)− tα(t)−β+1

α− β + 1
+ o(1)

∫ t0

t

τα(τ)−β dτ.
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Hence,

( 1 + o(1) )
∫ t0

t

τα(τ)−β dτ =
tα(t)−β+1

β − α− 1
.

Thus the third condition is also fulfilled.

Corollary 14.15 Let α, α1, α2, . . . , αn be real constants, and let

α(t) = α− α1
log2 1/t
log 1/t

− α2
log3 1/t
log 1/t

− · · · − αn
logn+1 1/t

log 1/t
.

Then α(t) is a test function. Moreover,

tα̂(t) �
{

tα if α1 < −1,
tα ( log 1/t )1+α1 ( log2 1/t )α2 · · · ( logn 1/t )αn if α1 > −1.

If α1 = α2 = · · · = αk−1 = −1, then

tα̂(t) �
{

tα if αk < −1,
tα ( logk 1/t )1+αk ( logk+1 1/t )αk+1 · · · ( logn 1/t )αn if αk > −1.

Finally, if α1 = α2 = · · · = αn = −1, then

tα̂(t) � tα logn+1 1/t.

The following theorems are two celebrated results about the Hilbert transform
of bounded Lipschitz functions.

Theorem 14.16 (Privalov [16]) If u is a bounded Lipα (0 < α < 1) function
on R, then ũ(x) exists for all x ∈ R and besides ũ is also Lipα.

Theorem 14.17 (Titchmarsh [20]) If u is a bounded Lip1 function on R, then
ũ(x) exists for all x ∈ R and besides

| ũ(x+ t)− ũ(x) | ≤ C t log 1/t

for all x ∈ R and 0 < t < 1/2.

We are now able to generalize both theorems. The following theorem is the
main result of this section.

Theorem 14.18 Let α(t) be a test function with

0 < lim
t→0+

α(t) ≤ 1.

Let u be a bounded Lipα(t) function on R. Then ũ(x) exists for all x ∈ R, and
besides

ũ is
{

Lipα(t) if 0 < limt→0+ α(t) < 1,
Lipα̂(t) if limt→0+ α(t) = 1.



14.6. The Hilbert transform of Lipα(t) functions 327

Proof. Let

V (x+ iy) =
1
π

∫ ∞

−∞

(
x− t

(x− t)2 + y2 +
t

1 + t2

)
u(t) dt, (x+ iy ∈ C+).

To estimate | ũ(x+ t)− ũ(x) |, instead of taking the real line as our straight path
to go from x to x+ t, we go from x up to x+ it, then to x+ t+ it and finally
down to x+ t:

| ũ(x)− ũ(x+ t) | ≤ | ũ(x)− V (x+ it) | (14.15)
+ |V (x+ it)− V (x+ t+ it) |
+ |V (x+ t+ it)− ũ(x+ t) |.

Hence we proceed to study each term of the right side.
By (14.5), we have

| ũ(x)− V (x+ it) | =
∣∣∣∣ lim
ε→0

1
π

∫
|x−τ |>ε

(
1

x− τ +
τ

1 + τ2

)
u(τ) dτ

− 1
π

∫ ∞

−∞

(
x− τ

(x− τ)2 + t2
+

τ

1 + τ2

)
u(τ) dτ

∣∣∣∣
=

∣∣∣∣ lim
ε→0

1
π

∫
|x−τ |>ε

(
1

x− τ −
x− τ

(x− τ)2 + t2

)
u(τ) dτ

∣∣∣∣
=

∣∣∣∣ lim
ε→0

t2

π

∫ ∞

ε

u(x− τ)− u(x+ τ)
τ (τ2 + t2)

dτ

∣∣∣∣
≤ t2

π

∫ ∞

0

|u(x+ τ)− u(x− τ) |
τ (τ2 + t2)

dτ.

Since u is bounded and Lipα(t), there is a constant C such that

|u(x+ τ)− u(x− τ) | ≤ C (2τ)α(2τ)

for all values of x ∈ R, and small values of τ , say 0 < τ < 1. Hence, by Corollary
14.13, we have

| ũ(x)− V (x+ it) | ≤ t2

π

∫ 1

0

C (2τ)α(2τ)

τ (τ2 + t2)
dτ +

t2

π

∫ ∞

1

2‖u‖∞
τ3 dτ

≤ 4C t2

π

∫ 2

0

τα(τ)−1

τ2 + 4t2
dτ +

‖u‖∞
π

t2

≤ C ′ tα(t) + C ′′ t2.

Hence, for each x ∈ R,

| ũ(x)− V (x+ it) | = O( tα(t) ). (14.16)

By the mean value theorem,

|V (x+ it)− V (x+ t+ it) | ≤ t sup
s∈R

∣∣∣∣ ∂V∂x (s+ it)
∣∣∣∣,



328 Chapter 14. The Hilbert transform on R

where

∂V

∂x
(s+ it) =

1
π

∫ ∞

−∞

∂

∂x

(
x− τ

(x− τ)2 + t2
+

τ

1 + τ2

) ∣∣∣∣
x=s

u(τ) dτ

=
1
π

∫ ∞

−∞

t2 − (s− τ)2
( t2 + (s− τ)2 )2

u(τ) dτ

=
1
π

∫ ∞

−∞

t2 − τ2

( t2 + τ2 )2
u(s+ τ) dτ

=
1
π

∫ ∞

−∞

t2 − τ2

( t2 + τ2 )2
(u(s+ τ)− u(s) ) dτ.

Hence,

|V (x+ it)− V (x+ t+ it) | ≤ sup
s∈R

t

π

∫ ∞

−∞

|u(s+ τ)− u(s) |
t2 + τ2 dτ

≤ C t

∫ 1

0

τα(τ)

t2 + τ2 dτ +
t

π

∫ ∞

1

2 ‖u ‖∞
τ2 dτ.

The asymptotic behavior of ∫ 1

0

τα(τ)

t2 + τ2 dτ

depends on limt→0+ α(t). According to Corollary 14.13, we have

|V (x+ it)− V (x+ t+ it) | =




O( tα(t) ) if limt→0+ α(t) < 1,

O( tα̂(t) ) if limt→0+ α(t) = 1.
(14.17)

Finally, (14.15), (14.16) and (14.17) give the required result.

In the light of Corollary 14.15 and Theorem 14.18, we get the following
special result.

Corollary 14.19 Let α1, α2, . . . , αn ∈ R. Let u be a bounded function on R
with

ωu(t) = O
(
t ( log 1/t )α1 ( log2 1/t )α2 · · · ( logn 1/t )αn

)
.

Then ũ(x) exists for all values of x ∈ R and besides

ωũ(t) =
{

O(t) if α1 < −1,
O

(
t ( log 1/t )1+α1 ( log2 1/t )α2 · · · ( logn 1/t )αn

)
if α1 > −1.

If α1 = α2 = · · · = αk−1 = −1, then

ωũ(t) =
{

O(t) if αk < −1,
O

(
t ( logk 1/t )1+αk ( logk+1 1/t )αk+1 · · · ( logn 1/t )αn

)
if αk > −1.

Finally, if α1 = α2 = · · · = αn = −1, then

ωũ(t) = O( t logn+1 1/t ).
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Exercises

Exercise 14.6.1 Let α(t) be a test function and let

β(t) = α(t) +
log

( ∫ t0
t
τα(τ)−α−1 dτ

)
log t

.

Show that β(t) is also a test function.

Exercise 14.6.2 Let

u(t) =
{
|t| log 1/|t| if |t| ≤ 1/e,

1/e if |t| ≥ 1/e,

and let

α(t) = 1− log2 1/t
log 1/t

, (0 < t < 1/e),

or equivalently,
tα(t) = t log 1/t.

Show that u is a bounded Lipα(t) function on R and that ũ(t) − ũ(0) behaves
asymptotically like tα̂(t) � t (log 1/t)2, as t→ 0+.
Hint: Write

ũ(t)− ũ(0) =
(
ũ(t)− V (t+ it)

)
+

(
V (t+ it)− V (it)

)
+

(
V (it)− ũ(0)

)

and show that

|ũ(t)− V (t+ it)| = O( tα(t) ), |V (it)− ũ(0)| = O( tα(t) )

and
|V (t+ it)− V (it)| = O(tα̂(t)).

Remark: This exercise shows that Corollary 14.19 gives a sharp result.

14.7 Maximal functions

Let u be a measurable function on R. Then the Hardy–Littlewood maximal
function of u is defined by

Mu(t) = sup
k,k′>0

1
k + k′

∫ t+k

t−k′
|u(x)| dx, (t ∈ R).

