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Preface

In 1915 Godfrey Harold Hardy, in a famous paper published in the Proceedings
of the London Mathematical Society, answered in the affirmative a question of
Landau [7]. In this paper, not only did Hardy generalize Hadamard’s three-circle
theorem, but he also put in place the first brick of a new branch of mathematics
which bears his name: the theory of Hardy spaces. For three decades afterwards
Hardy, alone or with others, wrote many more research articles on this subject.

The theory of Hardy spaces has close connections to many branches of math-
ematics, including Fourier analysis, harmonic analysis, singular integrals, proba-
bility theory and operator theory, and has found essential applications in robust
control engineering. I have had the opportunity to give several courses on Hardy
spaces and some related topics. A part of these lectures concerned the various
representations of harmonic or analytic functions in the open unit disc or in the
upper half plane. This topic naturally leads to the representation theorems in
Hardy spaces.

There are excellent books [5, 10, 13] and numerous research articles on Hardy
spaces. Our main concern here is only to treat the representation theorems.
Other subjects are not discussed and the reader should consult the classical
textbooks. A rather complete description of representation theorems of H? (D),
the family of Hardy spaces of the open unit disc, is usually given in all books.
To study the corresponding theorems for HP(C, ), the family of Hardy spaces
of the upper half plane, a good amount of Fourier analysis is required. As a
consequence, representation theorems for the upper half plane are not discussed
thoroughly in textbooks mainly devoted to Hardy spaces. Moreover, quite often
it is mentioned that they can be derived by a conformal mapping from the
corresponding theorems on the open unit disc. This is a useful technique in
certain cases and we will also apply it at least on one occasion. However, in the
present text, our main goal is to give a complete description of the representation
theorems with direct proofs for both classes of Hardy spaces. Hence, certain
topics from Fourier analysis have also been discussed. But this is not a book
about Fourier analysis, and we have been content with the minimum required
to obtain the representation theorems. For further studies on Fourier analysis
many interesting references are available, e.g. [1, 8, 9, 15, 21].

I express my appreciation to the many colleagues and students who made
valuable comments and improved the quality of this book. I deeply thank Colin
Graham and Mostafa Nasri, who read the entire manuscript and offered several



xii CONTENTS

suggestions and Masood Jahanmir, who drew all the figures. I am also grateful
to Roger Astley of the Cambridge University Press for his great management
and kind help during the publishing procedure.

I have benefited from various lectures by Arsalan Chademan, Galia Dafni,
Paul Gauthier, Kohur GowriSankaran, Victor Havin, Ivo Klemes and Paul
Koosis on harmonic analysis, potential theory and the theory of Hardy spaces.
As a matter of fact, the first draft of this manuscript dates back to 1991, when
I attended Dr Chademan’s lectures on the theory of H? spaces. I take this
opportunity to thank them with all my heart.

Thanks to the generous support of Kristian Seip, I visited the Norwegian
University of Science and Technology (NTNU) in the fall semester of 2007—
2008. During this period, I was able to concentrate fully on the manuscript and
prepare it for final submission to the Cambridge University Press. I am sincerely
grateful to Kristian, Yurii Lyubarski and Eugenia Malinnikova for their warm
hospitality in Trondheim.

I owe profound thanks to my friends at McGill University, Université Laval
and Université Claude Bernard Lyon 1 for their constant support and encour-
agement. In particular, Niky Kamran and Kohur GowriSankaran have played
a major role in establishing my mathematical life, Thomas Ransford helped me
enormously in the early stages of my career, and Emmanuel Fricain sends me
his precious emails on a daily basis. The trace of their efforts is visible in every
single page of this book.

Québec
August 2008



Chapter 1

Fourier series

1.1 The Laplacian

An open connected subset of the complex plane C is called a domain. In par-
ticular, C itself is a domain. But, for our discussion, we are interested in two
special domains: the open unit disc

D={zeC: |z|<1}
whose boundary is the unit circle

T={¢eC: (=1}

Fig. 1.1. The open unit disc D and its boundary T.

1



2 Chapter 1. Fourier series

and the upper half plane
Ci={z€C:S82>0}

whose boundary is the real line R (see Figures 1.1 and 1.2). They are essential
domains in studying the theory of Hardy spaces.

R

Fig. 1.2. The upper half plane C; and its boundary R.

The notations
D(a,r) = {z€C:|z—a|<r},

{z€eC:lz—a|<r},
{zeC:lz—a|l=1}

&)

T T
B
23
I

for the open or closed discs and their boundaries will be used frequently too.
We will also use D,. for a disc whose center is the origin, with radius r.
The Laplacian of a twice continuously differentiable function U : Q@ — C is
defined by
0’U  0°U
VU = —— + —.
ox? + 0y?

If 0 € Q and we use polar coordinates, then the Laplacian becomes

02U 10U 1 0°U

2 P — [ — U —
ViU = or2 r or r?2 0602

We say that U is harmonic on € if it satisfies the Laplace equation
ViU =0 (L.1)
at every point of 2. By direct verification, we see that

U(re?) = 1™ cos(nb), (n>0),



1.1. The Laplacian 3

and '
U(re'?) = r™ sin(nf), (n>1),

are real harmonic functions on C. Since (1.1) is a linear equation, a complex-
valued function is harmonic if and only if its real and imaginary parts are real
harmonic functions. The complex version of the preceding family of real har-
monic functions is

Ul(re') = rlnl gin? (neZ).

A special role is played by the constant function U = 1 since it is the only
member of the family whose integral means

1 ™

— U(re?) db
27

—T
are not zero. This fact is a direct consequence of the elementary identity

- 1 if n=0,
in6
— df = 1.2
2 ), ¢ 0 i (1.2)
if n#0,

which will be used frequently throughout the text.
Let F' be analytic on a domain 2 and let U and V represent respectively its
real and imaginary parts. Then U and V are infinitely continuously differen-

tiable and satisfy the Cauchy—Riemann equations

v _ov
dr Oy

w__ov
oy Oz’

and (1.3)

Using these equations, it is straightforward to see that U and V are real har-
monic functions. Hence an analytic function is a complex harmonic function.
In the following we will define certain classes of harmonic functions, and in each
class there is a subclass containing only analytic elements. Therefore, any rep-
resentation formula for members of the larger class will automatically be valid
for the corresponding subclass of analytic functions.

Exercises

Exercise 1.1.1 Let F' be analytic on Q and let U = RF and V = SF. Show
that U and V are real harmonic functions on 2.
Hint: Use (1.3).

Exercise 1.1.2 Let F': Q —— C be analytic on €, and suppose that F'(z) # 0
for all z € Q. Show that log|F| is harmonic on €.
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Exercise 1.1.3 Let U be harmonic on the annular domain
A(Rl,Rz):{ZGC 0< R < |Z‘ < Ry SOO}

Show that U+ ¢”) is harmonic on the annular domain A(4;, z-).

Exercise 1.1.4 Let F : Q1 —— 5 be analytic on €, and let U : Q5 — C
be harmonic on 5. Show that U o F': 1 —— C is harmonic on €.

Exercise 1.1.5 Define the differential operators
1/ 0 0
0 = - =——i— ),
2\ Ox y

5-1&_’_’2
2\ Oz Zay'

V? = 490.

Show that

Exercise 1.1.6 Let ' = U 44V be analytic. Show that the Cauchy—Riemann
equations (1.3) are equivalent to the equation

OF = 0.

Remark: We also have F/ = OF.

Exercise 1.1.7 Let U; and Us be real harmonic functions on a domain €.
Under what conditions is U; Uy also harmonic on Q7

Remark: We emphasize that U; and Us are real harmonic functions. The answer
to this question changes dramatically if we consider complex harmonic functions.
For example, if F; and F5 are analytic functions, then, under no extra condition,
F F is analytic. Note that an analytic function is certainly harmonic.

Exercise 1.1.8 Let U be a real harmonic function on a domain 2. Suppose
that U? is also harmonic on €. Show that U is constant.
Hint: Use Exercise 1.1.7.

Exercise 1.1.9 Let F' be analytic on a domain 2, and let ® be a twice
continuously differentiable function on the range of F'. Show that

V(@ o F) = ((V?®)o F)|F'|.
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Exercise 1.1.10 Let F' be analytic on a domain €2, and let a € R. Suppose
that F' has no zeros on ). Show that

VA(|F|*) = o® [F|*72 |F']2.
Hint: Apply Exercise 1.1.9 with ®(z) = |z|*.
Exercise 1.1.11 Let I be analytic on a domain 2. Under what conditions is

|F|? harmonic on Q7?
Hint: Apply Exercise 1.1.10.

Exercise 1.1.12 Let F' be a complex function on a domain € such that F
and F? are both harmonic on €. Show that either F' or F is analytic on €.
Hint: Use Exercise 1.1.7.

1.2 Some function spaces and sequence spaces

Let f be a measurable function on T, and let

—T

= (5 [ I a)’s 0<p<oo)
and . '
Il = nf {0 < 1{e* : 5] > M} =0},

where |E| denotes the Lebesgue measure of the set E. Then Lebesgue spaces
LP(T), 0 < p < o0, are defined by

LAT) ={f ¢ [Ifllp < oo}

If 1 < p < oo, then LP(T) is a Banach space. In particular, L?(T), equipped
with the inner product

o)== [ e g@ dr,

~or o

is a Hilbert space. It is easy to see that
L>(T) ¢ LP(T) ¢ L*(T)

for each p € (1,00). In the following, we will mostly study LP(T), 1 < p < oo,
and their subclasses and thus L!(T) is the largest function space that enters
our discussion. This simple fact has important consequences. For example, we
will define the Fourier coefficients of functions in L!(T), and thus the Fourier
coefficients of elements of LP(T), for all 1 < p < oo, are automatically defined
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too. We will appreciate this fact when we study the Fourier transform on the
real line. Spaces LP(R) do not form a chain, as is the case on the unit circle,
and thus after defining the Fourier transform on L!(R), we need to take further
steps in order to define the Fourier transform for some other LP(R) spaces.

A continuous function on T, a compact set, is necessarily bounded. The
space of all continuous functions on the unit circle C(T) can be considered as a
subspace of L>°(T). As a matter of fact, in this case the maximum is attained
and we have

1 £lloc = max | f(e™)].

etteT
On some occasions we also need the smaller subspace C"(T) consisting of all
n times continuously differentiable functions, or even their intersection C*°(T)
consisting of functions having derivatives of all orders. The space C"™(T) is
equipped with the norm

" o
I Fllencny = 3 e,
k=1

Lipschitz classes form another subfamily of C(T). Fix o € (0,1]. Then
Lip,(T) consists of all f € C(T) such that

This space is equipped with the norm

i(t+7)) _ it
1Pl Lip, ey = 1w + sup LI

t,reR 7|
T#0

The space of all complex Borel measures on T is denoted by M(T). This
space equipped with the norm

[l = 1l (T),

where |u| denotes the total variation of p, is a Banach space. Remember that
the total variation |u| is the smallest positive Borel measure satisfying

ln(E)] < [pl(E)

for all Borel sets E C T. To each function f € L!(T) there corresponds a Borel

measure 1

du(e™) = o f(e") dt.