If U is defined on the upper half plane, we define a family of maximal functions
related to U . Remember that a Stoltz domain anchored at t ∈ R is of the form

Γα(t) = {x+ iy ∈ C+ : |x− t| < αy }, (α > 0).
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Then the nontangential maximal function of U is given by

MαU(t) = sup
z∈Γα(t)

|U(z)|, (t ∈ R),

and its radial maximal function by

M0U(t) = sup
y>0
|U(t+ iy)|, (t ∈ R).

If u ∈ L1(dt/(1 + t2)), we first apply the Poisson integral formula to extend u
to the upper half plane

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

Then we will use Mαu and M0u respectively instead of MαU and M0U . By
definition, we clearly have

M0u(t) ≤Mαu(t), (t ∈ R),

for all α > 0. Moreover, since at almost all points of R, U(t+ iy) tends to u(t)
as y → 0 (Lemma 3.10), we also have

|u(t)| ≤M0u(t)

for almost all t ∈ R. We now obtain a more delicate relation between Mαu and
Mu.

Lemma 14.20 Let u ∈ L1(dt/(1 + t2)) and let α ≥ 0. Then

Mαu(t) ≤
(

1 +
2α
π

)
Mu(t)

for all t ∈ R.

Proof. We give the proof for α > 0. The case α = 0 follows immediately.
Fix t ∈ R. According to the definition of Mu∫ ∞

−∞
ϕ(s) |u(s)| ds ≤

( ∫ ∞

−∞
ϕ(s) ds

)
Mu(t), (14.18)

where ϕ is the step function

ϕ(s) =




1 if |t− s| < k,

0 if |t− s| ≥ k.

By considering the linear combination of such step functions (with positive coef-
ficients) we see that (14.18) still holds for any step function which is symmetric
with respect to the vertical axis s = t and is decreasing on s > t. (See Figure
14.6.)
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Fig. 14.6. A symmetric step function.

Finally, if ϕ is any positive and integrable function with the preceding properties,
we can approximate it from below by a sequence of such step functions and thus
a simple application of Fatou’s lemma shows that (14.18) indeed holds for any
positive and integrable function which is symmetric with respect to the vertical
axis s = t and is decreasing on s > t.

Now let z = x+ iy ∈ Γα(t). Then

|U(x+ iy)| ≤ 1
π

∫ ∞

−∞

y

(x− s)2 + y2 |u(s)| ds, (x+ iy ∈ C+).

But, if x �= t, the kernel Py(x − s) is not symmetric with respect to the axis
s = t. (See Figure 14.7.) Nevertheless, we can overcome this difficulty. Without
loss of generality assume that x > t. Let

ϕ(s) = ϕz(s) =




1
π

y

(x− s)2 + y2 if s ≥ x,

1
πy

if 2t− x < s < x,

1
π

y

(2t− x− s)2 + y2 if s ≤ 2t− x.

(See Figure 14.8.) On the one hand, ϕ is positive and symmetric with respect to
the axis s = t, and on the other hand it majorizes the Poisson kernel. Moreover,

∫ ∞

−∞
ϕ(s) ds = 1 +

2|x− t|
πy

≤ 1 +
2α
π
.
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Fig. 14.7. The kernel Py(x− s).

Fig. 14.8. The graph of ϕz(s).

Hence, for each z = x+ iy ∈ Γα(t),

|U(x+ iy)| ≤
∫ ∞

−∞
ϕ(s) |u(s)| ds ≤

(
1 +

2α
π

)
Mu(t).

Considering the preceding chain of inequalities, we see that, for any function
u ∈ L1(dt/(1 + t2)),

|u| ≤M0u ≤Mαu ≤
(

1 +
2α
π

)
Mu (14.19)

almost everywhere on R. Hence, Mu ∈ Lp(R) immediately implies that Mαu,
M0u and u itself are also in Lp(R). For the reverse implication (which holds for
1 < p < ∞) we need the following celebrated result of Hardy–Littlewood. A
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measurable function u on R is locally integrable if it is integrable on each finite
interval, i.e. ∫ b

a

|f(t)| dt <∞

for all −∞ < a < b < ∞. For the definition of distribution function mϕ, see
Section A.5.

Theorem 14.21 (Hardy–Littlewood) Let u be locally integrable on R. Then,
for each λ > 0,

mMu(λ) ≤ 2
λ

∫
{Mu>λ}

|u(x)| dx.

Proof. (F. Riesz) Since Mu = M |u|, we may assume that u ≥ 0. Let

Mru(x) = sup
k>0

1
k

∫ x+k

x

u(t) dt

and
M�u(x) = sup

k>0

1
k

∫ x

x−k
u(t) dt.

The notations Mr and M� are temporary for this proof and they do not mean
Mα, as defined before, for a specific value of α.

Fix λ > 0 and consider

E = {x : Mu(x) > λ },
Er = {x : Mru(x) > λ },
E� = {x : M�u(x) > λ }.

Since
∫ b
a
u is a continuous function of a and b we have Er ⊂ E and E� ⊂ E. On

the other hand, the identity

1
h+ k

∫ x+h

x−k
u(t) dt =

h

h+ k

(
1
h

∫ x+h

x

u(t) dt
)

+
k

h+ k

(
1
k

∫ x

x−k
u(t) dt

)

implies E ⊂ Er ∪ E�. Hence,

E = Er ∪ E�,

which yields
mMu(λ) ≤ mMru(λ) +mM�u(λ).

We show that
mMru(λ) =

1
λ

∫
Er

|u(x)| dx (14.20)

and that
mM�u(λ) =

1
λ

∫
E�

|u(x)| dx (14.21)
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and thus the theorem follows.
For each fixed k > 0, the function

ϕk(x) =
1
k

∫ x+k

x

u(t) dt, (x ∈ R),

is continuous on R, and thus Mru = supk>0 ϕk is lower semicontinuous on R.
Hence, Er is an open set. Let

Ψ(x) =
∫ x

0
u(t) dt, (x ∈ R).

Thus Ψ is an increasing continuous function on R and the open set Er is a
countable union of disjoint intervals Ik. As F. Riesz observed, if one shines light
downward on the graph of Ψ with slope λ, then the Ik are the parts of the x-axis
where the graph of Ψ remains in shadow. From this geometric observation we
immediately have

λ|Ik| = Ψ(bk)−Ψ(ak) =
∫
Ik

u(t) dt,

where Ik = (ak, bk). Summing up over all Ik gives (14.20). The proof of (14.21)
is similar.

Theorem 14.21 has several interesting consequences. The first corollary im-
mediately follows from the theorem.

Corollary 14.22 Let u ∈ L1(R). Then, for each λ > 0,

mMu(λ) ≤ 2
λ
‖u‖1.

Corollary 14.23 Let u ∈ Lp(R), 1 < p <∞. Then Mu ∈ Lp and moreover

‖Mu‖p ≤
2p
p− 1

‖u‖p.

Remark: The corollary clearly holds for p =∞ with ‖Mu‖∞ ≤ ‖u‖∞.

Proof. Without loss of generality, assume that u ≥ 0. Let

un(t) =




u(t) if |t| ≤ n and |u(t)| ≤ n,

0 otherwise.

Hence,
0 ≤ u1 ≤ u2 ≤ · · · ≤ u

and, for each x ∈ R, un(x)→ u(x) as n→∞. Therefore,

0 ≤Mu1 ≤Mu2 ≤ · · · ≤Mu
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and, by the monotone convergence theorem, for each x ∈ R, Mun(x)→Mu(x)
as n → ∞. Thus, if the theorem holds for each un, an application of Fatou’s
lemma immediately implies that it also holds for u.

Based on the observation made in the last paragraph, we assume that u
is bounded and of compact support, say supp u ⊂ [−A,A]. Hence, the rough
estimate

1
k + k′

∫ x+k

x−k′
u(t) dt ≤ 1

|x| −A

∫ A

−A
u(t) dt ≤ 4A‖u‖∞

|x|

for |x| ≥ 2A implies that

Mu(x) ≤ C

1 + |x| ,

with an appropriate constant C. Hence, Mu ∈ Lp. Therefore, by Theorem
14.21 and by Fubini’s theorem,

‖Mu‖pp = p

∫ ∞

0
λp−1mMu(λ) dλ

≤ 2p
∫ ∞

0
λp−2

( ∫
{Mu>λ }

|u(x)| dx
)
dλ

= 2p
∫ ∞

−∞

( ∫ Mu(x)

0
λp−2 dλ

)
|u(x)| dx

=
2p
p− 1

∫ ∞

−∞
(Mu(x))p−1 |u(x)| dx.

Finally, by Hölder’s inequality,

‖Mu‖pp ≤
2p
p− 1

‖Mu‖p−1
p ‖u‖p.

Since ‖Mu‖p <∞ we can divide both sides by ‖Mu‖p−1
p .

Exercises

Exercise 14.7.1 Let E ⊂ R with |E| <∞. Suppose that∫ ∞

−∞
|u(x)| log+ |u(x)| dx <∞.

Show that ∫
E

Mu(x) dx ≤ 2|E|+ 4
∫ ∞

−∞
|u(x)| log+ |2u(x)| dx.
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Exercise 14.7.2 Let u ∈ L1(R). Suppose that∫
E

Mu(x) dx <∞

for any measurable E with |E| <∞. Show that∫ ∞

−∞
|u(x)| log+ |u(x)| dx <∞.

14.8 The maximal Hilbert transform

The maximal Hilbert transform of a function u ∈ L1(dt/(1 + |t|)) is defined by

ǔ(x) = sup
ε>0

∣∣∣∣ 1
π

∫
|x−t|>ε

u(t)
x− t dt

∣∣∣∣.
According to the M. Riesz theorem (Theorem 14.7), ũ remains in Lp(R) when-
ever u ∈ Lp(R), 1 < p < ∞. In this section, by showing that ǔ ∈ Lp(R) we
strengthen the M. Riesz result.

Lemma 14.24 Let u ∈ L1(dt/(1 + |t|)), and let

V (x+ iy) =
1
π

∫ ∞

−∞

(x− t)
(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

Then
|ǔ(x)| ≤ (1 + 1/π)Mu(x) +M0V (x)

for all x ∈ R.

Proof. Let

ǔε(x) =
1
π

∫
|x−t|>ε

u(t)
x− t dt, (x ∈ R).

Fix y > 0 and write

V (x+ iy) =
1
π

( ∫
|x−t|<y

+
∫

|x−t|>y

)
(x− t)

(x− t)2 + y2 u(t) dt.

Hence,

π|ǔy(x)− V (x+ iy)| ≤
∫

|x−t|>y

y2

|x− t|((x− t)2 + y2)
|u(t)| dt

+
∫

|x−t|<y

|x− t|
(x− t)2 + y2 |u(t)| dt

≤
∫

|x−t|>y

y

(x− t)2 + y2 |u(t)| dt+
1
2y

∫
|x−t|<y

|u(t)| dt.
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Therefore, by Lemma 14.20,

π|ǔy(x)− V (x+ iy)| ≤ πM0|u|(x) +Mu(x) ≤ (1 + π)Mu(x).

Thus,
|ǔy(x)| ≤ (1 + 1/π)Mu(x) + |V (x+ iy)|.

Taking the supremum with respect to y > 0 gives the required result.

Corollary 14.25 Let u ∈ Lp(R), 1 < p <∞. Then

|ǔ(x)| ≤ (1 + 1/π)Mu(x) +Mũ(x)

for all x ∈ R.

Proof. By Theorem 14.7 the conjugate harmonic function

V (x+ iy) =
1
π

∫ ∞

−∞

(x− t)
(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+),

is also the Poisson integral of ũ, i.e.

V (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 ũ(t) dt, (x+ iy ∈ C+).

Hence M0V = M0ũ and, by Lemma 14.20, M0ũ ≤ Mũ. Now, apply Lemma
14.24.

Corollary 14.26 Let u ∈ Lp(R), 1 < p <∞. Then ǔ ∈ Lp(R), and moreover

‖ǔ‖p ≤ Cp‖u‖p,

where Cp is a constant just depending on p.

Proof. By Corollary 14.23

‖Mu‖p ≤
2p
p− 1

‖u‖p

and
‖Mũ‖p ≤

2p
p− 1

‖ũ‖p.

However, by the M. Riesz theorem (Theorem 14.7),

‖ũ‖p ≤ Kp ‖u‖p
where Kp is a constant just depending on p. Hence, by Corollary 14.25,

‖ǔ‖p ≤ (1 + 1/π) ‖Mu‖p + ‖Mũ‖p

≤ 2p
p− 1

((1 + 1/π) ‖u‖p + ‖ũ‖p)

≤ 2p
p− 1

((1 + 1/π) +Kp) ‖u‖p.
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Appendix A

Topics from real analysis

A.1 A very concise treatment of measure theory

A measure space has three components: the ambient space X, a family M of
subsets of X, and a measure µ. The family M satisfies the following properties:

(a) X ∈M;

(b) if E ∈M, then Ec, the complement of E with respect to X, is also in M;

(c) if En ∈M, n ≥ 1, then ∪∞
n=1En ∈M.

In technical terms, we say that M is a σ-algebra and its elements are measurable
subsets of X. The measure µ is a complex function defined on M such that

(a) µ(∅) = 0,

(b) µ(∪∞
n=1En) =

∑∞
n=1 µ(En), for any sequence (En)n≥1 in M whose elements

are pairwise disjoint.

If µ is a positive measure, we usually allow +∞ as a possible value in the range
of µ. If µ is a complex measure, the smallest positive measure λ satisfying

|µ(E)| ≤ λ(E), (E ∈M),

is called the total variation µ and is denoted by |µ|.
A function f : X −→ C is measurable if f−1(V ) ∈M for any open set V in

C. In particular, each simple function

ϕ =
N∑
n=1

an χEn ,

where an ∈ C and En ∈M, is measurable. We define∫
X

ϕdµ =
N∑
n=1

an µ(En).

339
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For a positive measurable function f , we define∫
X

f dµ = sup
ϕ

∫
X

ϕdµ,

where the supremum is taken over all simple functions ϕ such that 0 ≤ ϕ ≤ f .
A measurable function f is called integrable provided that∫

X

|f | dµ <∞.

For such a function, we define∫
X

f dµ =
( ∫

X

u+ dµ−
∫
X

u− dµ
)

+ i

( ∫
X

v+ dµ−
∫
X

v− dµ
)
,

where f = u + iv, and for a real function ω, we put ω+ = max{ω, 0} and
ω− = max{−ω, 0}. The family of all integrable functions is denoted by L1(µ).
Sometimes we also use L1(X) if the measure µ is fixed throughout the discussion.

The great success of Lebesgue’s theory of integration is mainly based on the
following three convergence theorems.

Theorem A.1 (Monotone convergence theorem) Let fn, n ≥ 1, be a sequence
of measurable functions on X such that 0 ≤ f1 ≤ f2 ≤ · · · , and let

f(x) = lim
n→∞ fn(x), (x ∈ X).

Then f is measurable and

lim
n→∞

∫
X

fn dµ =
∫
X

f dµ.

Proof. If fn = χEn , where (En)n≥1 is an increasing sequence of measurable sets
in X and E = ∪∞

n=1En, then the monotone convergence theorem reduces to

µ(E) = lim
n→∞µ(En),

which is rather obvious. This special case in turn implies that

lim
n→∞

∫
X

χEn
ϕdµ =

∫
X

χE ϕdµ,

for each simple function ϕ.
Now we are able to prove the general case. Since fn ≤ fn+1 ≤ f ,∫

X

fn dµ ≤
∫
X

fn+1 dµ ≤
∫
X

f dµ.

Thus α = limn→∞
∫
X
fn dµ exists and

α ≤
∫
X

f dµ.
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If α = ∞, we are done. Hence, suppose that α < ∞. Let ϕ be any simple
function such that 0 ≤ ϕ ≤ f and fix the constant γ ∈ (0, 1). Let

En = {x ∈ X : fn(x) ≥ γϕ(x) }.

Clearly, (En)n≥1 is an increasing sequence of measurable sets with ∪∞
n=1En = X.

Moreover, ∫
X

fn dµ ≥
∫
X

χEn
fn dµ ≥ γ

∫
X

χEn ϕdµ.

Let n→∞ to obtain
α ≥ γ

∫
X

ϕdµ.

Taking the supremum with respect to ϕ gives

α ≥ γ
∫
X

f dµ.

Finally, let γ → 1.

Theorem A.2 (Fatou’s lemma) Let fn, n ≥ 1, be a sequence of positive mea-
surable functions on X. Then∫

X

(lim inf
n→∞ fn) dµ ≤ lim inf

n→∞

∫
X

fn dµ.

Proof. Let g = lim infn→∞ fn, and let

gk = inf
n≥k

fn, (k ≥ 1).