Clearly we have ||u| = ||f|l1, and thus the map

LYT) —  M(T)
fo— fle)dt/2n
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is an embedding of L(T) into M(T).
In our discussion, we also need some sequence spaces. For a sequence of
complex numbers Z = (2, )nez, let

||g||,,—< 3 |zn|p) . (0<p<oo),

and
[Z]lcc = sup |2y
neZ
Then, for 0 < p < oo, we define
t(Z)={Z : ||Z]lp < oo}
and
c(Z)={Zect>*Z): U |zn| = 0}.
[n|—o0

If 1 < p < oo, then ¢P(Z) is a Banach space and ¢(Z) is a closed subspace of
(>(Z). The space £%(Z), equipped with the inner product

(Z,W) = i Zn W,

is a Hilbert space. The subspaces
PZY={ZeltP(Z): 2.,=0,n>1}

and
co(Zt)Y={Z€c(Z) : 2, =0,n>1}

will also appear when we study the Fourier transform of certain subclasses of
LP(T).

Exercises

Exercise 1.2.1 Let f be a measurable function on T, and let
Jr(e) = f(e00).

Show that
lim [/, — fllx =0

if X =LP(T), 1 <p<oo,or X =C"T). Provide examples to show that this
property does not hold if X = L>°(T) or X = Lip,(T), 0 < a < 1. However,
show that

1f=llx = 11 fllx

in all function spaces mentioned above.
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Exercise 1.2.2 Show that (?(Z"), 0 < p < 00, is closed in (*(Z).

Exercise 1.2.3 Show that ¢y(Z) is closed in £>°(Z).

Exercise 1.2.4 Show that ¢o(Z™") is closed in co(Z).

Exercise 1.2.5 Let c.(Z) denote the family of sequences of compact support,
i.e. for each Z = (2p)nez € cc(Z) there is N = N(Z) such that z, = 0 for all
[n| > N. Show that c¢.(Z) is dense in ¢y(Z).

1.3 Fourier coefficients

Let f € LY(T). Then the nth Fourier coefficient of f is defined by
fo =5 [ sEeta men)
2 J_. ’ ’

The two-sided sequence f = (f(n))nez is called the Fourier transform of f.
We clearly have

meé—f[fvwmdt (ne2),

which can be rewritten as f € (>°(Z) with

I llo < 1LF11-

Therefore, the Fourier transform

LYT) — (2(Z)
o= J
is a linear map whose norm is at most one. The constant function shows that
the norm is indeed equal to one. We will show that this map is one-to-one and

its range is included in ¢o(Z). But first, we need to develop some techniques.
The Fourier series of f is formally written as

Z ]E(n) eint

The central question in Fourier analysis is to determine when, how and toward
what this series converges. We will partially address these questions in the
following. Any formal series of the form

oo
E an, eznt

n=—oo
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is called a trigonometric series. Hence a Fourier series is a special type of
trigonometric series. However, there are trigonometric series which are not
Fourier series. In other words, the coefficients a,, are not the Fourier coefficients
of any integrable function. Using Euler’s identity

e = cos(nt) + isin(nt),

a trigonometric series can be rewritten as

oo + Z ay, cos(nt) + B, sin(nt).

n=1

It is easy to find the relation between av,, 3, and a.,.
An important example which plays a central role in the theory of harmonic
functions is the Poisson kernel

1—7r2

P iy
r(e) 1+72—2rcost’

0<r<1). (1.4)

(See Figure 1.3.)

Fig. 1.3. The Poisson kernel P,(e't) for r = 0.2, 0.5, 0.8.

Clearly, for each fixed 0 <7 < 1,
P, €C™(T) c LY(T).

Direct computation of 137. is somehow difficult. But, the following observation
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makes its calculation easier. We have

1—7? B 1—r2
1+72—2rcost 14712 —r(eit 4 e~it)
N 1—r?
(T —reit)(1 —reit)
1 1

1—ret  1—reit
and thus, using the geometric series

1

we obtain -
Poe)y= > rirlemt, (1.5)

Moreover, for each fixed r < 1, the partial sums are uniformly convergent to
P,.. The uniform convergence is the key to this shortcut method. Therefore, for
each n € Z,

D 1 " ] —in
P.(n) = o P.(e")e ™ qdt

—1T

1 [T = , ,
_ 27 ( Z T\'m| ez?nlﬁ) e~int gt
™ J_
m=—o00

(oo}

1 T
_ |m| [ — i(m—n)t t
Z r <27r [ﬂ e d >

m=—0o0

= rlnl, (1.6)

(See Figure 1.4.)

|

||| |] o

-4 -3 -2 -1 0 1

Fig. 1.4. The spectrum of P,.
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We emphasize that the uniform convergence of the series enables us to change
the order of >~ and [ in the third equality above. This phenomenon will appear
frequently in our discussion. The identity (1.5) also shows that P, is equal to
its Fourier series at all points of T.

It is rather easy to extend the definition of Fourier transform for Borel mea-
sures on T. Let p € M(T). The nth Fourier coefficient of p is defined by

i) = [t aue). e

and the Fourier transform of u is the two-sided sequence i = (fi(n))nez. Con-
sidering the embedding

LYT) — M(T)
I s f(e)dt/2m,

if we think of L(T) as a subspace of M(T), it is easy to see that the two
definitions of Fourier coefficients are consistent. In other words, if

where f € L*(T), then we have

in) = f(n), (n€Z).
Lemma 1.1 Let pp € M(T). Then fi € {*°(Z) and

A oo < 14l

In particular, for each f € L'(T),
1 Flloe < 1l £l

Proof. For each n € Z, we have

el = | [e auey

T
Lle ™ diue?)
T

/T dlul(e®) = ul(T) = [l

IN

The second inequality is a special case of the first one with du(e®) = f(e™) dt /2.
In this case, fi(n) = f(n) and ||u|| = || f]l1- It was also proved directly at the
beginning of this section. O
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Based on the preceding lemma, the Fourier transform
M(T) — (2(Z)
B p

is a linear map whose norm is at most one. The Dirac measure §; shows that
the norm is actually equal to one. We will show that this map is also one-to-one.
However, since

b1(n) =1, (nei),

its range is not included in ¢o(Z).

Exercises

Exercise 1.3.1 Let f € L?(T), 1 < p < co. Show that || f [ee < || f -
Exercise 1.3.2 Let z = re?? € D. Show that

it
Pr(ei(Q—t)) _ 5}%( e, +z >

et — z

Exercise 1.3.3 Let f € L'(T). Define

Flz) = 2 /ﬁ I ity (2 € D).

T or _p et —2z
Show that -
P =f0)+23 fm".  (zeD).
n=1

Hint: Note that

it sl
e’ +z .
o :1+2§ ZMeint
et — 2z

n=1

Exercise 1.3.4 Let f € L'(T) and define
o) = 1),

Show that R
f(5) if  2n,

0 if 2 fn.
Consider a similar question if we define
g(eit) _ f(eikt)’

where k is a fixed positive integer.

g(n) =
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Exercise 1.3.5 Let f € Lip,(T), 0 < o < 1. Show that

f(n) =0(1/n"),

as n| — oo.
Hint: If n # 0, we have

f(n) = % /_ " () = feitHTImY ) eint g,
1.4 Convolution on T

Let f,g € L*(T). Then we cannot conclude that fg € L'(T). Indeed, it is easy
to manufacture an example such that

/ " A g(e)] dt = oo.

—T

Nevertheless, by Fubini’s theorem,

[ ([ e stetar ) a
[t ([ o) ar
= ([ i) ([ lateias) <.

Therefore, we necessarily have

[ 1 g < o

—Tr

for almost all et € T. This observation enables us to define

Frae= [ Fem) g(@@) dr

for almost all e € T, and besides the previous calculation shows that
frgeLT)

with
1f =gl < I fllx Mgl (L.7)

The function f * g is called the convolution of f and g. It is straightforward to
see that the convolution is

(i) commutative: f*xg=gx f,
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(ii) associative: fx (g« h) = (f*g)=*h,
(iii) distributive: f* (g+h)= fxg+ f*h,

(iv) homogenous: f* (ag) = (af)xg=a(f *g),

for all f,g,h € L*(T) and o € C. In technical terms, L'(T), equipped with
the convolution as its product, is a Banach algebra. As a matter of fact, this
concrete example inspired most of the abstract theory of Banach algebras.

Let f,g € L*(T) and let ¢ € C(T). Then, by Fubini’s theorem,

Lo a5 = [ e ZS( ZS””“”Z?)i
ffreeo (e ) (senze)

This fact enables us to define the convolution of two Borel measures on T such
that if we consider L (T) as a subset of M(T), the two definitions are consistent.
Let pu,v € M(T), and define A : C(T) — C by

Alp) = / / (")) dp(e) du(e'), (p € C(T)).
TJT
The functional A is clearly linear and satisfies

[AG) | < Mlell 11 T lloes (¢ €C(T)),

which implies
AN < Nl NIl

Therefore, by the Riesz representation theorem for bounded linear functionals
on C(T), there exists a unique Borel measure, which we denote by p* v and call
the convolution of p and v, such that

M) = [ o) dgur)(e), (e ecm),
and moreover,
ALl = [l v]].
Hence, p * v is defined such that

/so( ") d(pxv)(e") // Y dp(e'™) dv(e'), (1.8)

for all ¢ € C(T), and it satisfies

[ | < flgell [l (1.9)

The following result is easy to prove. Nevertheless, it is the most funda-
mental connection between convolution and the Fourier transform. Roughly
speaking, it says that the Fourier transform changes convolution to multiplica-
tion.
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Theorem 1.2 Let p, v € M(T). Then

) = i) o(n),  (ne ).

In particular, if f, g € LY(T), then

—

frgn) = f(n)a(n), (n € Z).

Proof. Fix n € Z and put

cp(e“) _ efint
n (1.8). Hence,
pxv(n) = /e*i"t d(p* v)(e)
T

_ //efin(tJr-r) d,u(e“) dl/(eiT)
T JT

_ /e—int d/l,(eit) % /e—in-r du(ei )
T T

15

We saw that if we consider L'(T) as a subset of M(T), the two definitions
of convolution are consistent. Therefore, M(T) contains L!(T) as a subalgebra.
But, we can say more in this case. We show that L'(T) is actually an ideal in

M(T).
Theorem 1.3 Let p € M(T) and let f € L'(T). Let
dv(e) = f(e™) dt.

Then p* v is also absolutely continuous with respect to Lebesgue measure and

we have

d(p* v)(e (/f =)y dp( ”))d.

Proof. According to (1.8), for each ¢ € C(T) we have

[ den@) = [ [ o) duet) avie)
_ / / W) du(e) (&) dr
= et ([ f(e“s‘”)du(e”)> ds.

Therefore, by the uniqueness part of the Riesz representation theorem,

dpe)e) = ([ e auety ) as
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Let u € M(T) and f € L*(T). Considering f as a measure, by the preceding
theorem, p * f is absolutely continuous with respect to Lebesgue measure and
we may write

s £ = [ H) due). (1.10)

Theorem 1.3 ensures that (u * f)(e') is well-defined for almost all e € T,
p* f € LY(T) and, by (1.9),

s fll < ALFll el (1.11)

We will need a very special case of (1.10) where f € C(T). In this case, (uxf)(e™)
is defined for all ¢ € T.

Exercises

Exercise 1.4.1 Let y,(e) = e n € Z. Show that

Fxn = f(n) xn
for any f € LY(T).

Exercise 1.4.2 Show that M(T), equipped with convolution as its product,
is a commutative Banach algebra. What is its unit?

Exercise 1.4.3 Are you able to show that the Banach algebra L'(T) does not
have a unit?

Hint: Use Theorem 1.2. Come back to this exercise after studying the Riemann—
Lebesgue lemma in Section 2.5.

1.5 Young’s inequality

Since LP(T) C L'(T), for 1 < p < oo, and since the convolution was defined on
LY(T), then a priori f * g is well-defined whenever f € L"(T) and g € L*(T)
with 1 < r;s < oco. The following result gives more information about f * g,
when we restrict f and g to some smaller subclasses of L*(T).

Theorem 1.4 (Young’s inequality) Let f € L"(T), and let g € L°(T), where
1<r,s<o0 and

Let

Then f g€ LP(T) and
Lf*glle < WIfll-Nlglls-
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Fig. 1.5. The level curves of p.

Proof. (Figure 1.5 shows the level curves of p.) If p = oo, or equivalently
1/r4+1/s = 1, then f * g is well-defined for all ¢!’ € T and Young’s inequality
reduces to Holder’s inequality. Now, suppose that 1/r 4+ 1/s > 1. We need a
generalized form of Holder’s inequality. Let 1 < py,...,p, < oo such that

1 1
— + e+ — = 1)
P1 Pn
and let fi1,..., f, be measurable functions on a measure space (X, 9, 1). Then

1

fsmans (fonran)” o (fnr du)”l’”’.

This inequality can be proved by induction and the ordinary Holder’s inequality.
Let 7/ and s’ be respectively the conjugate exponents of r and s, i.e.
*—‘r*/:l and *+7:1
roor s s
Then, according to the definition of p, we have

1 1 1

7,.1

Fix _ew € T. To apply the generalized Holder’s inequality, we write the integrand
|f(e') g(e'?=1)| as the product of three functions respectively in L™ (T), L* (T)
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and LP(T). Write

) st = (late ) )

(1remn=s )

(|f<e”>£ l9(c=)

X

X

)

1 " T i(t—r 1 T i(t—T)\ 7 (1= "
3 [ e o ar < (g [ ey ar)

. 2

1
1 W ) I s

(5 [ 1l ar ),

s

Hence, by the generalized Holder’s inequality,

U=

A

X

X

But /(1 — s/p) = s and s'(1 — r/p) = r. Thus

P

I(F * 9) ()] < gl LI (1 / ] g dr>

27 ) .

for almost all e’ € T. Finally, by Fubini’s theorem,

(5 [ 1@ =aenr dt);

s/r’ r/s 1 " " AT (T i(t—7)\|s %
ol 101 (e [ [ NI a0l e ar )

glls™ 17" > lglls LA = 11711 llglls-

1S gllp

IN

O

Another proof of Young’s inequality is based on the Riesz—Thorin interpolation
theorem and will be discussed in Chapter 8. The following two special cases of
Young’s inequality are what we need later on.

Corollary 1.5 Let f € LP(T), 1 < p < oo, and let g € L'(T). Then f*g €
LP(T), and

1 gllp < 1715 gl

Corollary 1.6 Let f € LP(T), and let g € LY(T), where q is the conjugate
exponent of p. Then (f *g)(e') is well-defined for all e®* € T, fxg € C(T), and

1f * glloo < (17115 lgllq-
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Proof. As we mentioned in the proof of Theorem 1.4, Holder’s inequality ensures
that (f * g)(e) is well-defined for all ¢ € T. The only new fact to prove is
that f * g is a continuous function on T.

At least one of p or ¢ is not infinity. Without loss of generality, assume that
p # oo. This assumption ensures that C(T) is dense in LP(T) (see Section A.4).
Thus, given & > 0, there is ¢ € C(T) such that

If = llp <e

Hence

A

[(fxg)(e®) = (f+g) (™) < [((f—@)*g) ()] +]|((f—¢)*g)(e™)
+ e*g)(e") — (pxg)(”)]
201f = llp llgllg +we 1t = s]) lgllgs

IN

where
we(0) = sup [p(e) — p(e”)]
[t—s|<s
is the modulus of continuity of p. Since ¢ is uniformly continuous on T,
wy(d) — 0

as 0 — 0. Therefore, if |t — s| is small enough, we have

|(f * 9)(e™) = (f * g) ()] < 3¢ |lglly.

Exercises

Exercise 1.5.1 What can we say about fxgif f € L"(T) and g € L*(T) with
1 <rs<ooand

Loy
T S

(See Figure 1.6.)
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Fig. 1.6. The region % —|—§ < 1.

Exercise 1.5.2 Show that Young’s inequality is sharp in the following sense.
Given r, s with 1 <r,s < 0o and

1 1

-+ - 2 13

ros

there are f € L™(T) and g € L*(T) such that f x g € LP(T), where

but fxg & L*(T) for any t > p.
Hint: Start with the case 7 = s = 1 and a function ¢ € L*(T) such that
o & L'(T) for any t > 1.
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Abel—-Poisson means

2.1 Abel-Poisson means of Fourier series
Let {F;}o<r<1 be a family of functions on the unit circle T. Define
F(re') = F.(e"), (re' € D).

Hence, instead of looking at the family as a collection of individual functions F;.
which are defined on T, we deal with one single function defined on the open
unit disc D. On the other hand, if F(re®) is given first, for each fixed r € [0, 1),
we can define F,. by considering the values of F' on the circle {|z| = r}. This dual
interpretation will be encountered many times in what follows. An important
example of this phenomenon is the Poisson kernel which was defined as a family
of functions on the unit circle by (1.4). This kernel can also be considered as
one function

’ 1—72
P ot —
(re®) 1+ 72 —2rcost
on D.
Let € M(T). Then, by (1.10), we have
(o) = [ g () (21)
" o 1+72—2rcos(f —t) '

which is called the Poisson integral of . Moreover, by (1.6) and Theorem 1.2,
the Fourier coefficients of P, x pu are given by

—

P p(n) =r" fi(n), (n€Z).

Thus the formal Fourier series of P, * p is

oo

Z ﬂ(n) r|n\ eine.

n=—oo

21
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These sums are called the Abel-Poisson means of the Fourier series
Z ﬂ(n) einO.
n=—oo

The Fourier series of y is not necessarily pointwise convergent. However, we
show that its Abel-Poisson means behave much better. The following theo-
rem reveals the relation between the Abel-Poisson means of p and its Poisson
integral.

Theorem 2.1 Let 1 € M(T), and let

1—7r2

i6 i6 it i6
U = (P. = d , D).
() = (P2 0(e) = [ gy (). (e € D)
Then
U(re’) = g fi(n) rinlein? (re? € D).

The series is absolutely and uniformly convergent on compact subsets of D, and
U s harmonic on D.

Proof. Since 4
[ (n) r™ ™ | < lpal|

the series Y fi(n) rI" e is absolutely and uniformly convergent on compact
subsets of D. Fix 0 <r < 1 and . Then, by (1.5),

; 1—1r2 ;
U 0 _ d it
(re”™) /T 1+72—2rcos(6 —t) ple”)

/T( i rinl em“’—t)) dp(e™).

n=—oo

Since the series is uniformly convergent (as a function of '), and since |u| is a
finite positive Borel measure on T, we can change the order of summation and
integration. Hence,
(oo} oo
U(rew) _ Z (/eint d'u(eit)> ,r,\n| ein@ — Z /l(n) T|n\ ema.
n=-—oo n=—oo
There are several ways to verify that U is harmonic on . We give a
direct proof. Fix & > 0. Then the absolute and uniform convergence of
S onfa(n)rimtei? on compact subsets of D) enables us to change the order
of summation and any linear differential operator. In particular, let us apply the
Laplace operator. Hence, remembering that each term "l ¢? is a harmonic
function, we obtain
o0 o0
VU = V2< Z fi(n) ™! ei”0> = Z fi(n) V2(rInl e = 0.

n=—oo n=—oo
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As a special case, if the measure p in Theorem 2.1 is absolutely continuous with
respect to the Lebesgue measure, i.e. du(e) = u(e') dt/2m with u € L'(T),
then

Ure?) = Lo Lo u(e™) dt
21 ) 14+72—2rcos( —t)
= Z a(n)rinlen? (2.2)

where the series is absolutely and uniformly convergent on compact subsets of
D, and U represents a harmonic function there.

Exercises

Exercise 2.1.1 Let (a,)n>0 be a sequence of complex numbers. Suppose that

the series
o)
S = g an
n=0

is convergent. For each 0 < r < 1, define
S(r) = Z an r".
n=0

Show that S(r) is absolutely convergent and moreover

lim1 S(r)==5.

Hint: Let .
Sm:Zan, (m >0).
n=0
Then -
Sir)y=S+1-r) Z(Sn - S)r"
n=0

Exercise 2.1.2 Let (ap)n>0 be a bounded sequence of complex numbers and
let

(oo}
S(r):Zanr", (0<r<1).
n=0
Find (a,),>0 satisfying the following properties:
(i) the series > ° ; a, is divergent;

(ii) for each 0 < r < 1, S(r) is absolutely convergent;
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(iil) lim,_1 S(r) exists.
Exercise 2.1.3 Let (ay,),>0 be a sequence of complex numbers. Suppose that

the series
oo
S = E an,
n=0

is convergent. Let

n
Sn = Z Qg
k=0

and define
So+S1+---+85, " k
n —+ P n +
Show that
lim C, =S.

Remark: The numbers C),, n > 0, are called the Cesdro means of \S,,.

Exercise 2.1.4 Let (ay)n>0 be a sequence of complex numbers and define

- k
Cn:Z <1—n+1)ak.

k=0

Find (a,)n>0 such that
lim C,

n—oo

exists, but the sequence

is divergent.

Exercise 2.1.5 Let (ay)n>0 be a sequence of complex numbers and define

- k
C":Z (1n+1)ak.

k=0

Suppose that the series ZZ:O C is convergent and

n
Z klax|?* < oo.
k=0

Show that the series >, _, ay is also convergent.
Remark: Compare with Exercises 2.1.3 and 2.1.4.
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2.2 Approximate identities on T

We saw that L!(T), equipped with convolution, is a commutative Banach al-
gebra. This algebra does not have a unit element since such an element must
satisfy

f(n) =1, (HGZ),

and we will see that the nth Fourier coefficient of any integrable function tends to
zero as |n| — oco. To overcome this difficulty, we consider a family of integrable
functions {®,} satisfying

lim d,(n)=1 (2.3)

for each fixed n € Z. The condition (2.3) alone is not enough to obtain a family
that somehow plays the role of a unit element. For example, the Dirichlet kernel
satisfies this property but it is not a proper replacement for the unit element
(see Exercise 2.2.2). We choose three other properties to define our family and
then we show that (2.3) is fulfilled.

Let ®, € L*(T), where the index ¢ ranges over a directed set. In the examples
given below, it ranges either over the set of integers {1,2,3,...} or over the
interval [0, 1). Therefore, in the following, lim, means either lim,, o, or lim,_,;-.
Similarly, ¢ > ¢y means n > ng or r > r9. The family {®,} is called an
approzimate identity on T if it satisfies the following properties:

(a) for all ¢,
1 T ;

= P, (e") dt = 1;

2m (%) '

(b)
1 T .
Cp = sup (27r / |<I>L(e”t)|dt> < 00;

—T

(c) for each fixed 0,0 < 6 <,

lim/ |®, ()| dt = 0.
b Js<t<

The condition (a) forces Cy > 1. If @, (') > 0, for all ¢ and for all e € T, then
{®,} is called a positive approximate identity. In this case, (b) follows from (a)
with

Co =1.