Hence, 0 ≤ g1 ≤ g2 ≤ · · · and

lim
k→∞

gk(x) = g(x), (x ∈ X).

Therefore, by the monotone convergence theorem,∫
X

g dµ = lim
k→∞

∫
X

gk dµ.

However, gk ≤ fk, which implies

lim
k→∞

∫
X

gk dµ ≤ lim inf
k→∞

∫
X

fk dµ.

Theorem A.3 (Dominated convergence theorem) Let fn, n ≥ 1, be a sequence
of measurable functions on X such that

f(x) = lim
n→∞ fn(x)
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exists for every x ∈ X. Suppose that there is a g ∈ L1(µ) such that

|fn(x)| ≤ g(x), (x ∈ X, n ≥ 1).

Then f ∈ L1(µ) and

lim
n→∞

∫
X

|fn − f | dµ = 0. (A.1)

Proof. Since |f | ≤ g, we clearly have f ∈ L1(µ). Let gn = 2g − |fn − f |, n ≥ 1.
Hence, by Fatou’s lemma,∫

X

2g dµ =
∫
X

lim inf
n→∞ gn dµ

≤ lim inf
n→∞

∫
X

gn dµ

=
∫
X

2g dµ− lim sup
n→∞

∫
X

|fn − f | dµ.

Since g ∈ L1(µ), we conclude that

lim sup
n→∞

∫
X

|fn − f | dµ ≤ 0,

and thus we obtain (A.1).

Two more advanced results in measure theory are used in the text, which
we explain heuristically here. The first one that we have frequently applied is
Fubini’s theorem. Let (X,M, µ) and (Y,N, ν) be two measure spaces and let
f : X × Y −→ [0,∞] be a measurable function. Then the Fubini theorem says∫

X

( ∫
Y

f(x, y) dν(y)
)
dµ(x) =

∫
Y

( ∫
X

f(x, y) dµ(x)
)
dν(y).

However, if we only assume that f is a complex measurable function, then some
extra assumption is needed. For example, the condition f ∈ L1(µ×ν) is enough
to ensure that the preceding identity holds.

Suppose that λ and µ are two finite positive measures defined on the same
σ-algebra M of an ambient space X. We say that λ is absolutely continuous
with respect to µ and write λ � µ if λ(E) = 0 for every E ∈ M for which
µ(E) = 0. At the other extreme, we say that λ and µ are mutually singular
and write λ ⊥ µ if there is a partition of X, say X = A ∪ B, with A,B ∈ M
and A ∩ B = ∅, such that λ(A) = µ(B) = 0. Naively speaking, this means
that λ and µ are living on different territories; λ is concentrated on B and µ
is concentrated on A. If λ and µ are complex measures, then, by definition,
λ is absolutely continuous with respect to µ if |λ| is absolutely continuous with
respect to |µ|. Mutually singular complex measures are defined similarly.

Given two complex measures λ and µ, the celebrated theorem of Lebesgue–
Radon–Nikodym says that there is a unique f ∈ L1(µ) and a unique measure
σ ⊥ µ such that

dλ = f dµ+ dσ.
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This notation is a shorthand to say

λ(E) =
∫
X

χE f dµ+ σ(E)

for all E ∈M. In particular, λ is absolutely continuous with respect to µ if and
only if there is an f ∈ L1(µ) such that dλ = f dµ.

Exercises

Exercise A.1.1 Let (Mι)ι∈I be any family of σ-algebras on X. Put

M =
⋂
ι∈I

Mι.

Show that M is a σ-algebra on X.

Exercise A.1.2 Let T be any collection of subsets of X. Show that there is
a smallest σ-algebra on X which contains T.
Hint: Use Exercise A.1.1.
Remark: If T is a topology on X, the elements of the smallest σ-algebra on X
which contains T are called the Borel subsets of X.

Exercise A.1.3 Suppose that the simple function ϕ has two representations,
i.e.

ϕ =
N∑
n=1

an χEn
=

M∑
m=1

bm χFm
.

Show that
N∑
n=1

an µ(En) =
M∑
m=1

bm µ(Fm).

Hint: Without loss of generality, assume that (En)1≤n≤N and (Fm)1≤m≤M are
pairwise disjoint. Then

N∑
n=1

an χEn =
N∑
n=1

M∑
m=1

an χEn∩Fm

and similarly
M∑
m=1

bm χFm =
M∑
m=1

N∑
n=1

bm χFm∩En .

Remark: This fact shows that
∫
X
ϕdµ is well-defined.
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A.2 Riesz representation theorems

Let X be a Banach space. The dual space X∗ consists of all continuous linear
functionals

Λ : X −→ C.

The norm of Λ is defined by

‖Λ‖ = sup
x∈X
x�=0

|Λ(x)|
‖x‖ .

For each Banach space X, an important question is to characterize its dual X∗.
F. Riesz answered this question for certain spaces of functions. We discuss two
such theorems.

Let (X,M, µ) be a measure space and consider X = Lp(µ), 1 ≤ p <∞. Let
q be the conjugate exponent of p, i.e. 1/p + 1/q = 1. Then the first theorem
says that

Lp(µ)∗ = Lq(µ).

This identity means that given any Λ ∈ Lp(µ)∗, there is a unique g ∈ Lq(µ)
such that

Λ(f) =
∫
X

f g dµ, (f ∈ Lp(µ)),

and
‖Λ‖ = ‖g‖q.

On the other hand, if g ∈ Lq(µ) is given and we define Λ by the given formula,
then clearly Λ is a bounded linear functional on Lp(µ) and its norm is equal to
‖g‖q. Therefore, Riesz’s theorem actually provides an isometric correspondence
between Lp(µ)∗ and Lq(µ). This assertion is not valid if p = ∞. As a matter
of fact, using the above formula, L1(µ) can be embedded in L∞(µ)∗, but in the
general case, this is a proper inclusion.

For the second theorem, let X be a locally compact Hausdorff space. In our
applications, X was either the real line R or the unit circle T. Put X = C0(X),
the space of all continuous functions vanishing at infinity equipped with the
supremum norm. Note that if X is compact, then we have C0(X) = C(X).
Then we have

X∗ =M(X),

where M(X) is the space of all complex regular Borel measures on X. Hence,
if Λ ∈ C0(X)∗ is given, there is a unique µ ∈M(X) such that

Λ(f) =
∫
X

f dµ, (f ∈ C0(X)),

and
‖Λ‖ = ‖µ‖.
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On the other hand, if µ ∈ M(X) is given and we define Λ as above, then Λ is
a bounded linear functional on C0(X) whose norm is equal to ‖µ‖. Therefore,
Riesz’s second theorem provides an isometric correspondence between C0(X)∗

andM(X).

A.3 Weak* convergence of measures

Let X be a locally compact Hausdorff space. In the preceding section we saw
that M(X) is the dual of C0(X). Hence if µ and µn, n ≥ 1, are measures in
M(X), we say that µn converges to µ in the weak* topology if

lim
n→∞

∫
X

ϕdµn =
∫
X

ϕdµ

for all ϕ ∈ C0(X). For positive measures on separable spaces, there are several
equivalent ways to define the weak* convergence.

The cumulative distribution function of the positive measure µ ∈ M(R) is
defined by

F (x) = µ( (−∞, x] ), (x ∈ R).

Clearly, F is an increasing right continuous function on R. Moreover,∫
R

ϕdµ =
∫ ∞

−∞
ϕ(x) dF (x)

for all ϕ ∈ C0(R). In the last identity, the left side is a Lebesgue integral and
the right side is a Riemann–Stieltjes integral. We can also define the cumulative
distribution function for positive Borel measures on T and then obtain∫

T

ϕdµ =
∫ π

−π
ϕ(x) dF (x)

for all ϕ ∈ C(T).

Theorem A.4 Let X be a separable locally compact Hausdorff space. Let
µ, µ1, µ2, . . . be positive measures in M(X). Then the following are equivalent:

(i) µn converges to µ in the weak* topology;

(ii) µn(X)→ µ(X) and, for all open subsets U of X,

lim inf
n→∞ µn(U) ≥ µ(U);

(iii) µn(X)→ µ(X) and, for all closed subsets F of X,

lim sup
n→∞

µn(F ) ≤ µ(F );
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(iv) for all Borel subsets E of X with µ(∂E) = 0, where ∂E is the boundary of
E in X,

lim
n→∞µn(E) = µ(E);

(v) in the case X = R (or X = T), if Fn and F respectively denote the
cumulative distribution functions of the measures µn and µ, then

lim
n→∞Fn(x) = F (x)

at all points x ∈ R where F is continuous.