We give three examples of a positive approximate identity below. Further exam-
ples are provided in the exercises. Our main example of a positive approximate
identity is the Poisson kernel
1—1r2 =
Poeit)y= — _—— " _ rinleint, 0<r<1).
r(e) 1472 —2rcosd Z (0= )

n=-—oo
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It is easy to verify that the Fejér kernel

, 1 sin(tty N2 2 k| .
iy 2 _ _ ikt >
Kale™) = 057 < sin( L) ) g:n(l n+1>e ’ (n20),

2

is also a positive approximate identity. (See Figure 2.1.)

1 2 3

Fig. 2.1. The Fejér kernel K,,(e®) for n = 5, 10, 15.

A less familiar example is the family

1+7)2(1—r)tsint
(1472 —2rcost)? ’

Fr(e“):( 0<r<l1, —w<t<m).

We will apply F,. in studying the radial limits of harmonic functions. Note that
the three examples given above satisfy the following stronger property:

(¢’) For each fixed §, 0 < 0 < ,

lim < sup |<I>L(eit)|> =0.

Lo\ s<tl<n

We now show that an approximate identity fulfils (2.3). Fix n € Z. Given
¢ > 0, there is ¢ such that _
le™ — 1] < ¢



2.2. Approximate identities on T 27

for all t € [—4,d]. Hence, by (a), we have

Byn)— 1= [ ®,(c) (€ — 1) dt

—T

and thus, by (b),

. 1 g , ,
|®,(n) — 1] < — (/ +/ )|<I>L(e”)||e’"t—1|dt
27 -5 s<|t|<m
1

eCo + — / |®, ()] dt.
T Jo<|t|<m

IA

The property (c) ensures that the last integral tends to zero as ¢ grows. More
precisely, there is ¢, such that

|@.(n) — 1] < (Co +1)e

for all ¢ > ¢..

Given f € L*(T) and an approximate identity {®,} on T, we form the new
family {®, x f}. In the rest of this chapter, assuming f belongs to one of the
Lebesgue spaces LP(T) or to C(T), we explore the way in which @, x f approaches
f as ¢ grows. Similarly, for an arbitrary Borel measure p € M(T), we find the
relation between the measures (®, * u1)(e) dt/2r and p. According to Theorem
1.2, the Fourier series of ®, x y and ®, x f are respectively

Z @L(n)ﬂ(n) et and Z @L(n) f(n)e™?.

n=—oo n=—oo

Hence, they are respectively the weighted Fourier series of p and f. That is
why we can also say that we study the weighted Fourier series in the following.

Exercises
Exercise 2.2.1 Let

iy [ 2K, () if 0<t<m,
F"(e)_{ 0 if —m<t<O.

Show that (F},)n>0 is a positive approximate identity on T. Find B,
Exercise 2.2.2 The Dirichlet kernel is defined by

D, (e") = Z et (n>0).

k=—n
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(See Figure 2.2.) Show that

Sin( (2n~2‘r1)t)

sin(%)

D, (e") =1+ QZcos(kt) =
k=1

and that (D,,),>0 is not an approximate identity on T. Find D,. (See Figure
2.3, which shows the spectrum of Dy.)

Fig. 2.2. The Dirichlet kernel D,,(e®) for n = 5, 10, 15.

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 7

Fig. 2.3. The spectrum of Dy.

Exercise 2.2.3 Lebesgue constants are defined by
"o

D, ()] dt, (n>0).

—T
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Show that L,, — oo as n — oo.

Remark: By a more precise estimation one can show that
4 4
= logn < L, <3+ = log n.

Exercise 2.2.4 Show that
. Dy+Dy+---+D,

Kn - ) > .
n+1 (n20)
Exercise 2.2.5 Let
on(e™) = —2nK,,_1(e") sin(nt), (n>1).

Show that ||¢,[l1 < 2n.

Exercise 2.2.6 Let p be a trigonometric polynomial of degree at most n.
Show that
P[0 < 2n 1Pl oc-

Hint: Note that p’ = p * ¢,,, where @, is given in Exercise 2.2.5. Now, apply
Corollary 1.6.

Remark: This inequality is not sharp. Bernstein showed that [|p|lecc < 7 (|P]lco,
where p is any trigonometric polynomial of degree at most n.

Exercise 2.2.7 Show that the Fourier coefficients of the Fejér kernel K,, are
given by

—T‘%Il if |m| < n,

0 it |m|>n+1.
(Figure 2.4 shows the spectrum of Ky.)

-7 -6 -5 -4 3 -2 -1 0 1 2 3 4 5 6 A

Fig. 2.4. The spectrum of Kj.
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Exercise 2.2.8 [de la Vallée Poussin’s kernel| Let
V(€)= 2Kani1(e”) — Ky (e™).

(See Figure 2.5.) Show that (V,,)n>0 is an approximate identity on T, and that

1 if Im| < n+1,
\Afn(m): —% if n+2<|m|<2n+1,
0 if |m| > 2n + 2.

Fig. 2.5. The de la Vallée Poussin kernel V,,(e'*) for n = 5, 10, 15.

(Figure 2.6 shows the spectrum of V3.)

A

10 9 -8 -7 -6 -5 -4 -3 2 -l 2 3 4

8

Fig. 2.6. The spectrum of V3.
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Exercise 2.2.9 Show that
1 4 2n2 +4n + 3

K,[5= 5 K, (") dt =

Exercise 2.2.10 [Jackson’s kernel] Show that the family
_ KZ(e) 3

s (n+1)t 4
Tu(ety = ule) )
1K, |3 (2n2 +4n+3)(n+1) Sin(%)

is a positive approximate identity on T. (See Figure 2.7.)

Fig. 2.7. The Jackson kernel J,,(e®) for n = 5, 10, 15.

Exercise 2.2.11 Let

noif |t < 2,
1t n
F,(e") = -
0 if — <t <
n

Show that (F},)n>1 is a positive approximate identity on T. Find E,.
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Exercise 2.2.12 Let

; (147)2(1 —r)tsint
F.(e') = 17 —2rcost)? 0<r<i1, —m<t<m).

Show that (F})o<r<1 is a positive approximate identity on T.

Exercise 2.2.13 Let

2(1 — r?) sin® ¢t
(1472 —2rcost)?’

F.(e") =

Show that (F})o<r<1 is a positive approximate identity on T.

2.3 Uniform convergence and pointwise conver-
gence

In this section we study the relation between ®, % f and f itself. We start
with the simple but very important case of a continuous function. The crucial

property which is exploited below is that a continuous function on T, a compact
set, is automatically uniformly continuous there.

Theorem 2.2 Let {®,} be an approzimate identity on T, and let f € C(T).
Then, for each v, ®, x f € C(T) with

1, % flloo < Ca [|floo;

and moreover

lim ||®, * f — f]leo = 0.
In other words, ®, x f converges uniformly to f on T.

Proof. By Corollary 1.6, for each ¢, we certainly have ®, x f € C(T) and

1D, % flloo < 1Dl[1 [[flloc < Ca [ f oo

Since f is uniformly continuous on T, given € > 0, there exists 6 = d(g) > 0
such that

[ f(e"?) = fle"™) | <e
whenever |t; —t1| < 0. Therefore, for all ¢,

™

@ D)) = 1) = | [ e (e - ) ar

- < /_j+/_i+/; ) [@,(e7)] [f(e1) — ()| dr

7”]0”00 / |<I>L(e”)|d7'+€C’q>.
s<|r|<m

IN

™
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Pick ¢(e) so large that

1 .
= / |D,(eT)|dr < ¢
T Js<|r|<n

for ¢« > «(e). Thus, for ¢ > i(g) and for all ¢,

[(@0x £)(e”) = f(e") | < (Iflc + Ca)e.
O

As a special case, let {®,} be the Poisson kernel. By using this kernel we extend
a continuous function on T into the unit disc D. The outcome is a function
continuous on the closed unit disc D and harmonic on the open unit disc .

Corollary 2.3 Let u € C(T), and let

[ 1—r? o
— u(e™)dt if 0<r<1,
Ul(rei®) = 27 /_,T 1472 —2rcos(d —t) (%) [ o=
u(e') if  r=1.
Then

(a) U is continuous on D,
(b) U is harmonic on D,

(¢) for each 0 <r <1, ||Us|lco < ||t]oo-

Proof. By Theorem 2.1, U is harmonic on D. Hence, U is at least continuous
on . On the other hand, Theorem 2.2 ensures that, as r — 1, U,. converges
uniformly to w, and [|Ur]lcc < ||tlec- Therefore, U is also continuous at all
points of T. O

By Theorem 2.1, we also have
U(re®y = Y a(n)r™e™ (0 <r<1). (2.4)
Therefore, Corollary 2.3 says that the Abel-Poisson means of the Fourier series
of a continuous function u converge uniformly to u.
Let P(T) denote the space of all trigonometric polynomials:

N
P(T)={p:p(e’)= Y ane™, a,€C}.
n=—N

Clearly
P(T) C C(T).

A celebrated theorem of Weierstrass says that P(T) is dense in C(T). Using the
Fejér kernel we are able to give a constructive proof of this result.
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Corollary 2.4 (Weierstrass—Fejér) Let f € C(T), and let

pe= 3 (1B fwer, ete

k=—n

Then, for each n > 0,
IPnlloo < 1 fllo

and

lim ||pn — fllec = 0.
n—oo
Proof. 1t is enough to observe that
Pn = f * Ky,

where K, is the Fejér kernel. Then apply Theorem 2.2. U

In the rest of this section we study a local version of Theorem 2.2 by assuming
that f is continuous at a fixed point on T. Thus we obtain some results about
the pointwise convergence of Fourier series.

Theorem 2.5 Let {®,} be an approzimate identity on T. Suppose that, for
each ¢,

®, € L®(T),

and that {®,} satisfies the stronger property (¢ ):

lim < sup @L(eit)|> =0.

L 0<5<|t|<m

Let f € LY(T), and suppose that f is continuous at e*o € T. Then, given ¢ > 0,
there exists t(g,t9) and § = §(e,t9) > 0 such that

[(@, % f)(e") = fe™) | <&,
if o> (e, to) and |t —to| < 0. In particular,
lim (®, * f)(e'’0) = f(e'™0).
Proof. Since ®, € L*°(T) and f € L'(T), by Corollary 1.6, (®, * f)(e®) is

well-defined at all e® € T.
By assumption, given £ > 0, there exists 6 = d(g,tg) > 0 such that

[ f(e) = fle') | <e
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whenever |n — tg| < 26. Therefore, for |t — to| < 0,

s

(@ f)(e) = fe™) | = \21 /

—Tr

() (£ = g )ar

—6 o T
= % (/ +/_ﬁ/& )I@xe”n |f(e077)) — f(e'o)|dr
< 5 / 1@, ()] (1F()] + |f(e0)]) dr + & Cap
T Js<|r|<n
< (Il + 1)) ( sup [®,(e)]) + & Ca

s<ltl<n

Pick u(e, o) so large that

sup [P, ()] < ¢
s<t|<n

whenever ¢ > (g, ). Thus, for ¢ > (e, to) and for |t — to| < d, we have
[(@0x F)(e") = fle™) [ < (Ifll + [f (e[ + Ca)e.
O

The following result is a local version of Corollary 2.3. Note that the Poisson
kernels fulfils all the requirements of Theorem 2.5.

Corollary 2.6 Let u € L*(T), and let

, 1 (7 1—72 , ,
U 0 _ it dt 0 D).
(re®) 2 /7T 1472 —2rcos(6 —1t) w(e™) dt, (re™ € D)

Suppose that u is continuous at e® € T. Then U is harmonic on D and besides

lim U(z) = u(e™™).
z—e'to
zeD
In particular,

lim1 Ul(re'o) = u(e).

In Theorem 2.5 and Corollary 2.6, among other things, we assumed that
our function f is continuous at a fixed point 0. Hence, we implicitly take it
as granted that f(e'°) is a finite complex number and f(e®) converges to this
value as t — to. The finiteness of f(e') is crucial. If f is a complex-valued
function and

lim [£(e)] = ()] = +o0,
we may still say that f is continuous at e‘*. However, the preceding results are
not valid for this class of functions. Nevertheless, if our function is real-valued
and
Jim f(e') = f(e') = +oo,
we are able to find a proper generalization. As a matter of fact, in a very
essential step in the theory of Hardy spaces we apply this result.
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Theorem 2.7 Let {®,} be a positive approzimate identity on T. Suppose that,
for each 1,
o, € L*°(T),

and that {®,} satisfies the stronger property (¢ ):
lim ( sup @L(eit)) =0.
t 0<o<[t|<m

Let f be a real function in L'(T) such that

Jim 7(e") = +oo.
Then, given M > 0, there exists t(M,to) and 6 = §(M,to) > 0 such that

(@, * f)(e") > M
if L > (M, to) and |t —to| < 0. In particular,

lifn (@, * f)(e"0) = 4-o0.

Proof. As we mentioned before, since ®, € L>°(T) and f € L'(T), by Corollary
1.6, (®, x f)(e®) is well-defined for all e* € T.
By assumption, given M > 0, there exists 6 = §(M,tg) > 0 such that

f(em) >2M

whenever |n — tg| < 26. Therefore, for |t — to| < 4,

@ N = 5o [ @) fe )
1 —0 ) T ] )
M [° , 1 . _
— e dr — — (e =N dr
> T [eenar—g [ e
= i iT i(t—T)
S /5< B M ar
> oM - @M+ |Ifl) ( swp B(e7)).
o< T|<m

Pick +(M,tg) so large that

M +|fll1) sup D (e') <M
o<|r|<m

whenever ¢ > (M, tg). Thus, for ¢« > (M, tg) and for |t — to] < 0,
(@, * f)(e") > M.
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Corollary 2.8 Let u be a real function in L*(T), and let

, 1 7 1—1r2 , ,
U 0 _ it dt i0 c D).
(re”) 27 /7T 1472 —2rcos(d—t) u(e”) dt, (re )
Suppose that .
lim u(e) = +o0.
t—>t0

Then U is harmonic in D and besides

lim U(z) = +o0.
z—e'to
zeD
In particular, ‘
lim U(re'®) = +oo.

r—

Let A be a subset of C and consider a function
f:Ar—[0,00].
We say that f is continuous at zg € A whenever

lim f(2) = f(z0).

z—20

z€EA

If f(z0) < oo, then there is nothing new in this definition. The other case
should be familiar too. If f(z9) = oo, by continuity at zp we simply mean
that lim._,,, f(z) = oo. The following result is an immediate consequence of
Corollaries 2.6 and 2.8. It plays a vital role in Fatou’s construction and thereafter
in F. and M. Riesz’s theorem, a cornerstone of function theory (see Section 5.5).

Corollary 2.9 Let u : T —— [0,00] be continuous on T, and suppose that
u € LY(T). Let

L 17 it ,
o w(e™)dt if 0<r<1,
Ulre?®) = 2 /_,r 1472 —2rcos(d—1t) (%) ;0=
u(e?) if  r=1

Then U : D+ [0,00] is continuous on D and harmonic on D.

Exercises

Exercise 2.3.1 Use Corollary 2.3 and (2.4) to give another proof of Weier-
strass’s theorem.
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Exercise 2.3.2 Let f € Lip,(T), 0 < a < 1. Show that

171
Ko £~ flloe < Co —PelD

where C,, is an absolute constant just depending on .

Exercise 2.3.3 Let f € Lip;(T). Show that

logn
1K+ f = flloe < CUfILip, (m) =, —
where C' is an absolute constant.
Exercise 2.3.4 Let f € Lip,(T). Show that
(Fali®
305 f = flloo < € 22D,

where C' is an absolute constant.
Exercise 2.3.5 Let f € L'(T), and let

pe= 3 (1= ) fwer, e,

k=—n
Suppose that f is continuous at e?*0 € T. Show that
lim p,(e'0) = f,(e0).
n—oo

Hint: Apply Theorem 2.5.

Exercise 2.3.6 Let f be a real function in L!(T) such that
lim f(e®) = +oo0.

t—>to

Let

. n k| . . )
N ity 1— | k ikt it =Ty,
mie) = 3 (1= ) Fwmer, e
Show that '

lim p,(e") = +oo.

n—oo

Hint: Apply Theorem 2.7.
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2.4 Weak* convergence of measures

According to Theorem 1.3, f x u, the convolution of an L!(T) function f and a
Borel measure 1, is a well-defined L!(T) function. In this section, we explore the
relation between f*u and p where f ranges over the elements of an approximate
identity.

Theorem 2.10 Let {®,} be an approzimate identity on T, and let p € M(T).
Then, for all v, ®, x u € L*(T) with

[, % plly < Co |

and
[[pll < sup |, * 1
L

Moreover, the measures du,(e') = (®,  p)(e*) dt/2m converge to du(e™) in the
weak™ topology, i.e.

im g [ () (@) de = [ o) dute?)
for all ¢ € C(T).
Proof. By Theorem 1.3 and (1.11), ®, x u € L*(T) with
1@ pll < @1 [lell < Ca [[ull
for all «. Let ¢ € C(T), and define ¥ (e'*) = ¢(e~*). Then, ¢ € C(T) and by

Fubini’s theorem,

o [ eten@eneta = L [ etet ([ o) due) ) a
(5
A
(&

(@, 9)(e™") dp(e™™).

—T

z(t T) S0(61':‘,) dt) du(e”)

™

/.
| ) e s ) dute)
/. =

:|

™

Y= ¥l ¥l i

z( T—s ) w(eis) d8> dﬂ(eiT)

Il
S—5— 55— 55—y

Theorem 2.2 assures that (®, * 1)(e~") converges uniformly to 1(e~"") on T.
Since || is a finite positive Borel measure, we thus have

hm— / V(D % p)(e) dt = li{n/T(q)L*q/))(e*”) du(e™™)

/T e ™) dpu(e™)
- / (™) dp(e),
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Since
1 T , ;
[ et @iy de| < (su o) el

Z

the last identity implies

\ [ oteyauter

< (sup [ @, pl1) fleolloo
L
for all ¢ € C(T). Hence, by the Riesz representation theorem,
[l all < sup ([ @, % pel] .
L

O

In the last theorem, if {®,} is a positive approximate identity on T then Cg = 1
and thus we necessarily have

il = sup [[ @, gl 1.

As a matter of fact, slightly modifying the proof of the theorem, we see that
il = tin [, .

In particular, if we choose the Poisson kernel then, by Theorem 2.1, we are able

to extend 4 to a harmonic function U on D such that the measures U (re't) dt /2
are uniformly bounded and, as r — 1, converge to p in the weak* topology.

Corollary 2.11 Let pn € M(T), and let

. 1—r2 . )
10\ it 10
U(re®) _/T T areos@ = M) (re?® € D). (2.5)

Then U is harmonic on D, and

el = sup ([U[[x = Lim [|Ur .
0<r<1 r—1

Moreover, the measures dp,(e) = U(re')dt/2n converge to du(e™), asr — 17,
in the weak™® topology, i.e.

im [ () dp () = / (™) dpu(ei)
r—1— T T

for all ¢ € C(T).

The preceding result has interesting and profound consequences. For exam-
ple, the identity [|u|| = supg<,; [|Ur[l1 immediately implies some uniqueness
theorems. We give two slightly different versions below.
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Corollary 2.12 (Uniqueness theorem) Let € M(T). Suppose that

/ 1—7? d ( it) 0
e =
r 1472 —2rcos(6 —t) K

for all re’® € D. Then p = 0.

Corollary 2.13 (Uniqueness theorem) Let € M(T) and suppose that
fi(n) =0

foralln € Z. Then = 0.

Proof. Define U by (2.5) and note that, by Theorem 2.1,

o0

Ul(rei?) = Z i(n) rlnlen? =

n=-—oo

for all re'? e T. O
The last uniqueness theorem says that the map

M(T) — =(2)

nooo—f

is one-to-one. In particular, if f € L'(T) and f(n) = 0, for all n € Z, then
f=0.

Exercises

Exercise 2.4.1 Let {®,,} be an approximate identity on T, and let 1 € M(T).
Show that
Jpal < Yo inf @, + g1
n—oo

Hint: By Theorem 2.10, for each N > 1,

[l < sup [[ @5 * 1
n>N

Exercise 2.4.2 Let {®,} be a positive approximate identity on T, and let
w € M(T). Show that

lim [, s = 1.

n—oo

Hint: Use Exercise 2.4.1 and the fact that ||®,, * |1 < ||g| for all n > 1.

Exercise 2.4.3 Let 0 <7, p < 1. Show that P. x P, = P,,,.
Hint: Use (1.6), Theorem 1.2 and the uniqueness theorem.
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Exercise 2.4.4 Show that the map
M(T) — °(Z)
B p

is not surjective.

Exercise 2.4.5 Let € M(T), and let

pe = 3 (1= B )amer, e,

k=—n
Show that the measures dj, (e®*) = p, (') dt /27 converge to du(e'), as n — oo,
in the weak™ topology, i.e.
tin [ o) dun(e) = [ ple)dute)

for all ¢ € C(T).
Hint: Apply Theorem 2.10.

Exercise 2.4.6 Let {a,}nez be a sequence of complex numbers. Suppose
that the measures

i 1 - || i
dpn(et)—zﬂ_{ Z(l—n_'_l)akekt}dt
k=—n

are convergent in the weak* topology, say to the measure u € M(T). Show that
ap, are in fact the Fourier coefficients of p. (This result can be regarded as the
converse of Exercise 2.4.5.)

Exercise 2.4.7 Let € M(T) and let ro € (0,1). Suppose that

/ 177”(2) d(zt)_o
v 1+7r2—2rgcos(0 —t) He) =

for all ¢ € T. Show that u = 0.

Exercise 2.4.8 Let € M(T) and let ry € (0,1). Suppose that 1(0) = 0 and

that 91y sin(8 — 1)
rosin(f — it
d =0
/T 1+ 72 —2rgcos( —t) e

for all € € T. Show that u = 0.
Hint: For a fixed r, find the Fourier series of

2rsint
1472 —2rcost’

The relation ) ) )
2rsint 7 )

1+7%2 —2rcost T 1 et 1—reit

might be useful.
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2.5 Convergence in norm

The space of continuous functions C(T) is dense in LP(T), 1 < p < oo. This
assertion is not true when p = oo, since the uniform limit of a sequence of
continuous functions has to be continuous and a typical element of L>(T) is
not necessarily continuous. We exploit this fact to study the behavior of @, * f,
where f € LP(T) and {®,} is an approximate identity.