A.4 C(T) is dense in Lp(T) (0 < p <∞)
The space of continuous functions C(T) is dense in Lp(T), 0 < p < ∞. This
assertion is not true if p =∞, since the uniform limit of a sequence of continuous
functions has to be continuous and a typical element of L∞(T) is not necessarily
continuous. As a matter of fact, we implicitly proved that C(T) is closed in
L∞(T). If we know that each f ∈ Lp(T) can be approximated by step functions

N∑
n=1

an χIn ,

where In is an open interval, then we can approximate each χIn
by a trapezoid-

shaped continuous function, and thus the result is immediate. Even though
approximation by step function is possible, it does not come from the first
principles of measure theory. Based on the definition of a Lebesgue integral,
each f ∈ Lp(T) can be approximated by simple functions

s =
N∑
n=1

an χEn ,

where En is a Lebesgue measurable set. At this point, we need two deep results
from real analysis. First, given E, a Lebesgue measurable set on T, there is a
compact set K and an open set V such that K ⊂ E ⊂ V , and the Lebesgue
measure of V \K is as small as we want. Second, by Urysohn’s lemma, there is
a continuous function ϕ such that 0 ≤ ϕ ≤ 1, ϕ|K ≡ 1 and suppϕ ⊂ V . Hence,∫

T

|ϕ− χE |p dθ ≤
∫
V \K

dθ = |V \K|.

Given f ∈ Lp(T) and ε > 0, choose the simple function s =
∑N
n=1 an χEn

such that ‖f − s‖p < ε. Then, for each n, pick ϕn such that ‖ϕn − χEn
‖p <

ε/(N(1 + |an|)). Put

ϕ =
N∑
n=1

an ϕn.
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Therefore,

‖f − ϕ‖p ≤ ‖f − s‖p + ‖s− ϕ‖p

≤ ε+
N∑
n=1

|an| ‖ϕn − χEn‖p ≤ 2ε.

Exercises

Exercise A.4.1 Show that Cc(R) is dense in Lp(R), 1 ≤ p <∞.

Exercise A.4.2 Show that C∞
c (R) is dense in Lp(R), 1 ≤ p <∞.

Hint: Use Exercise A.4.1 and the convolution.

A.5 The distribution function

For a measurable set E ⊂ T, let |E| denote its Lebesgue measure. Let ϕ be a
measurable function on T. Then the distribution function of ϕ is defined by

mϕ(λ) = |{eiθ : |ϕ(eiθ)| > λ }|, (λ > 0).

Clearly, mϕ is a decreasing function on (0,∞). The space weak-L1(T) consists
of all measurable functions ϕ on T such that

mϕ(λ) ≤ C

λ
,

where C is a constant (not depending on λ, but it may depend on ϕ). Since,
for each ϕ ∈ L1(T),

mϕ(λ) ≤ 2π ‖ϕ‖1
λ

,

weak-L1(T) contains L1(T) as a subspace.
Let 0 < p <∞. On the measure space T× [0,∞) equipped with the product

measure dt× dλ, consider the measurable function

Φ(eit, λ) =




1 if 0 ≤ λ < |ϕ(eit)|,

0 if λ ≥ |ϕ(eit)|.

Now, using Fubini’s theorem, we evaluate the integral

I =
∫

T×[0,∞)
p λp−1 Φ(eit, λ) dt× dλ
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in two ways. On the one hand, we have

I =
∫ π

−π

( ∫ |ϕ(eit)|

0
p λp−1 dλ

)
dt =

∫ π

−π
|ϕ(eit)|p dt

and on the other hand,

I =
∫ ∞

0

( ∫
{ |ϕ|>λ }

dt

)
p λp−1 dλ =

∫ ∞

0
p λp−1mϕ(λ) dλ.

Therefore, for all 0 < p <∞ and for all measurable functions ϕ, we have∫ π

−π
|ϕ(eit)|p dt =

∫ ∞

0
p λp−1mϕ(λ) dλ. (A.2)

Exercises

Exercise A.5.1 Let (X,M, µ) be a measure space with µ ≥ 0. Let ϕ : X −→
C be a measurable function on X. Define the distribution function of ϕ by

mϕ(λ) = µ( {x ∈ X : |ϕ(x)| > λ} ).

Show that ∫
X

|ϕ(x)|p dµ(x) =
∫ ∞

0
p λp−1mϕ(λ) dλ

for all 0 < p <∞.

Exercise A.5.2 Let 0 ≤ a < b ≤ ∞. Using the notation of Exercise A.5.1,
show that∫

{x∈X:ϕ(x)>a}
min{ |ϕ(x)|p − ap, bp − ap } dµ(x) =

∫ b

a

p λp−1mϕ(λ) dλ.

A.6 Minkowski’s inequality

Let (Ω, µ) and (Ω′, ν) be two measure spaces with positive measures µ and ν,
and let f(x, t) be a positive measurable function on Ω′ × Ω. Define

F (x) =
∫

Ω
f(x, t) dµ(t).
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Fix p, 1 ≤ p < ∞, and let 1/p + 1/q = 1. Then, by Fubini’s theorem, for all
positive measurable functions G, we have∫

Ω′
F (x)G(x) dν(x) =

∫
Ω′

( ∫
Ω
f(x, t) dµ(t)

)
G(x) dν(x)

=
∫

Ω

( ∫
Ω′
f(x, t)G(x) dν(x)

)
dµ(t)

≤
∫

Ω

( ∫
Ω′
|f(x, t)|p dν(x)

) 1
p

( ∫
Ω′
|G(x)|q dν(x)

) 1
q

dµ(t)

= ‖G‖q
∫

Ω

( ∫
Ω′
|f(x, t)|p dν(x)

) 1
p

dµ(t).

In particular, for G = F p−1 χE , where E is any measurable set on which |F |p
is summable, we have

( ∫
E

|F (x)|p dν(x)
) 1

p

≤
∫

Ω

( ∫
Ω′
|f(x, t)|p dν(x)

) 1
p

dµ(t).

Taking the supremum over E, we get

‖F‖p ≤
∫

Ω

( ∫
Ω′
|f(x, t)|p dν(x)

) 1
p

dµ(t).

Equivalently, for every measurable function f ,

{ ∫
Ω′

( ∫
Ω
|f(x, t)| dµ(t)

)p
dν(x)

} 1
p

≤
∫

Ω

( ∫
Ω′
|f(x, t)|p dν(x)

) 1
p

dµ(t).

This is the most generalized form of Minkowski’s inequality. If Ω = {1, 2} and
µ is the counting measure, then the last inequality reduces to

( ∫
Ω′

(
|f(x, 1)|+ |f(x, 2)|

)p
dν(x)

) 1
p

≤
( ∫

Ω′
|f(x, 1)|p dν(x)

) 1
p

+
( ∫

Ω′
|f(x, 2)|p dν(x)

) 1
p

,

which is equivalent to ‖f1 + f2‖p ≤ ‖f1‖p + ‖f2‖p, where fn(x) = |f(x, n)|.

A.7 Jensen’s inequality

Let (a, b) be an interval on the real line R. A real function ϕ on (a, b) is convex
if the inequality

ϕ( (1− t)x+ ty ) ≤ (1− t)ϕ(x) + tϕ(y)
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holds for each x, y ∈ (a, b) and 0 ≤ t ≤ 1. It is easy to see that this condition is
equivalent to

ϕ(z)− ϕ(x)
z − x ≤ ϕ(y)− ϕ(z)

y − z (A.3)

whenever a < x < z < y < b.

Theorem A.5 (Jensen’s inequality) Let (X,M, µ) be a measure space with
µ ≥ 0 and µ(X) = 1. Let f ∈ L1(µ) and suppose that

−∞ ≤ a < f(x) < b ≤ ∞ (A.4)

for all x ∈ X. Suppose that ϕ is convex on (a, b). Then

ϕ

( ∫
X

fdµ

)
≤

∫
X

(ϕ ◦ f) dµ.