Theorem 2.14 Let {®,} be an approximate identity on T, and let f € LP(T),
1 <p<oo. Then, for all v, ®, x f € LP(T) with

[®,* fll, < Ca || fllp

and besides,
lim @, « - fll, = 0.

Proof. By Corollary 1.5, ®, x f € LP(T) and

10 fllp < N1 ®ull1 1£]lp < Co [l fllp

for all ¢.
Fix e > 0. Given f € L?(T), pick ¢ € C(T) such that || f — ¢||, < ¢. Hence

[@.%f—fllp [@x(f—0)= (=) +(@.x0—9)p
[@.5(f =) llp+ I f=@lp+1Pxo =@l
(1+Co) I f—elptPoxe—¢lp
(1+Ca)e+ [P * o~ @llco-

IAN A IA

However, by Theorem 2.2, there is an ¢(g) such that || ®, x ¢ — ¢|le < &, for
t > 1(g). Therefore
1@, f = fllp <2+ Ca)e

whenever ¢ > (¢). O

Since lim, ||®, * f — f||, = 0, we clearly have lim, ||®, * f||, = || f||,. Hence, if
{®,} is a positive approximate identity on T,

li{n @, * fll, = sup [, * fll, = || f]l,-

Therefore, if we use the Poisson kernel to extend a function u € LP(T) to the
open unit disc we obtain a harmonic function U whose mean values ||U, ||, are
uniformly bounded, with U, converging to « in the LP(T) norm.

Corollary 2.15 Let u € LP(T), 1 < p < o0, and let

) 1 g 1—72 . .
0 it i0
= — dt D).
Ure™) 27 /7T 1472 —2rcos(f —t) u(e”) dt, (re” € D)
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Then U is harmonic on D,

sup ||Up|lp = lim |Uy ]|, = lullp
0<r<1 r—1

and
linri U, —ull, =0.
We can also exploit the Fejér kernel K,, in Theorem 2.14. The main advan-
tage is that f * K,, is a trigonometric polynomial.
Corollary 2.16 Let f € LP(T), 1 < p < oo, and let
pn(e™) = Z (1 _ I )f(k:) et (e" eT).

n+1

k=—n
Then, for each n > 1,

[Pnllp < I fllp
and

nh_{go lpn — fllp = 0.
Proof. 1t is enough to observe that
P = f*Kny,
where K,, is the Fejér kernel. Now, apply Theorem 2.14. O

The constructive method of Fejér shows that the trigonometric polynomials are
dense in LP(T), 1 < p < oo. On the other hand, in Lemma 1.1, we saw that
the Fourier coefficients of an integrable function are uniformly bounded. We are
now in a position to improve this result by showing that the Fourier coefficients
actually tend to zero.

Corollary 2.17 (Riemann-Lebesgue lemma) Let f € L'(T). Then
lim f(n)=0.

[n]—o0

Proof. Given € > 0, by Corollary 2.16, there is ng such that

1Pne = fllr <&,

where

INCOESDY (1 — no“j - >f(k) ekt (e eT).

k:*ﬂg

Hence, by Lemma 1.1,

F)| < pug = flh <&

for all n € Z. However, p,,(n) = 0 if |n| > ng. Therefore,

()| <e

for all |n| > ng. O

|Pno (1)
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We saw that the Fourier transform

M(T) — (>2(Z)
B

is injective but not surjective. As long as ¢P(Z) spaces or their well-known
subspaces are concerned, ¢>°(Z) is the best possible choice in this mapping.
However, if instead of M(T) we consider the smaller subclass L!(T), by the
Riemann-Lebesgue lemma (Corollary 2.17), we can slightly improve the pre-
ceding mapping and exhibit the Fourier transform on L*(T) as

LYT) — co(Z)

o=

We will see that this map is not surjective (see Exercise 2.5.6). As a matter
of fact, there is no satisfactory description for the image of L'(T") under the
Fourier transformation.

Exercises

Exercise 2.5.1 Let {a,}nez be a sequence of complex numbers, and let

n

pae= 3 (1= B e, e,

k=—n

Let 1 < p < oo. Suppose that the sequence (py)n>0 is convergent in the LP(T)
norm to a function f € LP(T). Show that {a}necz are in fact the Fourier
coefficients of f.

Remark: This result can be regarded as the converse of Corollary 2.16.

Exercise 2.5.2 Show that LP(T), 1 < p < oo, is separable. Is L>(T) separa-
ble?
Hint: Use Corollary 2.16.

Exercise 2.5.3 [Fejér’s lemma] Let f € L'(T) and let g € L°°(T). Show that

im = [ Fet) gle™) dt = f(0)§(0).

—T

Hint: First suppose that f is a trigonometric polynomial and apply Exercise
1.3.4. Then use Corollary 2.16 to prove the general case.

Exercise 2.5.4 Let g € LY(T) and let 1 < p < co. Consider the operator

A:LP(T) — LP(T)
f g f.
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By Corollary 1.5, A is well-defined. Show that

AL = Tlglls-

Hint: Apply Corollaries 1.5 and 2.16.

Exercise 2.5.5 Let f € L(T). Suppose that

for all n > 0. Show that

Z f(n) < 00
n=1 n
Hint: Let )
F(e') = (e'7) dr.

Then F € C(T) and F(n) = f(n)/in, n # 0. Hence, by Corollary 2.4,
lim (K, * F)(1) = F(1) = 0.

n—oo

Exercise 2.5.6 Show that the mapping

is not surjective.

Hint: Let )

Up = —Q—n = 5
logn

(n>2),

and ax1 = ag = 0. Use Exercise 2.5.5 to show that (a,)nez is not in the range.

Exercise 2.5.7 Let (a,)nez be such that
(i) a, >0, for all n € Z,
(ii) a—p = ayp, for all n > 1,

(iil) limp— 00 ap = 0,

v)

(i
Let

an >~ (an—l + an+1)/2, for all n Z 1.

= Z n(an-1+ api1 — 2a,) Ky (e™).
n=1
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Show that f € L'(T) and that

f(n) = an

for all n € Z.
Remark: This result convinces us that ¢y(Z) is somehow optimal as the codomain

of

LN(T) co(Z)

o=

2.6 Weak* convergence of bounded functions

Since C(T) is not uniformly dense in L>°(T), the results of the preceding section
are not entirely valid if p = co. However, a slightly weaker version holds in this
case too.

Theorem 2.18 Let {®,} be an approzimate identity on T, and let f € L>°(T).
Then, for all v, @, * f € C(T) with

[®, * flloo < Co || fllo

and
[ flloo < sup||®, * flloo-

L

Moreover, ®, x f converges to [ in the weak™® topology, i.e.

tim [ () (8, £)(e) dt = / " (e f(e at

for all ¢ € L}(T).
Proof. By Corollary 1.6, ®, x f € C(T) and
1@ % flloo < @1 [[flloe < Co || fll

for all .
Let ¢ € LY(T), and let 1(e") = p(e~%). Then, by Fubini’s theorem,

/ﬂ () (D, x f)(e™) dt = ! gp(eif)(fr P, (') f(e”)ch) dt

—T —T —T

= [ ([ e penar) sy an

/
/

- /7; < 7; B, (i-7=9)) weiS)dS) ) dr
/

\\q

(@, %)) f(e7) dr.
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Theorem 2.14 ensures that (®, * 1)(e~*7) converges to 1 (e~*7) in L!(T). Since
f is a bounded function, we thus have

im [ (e @x ) dt = tim [ (@oco)e ) ) dr

(e feT) dr

—T

| ete s an

—T

Since

L[ et @ niet) de] < sl fle) T,

2

the last identity implies

} | eten) sy ar

< (sup [ @0 * flloo ) [llln
for all ¢ € L'(T). Hence, by the Riesz representation theorem,
[ flloo < sup [|®, * flloo-

O

If {®,} is a positive approximate identity on T then Cy = 1 and thus we have
1 lloe = sup [0+ flloc-

As a matter of fact, by slightly modifying the proof of the theorem, we obtain
I flloc = limn [, £l

Corollary 2.19 Let u € L>(T), and let

- 1 g 1—r? - -
U 0y it dt 6 D).
(re”) 27 /,T 1472 —2rcos(f —t) u(e”) dt, (re” € D)

Then U is bounded and harmonic on D and

sup [|Urllee = lim [|Upr||lco = ||tf[oo-
0<r<1 r—1

Moreover, as v — 1, U, converges to u in the weak™® topology, i.e.
s us

lim (™) U(re™) dt = / o(e™)u(e™) dt

r—1- J_, o

for all p € L}(T).
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Exercises

Exercise 2.6.1 Let {®,,} be an approximate identity on T, and let f € L>°(T).
Show that
£l < Timinf |9, % f]..

Exercise 2.6.2 Let {®,} be a positive approximate identity on T, and let
f € L*°(T). Show that

T [ #,% Fllc = 17

Exercise 2.6.3 Let f € L°°(T) and let

pe= 3 (1LY fmern wren,

n+1

k=—n

Show that the sequence (py,)n>0 converges to f in the weak™ topology, i.e.
™ ™

i [ (e pale) de= [ o(e) Sl db

n—oo
—T —T

for all ¢ € L1(T).
Hint: Apply Theorem 2.18.

Exercise 2.6.4 Let {a,}nez be a sequence of complex numbers, and let

() = Z (1 — n‘—|—| . > ax e, (e eT).

k=—n

Suppose that the sequence (py,)n,>0 is convergent in the weak* topology to a
function f € L°(T). Show that {a,}nez are in fact the Fourier coefficients of
f.

Remark: This result can be regarded as the converse of Exercise 2.6.3.

2.7 Parseval’s identity

In the preceding sections we mainly studied the Abel-Poisson means of the
Fourier series of a measure or a function and, among other things, we saw
how these means converge in an appropriate topology to the given measure or
function. However, we have not yet considered the convergence of the Fourier
series itself. The pointwise or uniform convergence of the Fourier series is a
more subtle problem. The whole story is unveiled by a celebrated theorem
of Carleson-Hunt, which says that the Fourier series of a function in LP(T),
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p > 1, converges almost everywhere to the function, and a difficult construction
of Kolmogorov giving a function in L*(T) whose Fourier series diverges almost
everywhere. We do not need these results in the following. However, we explore
further the Fourier series of L?(T) functions.

First of all, for the subclass L?(T) C L(T), the uniqueness theorem (Corol-
lary 2.13) can be stated differently. A family { o, } in L?(T) is complete provided
that

f(e™) o, (eft) dt =0, for all ¢
holds only if f = 0. Therefore, the uniqueness theorem says that the sequence
{emt}, ¢z is complete in L?(T). Secondly, L?(T) equipped with the inner prod-

uct ) .
(f.9) = o f(e") g(e®) dt

~ o -

is a Hilbert space. Two functions f,g € L?(T) are said to be orthogonal if

(f,g)=0.

A subset S C L?(T) is called an orthonormal set if every element of S has norm
one and every two distinct elements of S are orthogonal. Using this terminology,
the relation (1.2) along with the uniqueness theorem tells us that the sequence
{ei"t}, ¢z is a complete orthonormal set.

Lemma 2.20 (Bessel’s inequality) Let f € L*(T), and let {¢,} be an orthonor-
mal family in L*(T). Then

Yo Kf el < IIfI5:

Proof. Let
¥ = Z<f790L>80L;

where the sum is over a finite subset of indices {¢}. Then

If=¢ll} = (f—o f-9)

But
(frp) = % _ﬂ Fle™y ety dt
- L[ sy (STt )

- STt (5 [ e e an)

—T

= S el fed =Y 1he)P



2.7. Parseval’s identity 51

and similarly,

(o, ) = %/ e”) dt
S ( redole ) (X oo wete ) a
= > > (hed(fien) ( /_7; il )sob(e”)dt)
= D (fed(Fed =D Iifell
Hence

1F = ll3 = 1715 =D [(fr el
which gives

Sl <13

Taking the supremum with respect to all such sums gives the required result. [J

If we consider the orthonormal family {e'"'},cz, then Bessel’s inequality is
written as

o0 T

2 1 ity|2
S lfol <o [l

n=-—o0 -7

or equivalently, f € (2(Z) with

1 F 12 < [1£112

for each f € L?(T). Therefore, the mapping

L*(T) — *(2)

o= f

is well-defined and, by the uniqueness theorem (Corollary 2.13), is injective.
Now, we show that it is also surjective.

Theorem 2.21 (Riesz—Fischer theorem) Let (ay)nez € (*(Z). Then there is
an f € L*(T) such that

f(n) =an
for alln € Z.
Proof. Let 4 4
Xk(ezt) _ ezkt‘7 (kj c Z),
and let

fn = Z Ak Xk-

k=—n



52 Chapter 2. Abel-Poisson means

Hence
Q. if n2|k|,

fn(k) = <mek> =

0 if n<lkl
Let m > n. Then
Hfm - an% = Z |ak|2
|k|=n+1

and thus (f,)n>1 is a Cauchy sequence in L?(T). Hence it is convergent, say to
f € L*(T). Therefore, for each k € Z, we have

fR) = {fxx) = Hm (fo, xx) = ax.
O

The proof of the Riesz—Fischer theorem contains more than what was stated
in the theorem. We saw that lim, .o || f — f|l2 = 0, where f,, = >} _ a X&-

Hence,
o0

1A= lim falB= 3 fail

k=—o0

Bessel’s inequality (Lemma 2.20) ensures that f € ¢2(Z), whenever f € L%(T).
Hence, given f € L*(T), if we pick a = f(k), an appeal to the uniqueness
theorem (Corollary 2.13) shows that

i (|~ fll2 =0, (2.6)

where

fn(eit) _ Z f(k) eikt.
k=—n

This result is an improvement of Corollary 2.16 when p = 2 (see also Exercise
2.1.3). Moreover,

IF1I5 =Y (k)P
k=—o0

This last identity is very important and we state it as a corollary.

Corollary 2.22 (Parseval’s identity) Let f € L*(T). Then

oo

[FePdt= " |fm)*.

n=—oo

1 T
2 J_.

Parseval’s identity can be rewritten as

1£1l2 = 1£1l2-
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Hence the Fourier transform

LX(T) — 2(Z)

o= f

is bijective and shows that the Hilbert spaces L?(T) and ¢?(Z) are isomorphically
isometric.

Exercises

Exercise 2.7.1 [Polarization identity] Let H be a complex inner product space
and let x,y € H. Show that

Az, y) = o +yl* = llo =yl +ille +ayl® — il — iy||*.

Exercise 2.7.2 Let f,g € L*(T). Show that

L e gema= 3 fon)im).

2 ) .

n—=—oo

Hint: Use Parseval’s identity and Exercise 2.7.1.
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Chapter 3

Harmonic functions in the
unit disc

3.1 Series representation of harmonic functions

Let U be a harmonic function on the disc D = {|z] < R}. In the proof of the
following theorem, we will see that there is another harmonic function V' such
that ' = U + 4V is analytic on Dg. Such a function V is called a harmonic
conjugate of U. It is determined up to an additive constant and we usually
normalize it so that V' (0) = 0. Remember that

1 if n>0,
sgn(n) = 0 if n=0,
-1 if n<O.
Theorem 3.1 Let U be harmonic on the disc Dr. Then, for each n € Z, the
quantity
=In| 7 . .
ap = p2 / U(pe™) e™™ at, (0 < p<R), (3.1)
u —T
is independent of p, and we have
U(re?) = Z an ™ e (re’ € Dg). (3.2)
The function
V(re) = Z —i sgn(n) an '™ e (re’® € Dg), (3.3)

is the unique harmonic conjugate of U such that V(0) = 0. The series in (5.2)
and (3.3) are absolutely and uniformly convergent on compact subsets of Dpy.

55
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Proof. Without loss of generality, assume that U is real. Let

_9U, . 9U

G =G, —i 5 ()

Since U satisfies the Laplace equation (1.1), the real and imaginary parts of G
satisfy the Cauchy—Riemann equations. Hence, G is analytic on Dg. Let

F(z)=U(0) —|—/OZ G(w) dw.

Since Dp is simply connected, F' is well-defined (the value of the integral is
independent of the path of integration from 0 to z in Dg) and we have F' = G.
Let U = RF and note that U(0) = U(0) and SF(0) = 0. Now, on the one hand,

_oU, . 9U

Fl(2) =G = 5o (2) ~i 5 (2)

and, on the other hand, by the Cauchy—Riemann equations

F'(z) = g—g(z) —i %(2)
fenee  p -1y . | W),
T(z) = an 7y (2)

on Dpg, which along with U(0) = U(0) imply U = U. Thus, writing V for SF,
we have

F=U+1iV

with V(0) = 0. Since F is analytic on Dpg it has the unique power series
representation

F(,’,ew) _ Z a, rn einG7
n=0
with
D o] < oo (3.4)
n=0

for all » < R. Hence

U(rew)

%{F(rew)}—?ﬁ{ZanT"eme}
n=0

a +1ia rneine_’_lia Tnefine
0 2 o n 2 n

n=1
S
— § a, r|n\ eme’

n=-—oo
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where
an/2 if n>0,

Ay = (7)) if n = 0,
a_,/2 if n<0.
Condition (3.4) ensures the absolute and uniform convergence of
o0
Z a, r|n\ ezn@
n=-—oo
on compact subsets of Dg. Moreover, for each m € Z and 0 < r < R,

—Im| 7 _ _ “|m| pw 0o _ .
7’27r / U(rezt) e—lmt dt = T27T [ﬁ ( Z CLnT|n| eznt) e—’Lmt dt

-r n=-—o00

o0 1 T
—|m| [n| {2
S gy (27r /

n=-—o0 7r

ei(n—m)t dt)

Finally, we have

V(re®) = S { F(re'?) } =9 { i a, ™ ein? }

n=0

1 oo o0
= — E ap P eln@ o E T g e—zn@

2¢ 21

n=1 n=1
oo

= g —isgn(n) a, r'" ™’

n=—oo

Condition (3.4) also implies the absolute and uniform convergence of this series
on compact subsets of Dg. O

Based on the content of the preceding theorem, the conjugate of any trigono-

metric series
oo
S = § an ezne

n=-—oo

is defined by

oo

S = Z —isgn(n) a, ™.

n=—oo

A special case of (3.1), corresponding to m = 0, will be used often. We
mention it as a corollary.
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Corollary 3.2 Let U be harmonic on Dg. Then

U0) = = /W Ulrei®) do

:% .
forallr, 0 <r < R.

Proof. Tt is enough to note that ag = U(0). O

Exercises

Exercise 3.1.1 Let U be harmonic on Dg. Show that

1 s T .
[ v papas=v(0)
mr —x Jo

forall ™, 0 <r < R.
Hint: Use Corollary 3.2.

Exercise 3.1.2 Let U be a real harmonic function on C and let N > 0.
Suppose that ‘
U(re®y < er™ + ¢ (3.5)

for all » > 0 and all €; ¢ and ¢’ are two positive constants. Show that
N
U(re”e) = Z an '™ e
n=—N

where the coefficients a,, are given by (3.1).
Hint: By Corollary 3.2 and (3.1)
Inl I it
ag £ 7" Ra,, = > U(re®) (1 £ cos(nt)) dt.
7r

—T

The advantage of this representation is that (1 £ cos(nt)) > 0.
Remark: We emphasize that in (3.5) we have U and not |U]. Not using the
absolute values is crucial in some applications.

Exercise 3.1.3 Let Q be a simply connected domain and let U be a harmonic
function on 2. Show that there is a harmonic function V' on 2 such that
F = U + 4V is analytic over §2. Moreover, show that V is unique up to an
additive constant.

Hint: See the first part of the proof of Theorem 3.1.
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3.2 Hardy spaces on D

The family of all complex harmonic functions on the open unit disc D is denoted
by h(D). Let U € h(D) and write

1

1 27 ) >

101 = s 100, = s (5 [ wepas)”
0<r<1 0 ™ Jo

<r<1

if p € (0,00), and
[ U lloo =sup|U(2)]|-
z€D

We define
WD) ={UehD): |[Ul, <o},

where p € (0,00]. It is straightforward to see that A?(D), 1 < p < oo, is a
normed vector space and, by Hélder’s inequality,

r*(D) C (D) C hP(D)

if 0 < p < g < co. We will see that (D) and h?(D), 1 < p < oo, are Banach
spaces respectively isomorphic to M(T) and LP(T), 1 < p < co.

A complex harmonic function F' is simply of the form F = U + ¢V where
U and V are real harmonic functions and there is no other relation between U
and V. However, if we assume that V' is a harmonic conjugate of U, and thus
F' is analytic on D, a whole new family of functions with profound properties
emerges. Let us denote the family of all analytic functions on D by H (D).
Hence, H(D) C h(D). Then, parallel to our previous definitions, we consider
the Hardy classes of analytic functions on the unit disc

HYD)={FeHD): [|[F|,<oo}

for 0 < p < c0. Clearly,
H?(D) C h*(D).

As a matter of fact, that is why we assumed that the elements of h(D) are
complex-valued harmonic functions. As a consequence, any representation the-
orem for h?(D) functions is also automatically valid for the elements of the
smaller subclass H?(D). The Hardy space H?(D), 1 < p < oo, is a normed
vector space and, by Holder’s inequality,

H>®(D) Cc HY(D) C H?(D)

if 0 <p < g <oo. Wewill see that HP(D), 1 < p < 00, is also a Banach space
isomorphic to a closed subspace of LP(T) denoted by HP(T).

Using these new notations, Corollaries 2.11, 2.15 and 2.19 can be rewritten
as follows.

Theorem 3.3 Let 1 < p < oo. Ifu € LP(T), then U = P xu € h?(D) and
1Ullp = llullp- If p € M(T), then U = P+ p € h'(D) and [|U]|y = ||u]-
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In the following sections, we study the converse of this theorem. More precisely,
we start with a harmonic function in A?(ID) and show that it can be represented
as Pxwu or Py with a suitable function v or measure p.