Proof. Let z =
∫
X
fdµ. The condition (A.4) ensures that z ∈ (a, b). According

to (A.3), there is a constant c such that

ϕ(z)− ϕ(x)
z − x ≤ c ≤ ϕ(y)− ϕ(z)

y − z
for all x ∈ (a, z) and all y ∈ (z, b). This implies

ϕ(w) ≥ ϕ(z) + c(w − z)
for each w ∈ (a, b). Hence,

(ϕ ◦ f)(x) ≥ ϕ(z) + c( f(x)− z )

for every x ∈ X. Therefore,∫
X

(ϕ ◦ f)(x) dµ(x) ≥
∫
X

(
ϕ(z) + c( f(x)− z )

)
dµ(x)

= ϕ(z) + c

( ∫
X

f(x) dµ(x)− z
)

= ϕ(z) = ϕ

( ∫
X

fdµ

)
.

Exercises

Exercise A.7.1 Let ϕ be convex on (a, b). Show that ϕ is continuous on
(a, b).
Hint: Use (A.3).

Exercise A.7.2 Let ϕ be convex on (a, b). Show that at each t ∈ (a, b), ϕ has
a right and a left derivative.
Hint: Use (A.3).
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A panoramic view of the
representation theorems

We gather here a rather complete list of representation theorems for harmonic
or analytic functions on the open unit disc or on the upper half plane. These
theorems have been discussed in detail throughout the text. Hence, we do not
provide any definition of proof in this appendix. However, we remember that
our main objects are elements of the following spaces:

hp(D) = {U ∈ h(D) : ‖U‖p = sup
0≤r<1

‖Ur‖p <∞},

Hp(D) = {F ∈ H(D) : ‖F‖p = sup
0≤r<1

‖Fr‖p <∞},

Hp(T) = { f ∈ Lp(T) : ∃F ∈ Hp(D) such that Fr −→ f }

and

hp(C+) = {U ∈ h(C+) : ‖U‖p = sup
y>0
‖Uy‖p <∞},

Hp(C+) = {F ∈ H(C+) : ‖F‖p = sup
y>0
‖Fy‖p <∞},

Hp(R) = { f ∈ Lp(R) : ∃F ∈ Hp(C+) such that Fy −→ f }.

351



352 Appendix B. A panoramic view of the representation theorems

B.1 hp(D)
Let U be harmonic on the open unit disc D.

B.1.1 h1(D)

(a) U ∈ h1(D) if and only if there exists µ ∈M(T) such that

U(reiθ) =
∫

T

1− r2
1 + r2 − 2r cos(θ − t) dµ(eit), (reiθ ∈ D).

(b) µ is unique and

U(reiθ) =
∞∑

n=−∞
µ̂(n) r|n| einθ, (reiθ ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D.

(c) µ̂ ∈ �∞(Z) and
‖µ̂‖∞ ≤ ‖µ‖.

(d) U is a positive harmonic function on D if and only if µ is a positive Borel
measure on T.

(e) As r → 1, dµr(eit) = U(reit) dt/2π converges to dµ(eit) in the weak* topol-
ogy, i.e.

lim
r→1

∫
T

ϕ(eit) dµr(eit) =
∫

T

ϕ(eit) dµ(eit)

for all ϕ ∈ C(T).

(f)
‖U‖1 = ‖µ‖ = |µ|(T).

(g) µ decomposes as
dµ(eit) = u(eit) dt/2π + dσ(eit),

where u ∈ L1(T) and σ is singular with respect to the Lebesgue measure.
Then we have

lim
r→1

U(reiθ) = u(eiθ)

for almost all eiθ ∈ T.

(h) The harmonic conjugate of U is given by

V (reiθ) =
∫

T

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) dµ(eit)

=
∞∑

n=−∞
−i sgn(n) µ̂(n) r|n| einθ, (reiθ ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D.
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(i) For almost all eiθ ∈ T,
lim
r→1

V (reiθ)

exists.

(j) U ∈ h1(D) does not imply that V ∈ h1(D).

(k) If

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D),

with u ∈ L1(T), then the following holds:

(i)
lim
r→1
‖Ur − u‖1 = 0;

(ii)
‖U‖1 = ‖u‖1;

(iii)
û ∈ c0(Z);

(iv)
‖û‖∞ ≤ ‖u‖1;

(v) the harmonic conjugate of U is given by

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt

=
∞∑

n=−∞
−i sgn(n) û(n) r|n| einθ, (reiθ ∈ D);

(vi) for almost all eiθ ∈ T,

lim
r→1

V (reiθ) = ũ(eiθ);

(vii) for each 0 < p < 1, V ∈ hp(D), ũ ∈ Lp(T),

lim
r→1
‖Vr − ũ‖p = 0

and
‖ũ‖p = ‖V ‖p ≤ cp ‖u‖1;

(viii) u ∈ L1(T) does not imply that ũ ∈ L1(T);
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(ix) if u, ũ ∈ L1(T), then V ∈ h1(D),

lim
r→1
‖Vr − ũ‖1 = 0

and the harmonic conjugate is also given by

V (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) ũ(e

it) dt, (reiθ ∈ D);

(x) if u, ũ ∈ L1(T), then

ˆ̃u(n) = −i sgn(n) û(n), (n ∈ Z).

B.1.2 hp(D) (1 < p <∞)

(a) U ∈ hp(D), 1 < p <∞, if and only if there exists u ∈ Lp(T) such that

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

(b) u is unique and

U(reiθ) =
∞∑

n=−∞
û(n) r|n| einθ, (reiθ ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D.

(c) If 1 < p ≤ 2, then û ∈ �q(Z), where 1/p+ 1/q = 1 and

‖û‖q ≤ ‖u‖p.

(d)
lim
r→1
‖Ur − u‖p = 0.

(e)
‖U‖p = ‖u‖p.

(f) For almost all eiθ ∈ T,

lim
r→1

U(reiθ) = u(eiθ).

(g) U ∈ h2(D) if and only if u ∈ L2(T). If so,

‖U‖2 = ‖u‖2 = ‖û‖2

and if U(0) = 0, then
‖U‖2 = ‖ũ‖2.
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(h)
ˆ̃u(n) = −i sgn(n) û(n), (n ∈ Z).

(i) The harmonic conjugate of U is given by

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt

=
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) ũ(e

it) dt

=
∞∑

n=−∞
−i sgn(n) û(n) r|n| einθ, (reiθ ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D.

(j) For almost all eiθ ∈ T,

lim
r→1

V (reiθ) = ũ(eiθ).

(k) V ∈ hp(D), ũ ∈ Lp(T),
lim
r→1
‖Vr − ũ‖p = 0

and
‖V ‖p = ‖ũ‖p ≤ cp ‖U‖p.

B.1.3 h∞(D)

(a) U ∈ h∞(D) if and only if there exists u ∈ L∞(T) such that

U(reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) u(e

it) dt, (reiθ ∈ D).

(b) u is unique and

U(reiθ) =
∞∑

n=−∞
û(n) r|n| einθ, (reiθ ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D.

(c) As r → 1, Ur converges to u in the weak* topology, i.e.

lim
r→1

∫ π

−π
ϕ(eit)U(reit) dt =

∫ π

−π
ϕ(eit)u(eit) dt

for all ϕ ∈ L1(T).

(d)
‖U‖∞ = ‖u‖∞.
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(e) But, we have
lim
r→1
‖Ur − u‖∞ = 0

if and only if u ∈ C(T).

(f) For almost all eiθ ∈ T,

lim
r→1

U(reiθ) = u(eiθ).

(g) The harmonic conjugate of U is given by

V (reiθ) =
1
2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) u(e

it) dt

=
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) ũ(e

it) dt

=
∞∑

n=−∞
−i sgn(n) û(n) r|n| einθ, (reiθ ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D.

(h) For almost all eiθ ∈ T,

lim
r→1

V (reiθ) = ũ(eiθ).

(i)
ˆ̃u(n) = −i sgn(n) û(n), (n ∈ Z).

(j) U ∈ h∞(D) does not imply that V ∈ h∞(D).

(k) u ∈ L∞(T) does not imply that ũ ∈ L∞(T). However, for real u,

1
2π

∫ π

−π
eλ |ũ(eit)| dt ≤ 2 sec(λ ‖u‖∞ ), (0 ≤ λ < π/2 ‖u‖∞).

B.2 Hp(D)

Let F be analytic on the open unit disc D.

B.2.1 Hp(D) (1 ≤ p <∞)

(a) F ∈ Hp(D), 1 ≤ p <∞, if and only if there exists f ∈ Hp(T) such that

F (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) f(eit) dt, (reiθ ∈ D).
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(b) f is unique and

F (z) =
1
2π

∫ π

−π

f(eit)
1− e−itz

dt

=
i

2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) f(eit) dt+ F (0)

=
1
2π

∫ π

−π

eit + z

eit − z 
f(eit) dt+ i�F (0)

=
i

2π

∫ π

−π

eit + z

eit − z 
̃f(eit) dt+ F (0)

=
∞∑
n=0

f̂(n) zn, (z ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D.

(c) If f̂(0) = 0, then f̃ = −if or equivalently,


̃f = �f and �̃f = −
f.

(d) If 1 ≤ p ≤ 2, then f̂ ∈ �q(Z+), where 1/p+ 1/q = 1 and

‖f̂‖q ≤ ‖f‖p.

(e)
lim
r→1
‖Fr − f‖p = 0.

(f)
‖F‖p = ‖f‖p.

(g) For almost all eiθ ∈ T,

lim
r→1

F (reiθ) = f(eiθ).

(h) F ∈ H2(D) if and only if f ∈ H2(T). If so,

‖F‖2 = ‖f‖2 = ‖f̂‖2

and moreover,
‖F‖2 = ‖f̃‖2

provided that F (0) = 0.
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B.2.2 H∞(D)

(a) F ∈ H∞(D) if and only if there exists f ∈ H∞(T) such that

F (reiθ) =
1
2π

∫ π

−π

1− r2
1 + r2 − 2r cos(θ − t) f(eit) dt, (reiθ ∈ D).

(b) f is unique and

F (z) =
1
2π

∫ π

−π

f(eit)
1− e−itz

dt

=
i

2π

∫ π

−π

2r sin(θ − t)
1 + r2 − 2r cos(θ − t) f(eit) dt+ F (0)

=
1
2π

∫ π

−π

eit + z

eit − z 
f(eit) dt+ i�F (0)

=
i

2π

∫ π

−π

eit + z

eit − z 
̃f(eit) dt+ F (0)

=
∞∑
n=0

f̂(n) zn, (z ∈ D).

The series is absolutely and uniformly convergent on compact subsets of D.

(c) If f̂(0) = 0, then f̃ = −if or equivalently,


̃f = �f and �̃f = −
f.

(d) As r → 1, Fr converges to f in the weak* topology, i.e.

lim
r→1

∫ π

−π
ϕ(eit)F (reit) dt =

∫ π

−π
ϕ(eit) f(eit) dt

for all ϕ ∈ L1(T).

(e)
‖F‖∞ = ‖f‖∞.

(f) But, we have
lim
r→1
‖Fr − f‖∞ = 0

if and only if f ∈ A(T) = C(T) ∩H1(T).

(g) For almost all eiθ ∈ T,

lim
r→1

F (reiθ) = f(eiθ).
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B.3 hp(C+)
Let U be harmonic in the upper half plane C+.

B.3.1 h1(C+)

(a) U ∈ h1(C+) if and only if there exists µ ∈M(R) such that

U(x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).

(b) µ is unique and

U(x+ iy) =
∫ ∞

−∞
µ̂(t) e−2πy|t|+i2πxt dt, (x+ iy ∈ C+).

The integral is absolutely and uniformly convergent on compact subsets of
C+.

(c) µ̂ ∈ C(R) ∩ L∞(R) and
‖µ̂‖∞ ≤ ‖µ‖.

(d) As y → 0, dµy(t) = U(t + iy) dt converges to dµ(t) in the weak* topology,
i.e.,

lim
y→0

∫
R

ϕ(t) dµy(t) =
∫

R

ϕ(t) dµ(t)

for all ϕ ∈ C0(R).

(e)
‖U‖1 = ‖µ‖ = |µ|(R).

(f) µ decomposes as
dµ(t) = u(t) dt+ dσ(t),

where u ∈ L1(R) and σ is singular with respect to the Lebesgue measure.
Then we have

lim
y→0

U(x+ iy) = u(x)

for almost all x ∈ R.

(g) The harmonic conjugate of U is given by

V (x+ iy) =
1
π

∫
R

x− t
(x− t)2 + y2 dµ(t)

=
∫ ∞

−∞
−i sgn(t) µ̂(t) e−2πy|t|+i 2πxt dt, (x+ iy ∈ C+).

Each integral is absolutely and uniformly convergent on compact subsets of
C+.
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(h) For almost all x ∈ R,
lim
y→0

V (x+ iy)

exists.

(i) U ∈ h1(C+) does not imply that V ∈ h1(C+).

(j) If

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+),

with u ∈ L1(R), then the following holds:

(i)
lim
y→0
‖Uy − u‖1 = 0;

(ii)
‖U‖1 = ‖u‖1;

(iii)
û ∈ C0(R);

(iv)
‖û‖∞ ≤ ‖u‖1;

(v) the harmonic conjugate of U is given by

V (x+ iy) =
1
π

∫
R

x− t
(x− t)2 + y2 u(t) dt

=
∫ ∞

−∞
−i sgn(t) û(t) e−2πy|t|+i 2πxt dt, (x+ iy ∈ C+).

Each integral is uniformly convergent on compact subsets of C+;
(vi) for almost all x ∈ R,

lim
y→0

V (x+ iy) = ũ(x).

(k) u ∈ L1(R) does not imply that ũ ∈ L1(R).

(l) If u, ũ ∈ L1(R), then V ∈ h1(C+),

lim
y→0
‖Vy − ũ‖1 = 0

and

V (x+ iy) =
1
π

∫
R

y

(x− t)2 + y2 ũ(t) dt, (x+ iy ∈ C+).

(m) If u, ũ ∈ L1(R), then

ˆ̃u(t) = −i sgn(t) û(t), (t ∈ R).



B.3. hp(C+) 361

B.3.2 hp(C+) (1 < p ≤ 2)

(a) U ∈ hp(C+), 1 < p ≤ 2, if and only if there exists u ∈ Lp(R) such that

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

(b) u is unique and

U(x+ iy) =
∫ ∞

−∞
û(t) e−2πy|t|+i2πxt dt, (x+ iy ∈ C+).

The integral is absolutely and uniformly convergent on compact subsets of
C+.

(c) û ∈ Lq(R), where 1/p+ 1/q = 1 and

‖û‖q ≤ ‖u‖p.

(d)
lim
y→0
‖Uy − u‖p = 0.

(e)
‖U‖p = ‖u‖p.

(f) For almost all x ∈ R,
lim
y→0

U(x+ iy) = u(x).

(g) U ∈ h2(C+) if and only if u ∈ L2(R). If so,

‖U‖2 = ‖u‖2 = ‖û‖2 = ‖ũ‖2.

(h) The harmonic conjugate of U is given by

V (x+ iy) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt

=
1
π

∫ ∞

−∞

y

(x− t)2 + y2 ũ(t) dt

=
∫ ∞

−∞
−i sgn(t) û(t) e−2πy|t|+i 2πxt dt, (x+ iy ∈ C+).

Each integral is absolutely and uniformly convergent on compact subsets of
C+.

(i) For almost all x ∈ R,
lim
y→0

V (x+ iy) = ũ(x).
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(j) V ∈ hp(C+), ũ ∈ Lp(R),

lim
y→0
‖Vy − ũ‖p = 0

and
‖V ‖p = ‖ũ‖p ≤ cp ‖U‖p.

(k)
ˆ̃u(t) = −i sgn(t) û(t), (t ∈ R).

B.3.3 hp(C+) (2 < p <∞)

(a) U ∈ hp(C+), 2 < p <∞, if and only if there exists u ∈ Lp(R) such that

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

(b) u is unique.

(c)
lim
y→0
‖Uy − u‖p = 0.

(d)
‖U‖p = ‖u‖p.

(e) The harmonic conjugate of U is given by

V (x+ iy) =
1
π

∫ ∞

−∞

x− t
(x− t)2 + y2 u(t) dt

=
1
π

∫ ∞

−∞

y

(x− t)2 + y2 ũ(t) dt, (x+ iy ∈ C+).

Each integral is absolutely and uniformly convergent on compact subsets of
C+.

(f) For almost all x ∈ R,
lim
y→0

V (x+ iy) = ũ(x).

(g) V ∈ hp(C+), ũ ∈ Lp(R),

lim
y→0
‖Vy − ũ‖p = 0

and
‖V ‖p = ‖ũ‖p ≤ cp ‖U‖p.
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B.3.4 h∞(C+)

(a) U ∈ h∞(R) if and only if there exists u ∈ L∞(R) such that

U(x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 u(t) dt, (x+ iy ∈ C+).

(b) u is unique.

(c) As y → 0, Uy converges to u in the weak* topology, i.e.

lim
y→0

∫ ∞

−∞
ϕ(t) U(t+ iy) dt =

∫ ∞

−∞
ϕ(t) u(t) dt

for all ϕ ∈ L1(R).

(d)
‖U‖∞ = ‖u‖∞.

(e) A sufficient condition for

lim
y→0
‖Uy − u‖∞ = 0

is u ∈ C0(R).

(f) The harmonic conjugate of U is given by

V (x+ iy) =
1
π

∫ ∞

−∞

(
x− t

(x− t)2 + y2 +
t

1 + t2

)
u(t) dt, (x+ iy ∈ C+).

(g) For almost all x+ iy ∈ R,

lim
y→0

V (x+ iy) = ũ(x).

(h) U ∈ h∞(C+) does not imply that V ∈ h∞(C+). Similarly, u ∈ L∞(R) does
not imply that ũ ∈ L∞(R).

B.3.5 h+(C+)

(a) U is a positive harmonic function on C+ if and only if there exists a positive
Borel measure µ on R with ∫

R

dµ(t)
1 + t2

<∞

and a positive constant α such that

U(x+ iy) = αy +
1
π

∫
R

y

(x− t)2 + y2 dµ(t), (x+ iy ∈ C+).
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(b) If so,

lim
y→∞

U(iy)
y

= α

and
lim
y→0

∫
R

ϕ(t)U(t+ iy) d(t) =
∫

R

ϕ(t) dµ(t)

for all ϕ ∈ Cc(R).

(c) The harmonic conjugate of U is given by

V (x+ iy) =
1
π

∫
R

(
x− t

(x− t)2 + y2 +
t

1 + t2

)
dµ(t), (x+ iy ∈ C+).

(d) For almost all x ∈ R,
lim
y→0

V (x+ iy)

exists.

(e) h+(C+) is not a subclass of h1(C+).

B.4 Hp(C+)
Let F be analytic in the upper half plane C+

B.4.1 Hp(C+) (1 ≤ p ≤ 2)

(a) F ∈ Hp(C+), 1 ≤ p ≤ 2, if and only if there exists f ∈ Hp(R) such that

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).

(b) f is unique and

F (z) =
i

π

∫ ∞

−∞

x− t
(x− t)2 + y2 f(t) dt

=
1

2πi

∫ ∞

−∞

f(t)
t− z dt

=
1
πi

∫ ∞

−∞


f(t)
t− z dt

=
1
π

∫ ∞

−∞


̃f(t)
t− z dt

=
∫ ∞

0
f̂(t) ei2πzt dt, (z = x+ iy ∈ C+).

Each integral is absolutely and uniformly convergent on compact subsets of
C+.
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(c) f̃ = −if , or equivalently


̃f = �f and �̃f = −
f.

(d) f̂ ∈ Lq(R+), where 1/p+ 1/q = 1 and

‖f̂‖q ≤ ‖f‖p.

(e)
lim
y→0
‖Fy − f‖p = 0.

(f)
‖F‖p = ‖f‖p.

(g) For almost all x ∈ R,
lim
y→0

F (x+ iy) = f(x).

(h) F ∈ H2(C+) if and only if f ∈ H2(R). If so,

‖F‖2 = ‖f‖2 = ‖f̂‖2 = ‖f̃‖2.

B.4.2 Hp(C+) (2 < p <∞)

(a) F ∈ Hp(C+), 2 < p <∞, if and only if there exists f ∈ Hp(R) such that

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).

(b) f is unique and

F (z) =
i

π

∫ ∞

−∞

x− t
(x− t)2 + y2 f(t) dt

=
1
πi

∫ ∞

−∞


f(t)
t− z dt

=
1
π

∫ ∞

−∞


̃f(t)
t− z dt

=
1

2πi

∫ ∞

−∞

f(t)
t− z dt, (z = x+ iy ∈ C+).

(c) f̃ = −if , or equivalently


̃f = �f and �̃f = −
f.

(d)
lim
y→0
‖Fy − f‖p = 0.
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(e)
‖F‖p = ‖f‖p.

(f) For almost all x ∈ R,
lim
y→0

F (x+ iy) = f(x).

B.4.3 H∞(C+)

(a) F ∈ H∞(R) if and only if there exists f ∈ H∞(R) such that

F (x+ iy) =
1
π

∫ ∞

−∞

y

(x− t)2 + y2 f(t) dt, (x+ iy ∈ C+).

(b) f is unique and

F (z) =
i

π

∫ ∞

−∞

(
x− t

(x− t)2 + y2 +
t

1 + t2

)
f(t) dt+ F (i)

=
1

2πi

∫ ∞

−∞

(
1

t− z −
1

t+ i

)
f(t) dt

=
1
πi

∫ ∞

−∞

(
1

t− z −
1

t+ i

)

f(t) dt+ i�F (i)

=
1
π

∫ ∞

−∞

(
1

t− z −
1

t+ i

)

̃f(t) dt+ 
F (i), (z = x+ iy ∈ C+).

(c) If F (i) = 0, then f̃ = −if or equivalently,


̃f = �f and �̃f = −
f.

(d) As y → 0, Fy converges to f in the weak* topology, i.e.

lim
y→0

∫ ∞

−∞
ϕ(t) F (t+ iy) dt =

∫ ∞

−∞
ϕ(t) f(t) dt

for all ϕ ∈ L1(R).

(e)
‖F‖∞ = ‖f‖∞.

(f) A sufficient condition for

lim
y→0
‖Fy − f‖∞ = 0

is f ∈ A0(R) = C0(R) ∩H∞(R).

(g) For almost all x ∈ R,
lim
y→0

F (x+ iy) = f(x).
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Cesàro means, 24
characteristic function, 191
Chebyshev’s inequality, 194
compact

set, 6, 22, 23, 32, 55, 57, 79, 81–
83, 91, 118, 119, 121, 207,
226, 227, 250, 275, 352, 354–
362, 364

support, 8, 208, 222, 234, 241,
257, 311, 315–317

topological space, 90
complete space, 50, 267
conformal mapping, 69, 124, 132,

207, 253, 258, 306
conjugate

exponent, 17, 18, 139, 197–199,
221, 222, 224, 273, 274, 276,
288, 289, 317

function, 64, 66, 111, 123, 125,
131, 311

Poisson integral, 78, 115
Poisson kernel, 78, 80, 111, 115,

229, 268
series, 57

convergence, 8, 73, 119, 210, 257,
265

absolute, 23, 61, 226, 275
bounded, 257
dominated, 112, 214, 226, 250,

256, 257, 264
measure, 194
monotone, 136, 265
norm, 43, 45, 48, 52, 120, 121,

194, 241, 244, 267, 270, 282
pointwise, 22, 32, 34, 232

369



370 INDEX

uniform, 10, 11, 22, 23, 32, 33,
39, 55, 57, 61, 79, 113–115,
121, 167, 226, 227, 232, 234,
237, 257

weak*, 39, 40, 42, 47–49, 120,
238, 239, 241, 243, 245, 246

convex function, 95, 97, 150, 190
convolution, 13, 14, 16, 39, 188, 219,

223, 238
cumulative distribution function, 345

de la Vallée Poussin’s kernel, 30, 217,
231

dense, 8, 19, 33, 43, 47, 62, 139, 191,
192, 209, 241, 243, 267

Dini continuous functions, 145
Dini’s theorem, 84
Dirac measure, 120
Dirichlet kernel, 25, 27
distribution function, 347
dominated convergence theorem, 112,

214, 226, 250, 256, 257, 264
dual, 62, 65, 66, 192, 208, 317

embedding, 7
entire function, 193
Euler’s identity, 9
extremal problem, 165

Fatou’s
construction, 37, 116
function, 116, 118, 119
lemma, 93, 133, 154, 316, 317
theorem, 61, 70, 73, 123, 258

Fejér’s
kernel, 26, 29, 33, 34, 44, 215,

231
lemma, 45
theorem, 34

Fejér–Riesz inequality, 183
Fischer, 51
Fourier

analysis, 8
coefficients, 5, 8, 11, 21, 29, 42,

44, 45, 49, 66, 205
integral, 209, 230

Plancherel transform, 266–268,
270–272

series, 1, 8, 21, 22, 27, 33, 34,
49, 64, 66

transform, 6–8, 14, 105, 188,
197, 198, 207, 209, 218, 225,
226, 263, 264, 266, 267, 273,
287, 288

Fubini’s theorem, 13, 18, 39, 47, 93,
150, 218, 219, 221, 238, 244,
317, 347

Gauss’s theorem, 88
Gauss–Weierstrass kernel, 215, 231
Green function, 249
Green’s theorem, 137, 138, 151, 249
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