Exercises
Exercise 3.2.1 Let F' = U + ¢V be analytic on D, and let 0 < p < co. Show
that F' € H?(D) if and only if U and V are real harmonic functions in h?(D).
Exercise 3.2.2 Let 0 < p < g < co. Show that

h*(D) & (D) & h*(D)

and that

H®(D) G HY(D) G H”(D).

Exercise 3.2.3 Let u € L?(T). Define

F(z) ! /Tr e u(e'™) dt, (z € D).

27 et — z

—T

Show that F' € H?(D) and
(oo}
IF(5 = 1a(0)]* +4 ) |a(n)[*
n=1
Deduce

[F]l2 < 2ull2

and show that 2 is the best possible constant.
Hint: Use Exercise 1.3.3 and Parseval’s identity (Corollary 2.22).

3.3 Poisson representation of 21*°(ID) functions

In studying the boundary values of harmonic functions on the unit disc, the
best possible assumption is to consider harmonic functions which are actually
defined on discs larger than the unit disc. Hence, let us consider

h(D) ={U : VU =0on |z| < R, for some R > 1}.

The constant R is not universal and it depends on U. Putting such a strong
assumption on the elements of h(ID) makes it the smallest subclass of h(D) in
our discussion.



3.3. Poisson representation of h®> (D) functions 61

Lemma 3.4 Let U € h(D). Then

, 1 g 1—r2 . .
0 it 0
= — D). .
U(re*) 5 /7r 1577 = 2 cos(@— 1) Ul(e) dt, (re* e D). (3.6)

Proof. Since U € h(D), there exists R > 1 such that U is harmonic on Dg.
Hence, by Theorem 3.1, for all re’ € Dg, we have

oo
U(re?) = Z an i ein?,

n=-—oo
where a,, are given by

1 U

_ it —int
=5 U(e”) e dt, (neZ).

an
—T

In particular, for all e € D, we obtain

o0

. 1 4 . . .
U(rew) — Z (2 / U(ezt) e—int dt) T|n| emQ.
s

n=-—oo -

Fix r and 6. Since U is bounded on T, the absolute and uniform convergence
of the series S°°0 _ rlnl (9=t [7(e™) | as a function of ¢, enables us to change
the order of summation and integration. Hence,

, 1 [7 s . , .
U(re?) = o / ( Z rlnl gin(6=1) ) Ul(e™)dt, (re’’ € D).
T J_

n=—oo

But, as we saw in (1.5),

0o 4 1— 2
Z Finl gin(0—1) _ r )
1472 —2rcos(6 —1t)

O

In the following we show that the integral representation (3.6) is valid for

some larger subclasses of h(D). Since (D) C h*° (D), the following result is the
first generalization of Lemma 3.4.

Theorem 3.5 (Fatou [6]) Let U € h>°(D). Then there exists a unique u €
L°°(T) such that

) 1 & 1—72 , .
U 0y it dt 0 D
(re®) 27 /7T 1472 —2rcos(d —t) u(e”) dt, (re® € D),

and

[Ulloe = llulloo-
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Remark: Compare with Corollary 2.19.

Proof. The uniqueness is a consequence of Corollary 2.12. The rest of the proof
is based on the Poisson representation of harmonic functions in h(ID) and the
following two facts:

(i) L*°(T) is the dual of L*(T);
(i) LY(T) is a separable space (see Exercise 2.5.2).

Step 1: Picking a family of bounded linear functionals on L*(T).

Put

n

Un(z):U((l—l)z>, (n>2).

First of all, U, is defined on the disc {|z| < n/(n — 1)}. Hence, U,, € h(D) and
by Theorem 3.4,

v(a-1)- —i/ﬂ Lo Un(e) dt  (3.7)
n 2 ) 14712 —2rcos(f—t) " '

for all e’ € D. Let n — co. The left side clearly tends to U(re'). We show
that the limit of the right side has an integral representation. Define

A, : LYT) — C

by )
An(f) = % 3 f(e™) Uy (e™) dt, (n>2).
Since
[An ()] < Unlloe 1F1le < NUNloo [1.f1]15 (3.8)

each A,, is a bounded linear functional on L*(T) with
[An]l < U]l

Step 2: Eztracting a convergent subsequence of A,,.

At this point we can use the Banach—Alaoghlu theorem and deduce that A,
has a convergent subsequence in the weak™ topology. In other words, there is a
bounded linear functional A on L!(T) and a subsequence A,,, such that

k—oo

for all f € L*(T). However, we give a direct proof of this fact.
Take a countable dense subset of L'(T), say {fi, f2,...}. By (3.8), there is
a subsequence of {A },>2, say {A,,,};>1, such that

hHl Anlj (fl)
j—o0
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exists. Again by (3.8), there is a subsequence of {A,,; };>1, say {An,, };>1, such
that

hm An2j (fQ)
j—oo

exists. Continuing this process, for any i > 1, we find a subsequence {A,,; };>1
of {An,_,),}j>1 such that lim; . A, (fi) exists. To apply Cantor’s method,
consider the diagonal subsequence {A,,,, }x>1. Since {A,,, }x>1 is eventually a
subsequence of {A,,; };>1, the limit

kh—{go Ankk (fZ)

exists for any ¢ > 1. Moreover, we show that this limit actually exists for all
f € LY(T). To do so, we use the fact that A,,’s are uniformly bounded and f;’s
are dense in L*(T). Fix f € LY(T) and € > 0. Hence, there is f; such that
Ilf = filli <e. By (3.8), we have

| A () = Ay () | | Ay () = Ay (f) |

|Anm (fl) - Anu(fi) |

| Anzz (fz) - Anzz (f) ‘

2[[Ullos I1f = fills + | Ay (i) — Ay (£i) |
2[|Ulloo € + [ Angy, (fi) — Anyy (i) |-

Picking k,[ large enough, we obtain

| A (F) = Au(f) | < 21Ul + 1) &

ININ + + A

Hence

A() = Jim A ()
exists for all f € L!(T) and, again by (3.8),
AN < U oo 111

In other words, A is a bounded linear functional on L!(T) with ||A]] < [|U]|co-

Step 3: Appealing to Riesz’s theorem.

For a fixed z = re'?,

; ; 1—1r2
2 it = P,,. Z(G_t) =
f=(e") (e ) 1472 —2rcos(d —t)’

as a function of ¢, is in L*(T). Hence, by (3.7), we have

I
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3
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On the other hand, by Riesz’s theorem, there is a u € L*(T) such that

Af =2 [T fetyulet) ar

~ o o

for all f € L*(T). First of all, by choosing f = f., we obtain

, 1 /7 . ,
U(re®?) = | Po(e"0=D) u(e') dt.
Secondly, by Corollary 2.19, this identity implies ||U]|oo = ||]co- O

Exercises

Exercise 3.3.1 Let U be harmonic on a domain © and let D(a, R) C €. Show
that

; 1 [ R? —r?
U 0y
(a+ret) 27 /,,T R2? + 12 —2Rrcos(f —t)

Hint: Use Lemma 3.4 and make a change of variable.

U(a+ Re™) dt, (0<r<R).

Exercise 3.3.2 Let 0 <rg < 1. Show that

2 _ 2
U(rei®) = r(1+7rg) cosf —ro (1 +17)

1+ 7272 —2rgrcosb

and

V(rei®) = r(21 —73) sind

1+rir2—2rgrcosf
are bounded harmonic functions on D. Find the Fourier series expansions of U,
and V..
Hint: Besides the direct verification of each fact, it might be easier to show that
U + iV is a bounded analytic function on D.

Exercise 3.3.3 Find a bounded harmonic function on the unit disc such that
its conjugate is not bounded.

Exercise 3.3.4 Let U be harmonic on . Show that there exists a unique
u € C(T) such that

- 1 T 1—r? ; -
U 0y it dt 6 D
(re®) 27 /,T 1472 —2rcos(f —t) u(e”) dt, (re” € D),

if and only if the family (U, )o<r<1 is Cauchy in C(T) as r — 1.
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Exercise 3.3.5 [Harnack’s theorem| Let (U,),>1 be a sequence of harmonic
functions on a domain ). Suppose that on each compact subset of Q, U,
converges uniformly to U. Show that U is harmonic on €.

Hint: Use Corollary 2.3 and Exercise 3.3.1.

3.4 Poisson representation of h?(D) functions (1 <
p < 00)

The proof of Theorem 3.5 can be modified slightly to give a representation
formula for RP(D), 1 < p < oo, functions. The modification is based on the
following two facts:

(i) LP(T) is the dual of LY(T), where 1/p+1/q = 1;

(if) LP(T) is a separable space.

Since h(D) C h*°(D) C h?(D), the following result is a generalization of Theo-
rems 3.4 and 3.5.

Theorem 3.6 Let U € h?(D), 1 < p < oco. Then there exists a unique u €
L?(T) such that

) 1 g 1— 72 , .
U 0y it dt 6 D
(re”) 27 /,T 1472 —2rcos(d—t) u(e”) dt, (re™ € D),

and
1Tl = llullp-

Remark: Compare with Corollary 2.15.
If U € h?(D) this result, along with Theorem 2.1, gives us a unique u € L?(T)
such that

o0

. 1 g 1— 72 , .
U 0y . _— ity Jt = ~ In| _in6®
(re”) 27 /,ﬂ 1472 —2rcos(6 —t) u(e”) Z in)re

n—=—oo

for all 7e?’ € D. Hence, by Parseval’s identity (Corollary 2.22),

U@re®)? do = > Ja(n)|* 7",

n=—oo

1 s
),
Thanks to the uniform and bounded convergence of the series Y, @i(n) rinl ¢?
for each fixed 7 < 1, and the fact that (e'"?),cz is an orthonormal family,
the preceding identity can also be proved by direct computation. Now, by the
monotone convergence theorem, and again by Parseval’s identity (this time we
really need it), if we let » — 1, we obtain

1
oo b

G

n=-—oo
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There is no such relation between a function and its Fourier coefficients in other
LP classes.

Exercises
Exercise 3.4.1 Show that
U(re'®) =log(1 + 12 — 2rcosh) € h2(D).

Hint: Study the analytic function f(z) = 2log(1 — z) to find the Fourier series
expansion of U,.

Exercise 3.4.2 Find V, the harmonic conjugate of
U(re'®) =log(1 4 r? — 2rcosf).

Do we have V € h?(D)?

3.5 Poisson representation of h!(D) functions

In the proof of Theorems 3.5 and 3.6 we used the fact that LP(T) is the dual
of L(T), whenever 1 < p < co. But L'(T) is not the dual of any space. That
is why, in Theorem 3.6, the assumption p > 1 is essential and the suggested
proof for 1 < p < oo does not work if p = 1. To overcome this difficulty, we
consider L1(T) as a subset of M(T). By Riesz’s theorem, M(T) is the dual of
C(T). Now we proceed as in the proof of Theorem 3.5. The only difference is
that this time there is a unique Borel measure that represents our continuous
linear functional on C(T). Therefore, an element of h'(D) is represented by the
Poisson integral of a measure (and not necessarily of an L*(T) function).

Since k(D) C h*(D) C h?(D) C h1(D), 1 < p < oo, the following result is
the last step in the generalization of Theorems 3.4, 3.5 and 3.6.

Theorem 3.7 Let U € h'(D). Then there exists a unique p € M(T) such that

. 1 — 7‘2 . .
10y _ it 0 D
Ulre™) /1r 14+7r2—2rcos(d—t) dple”), (re™ € D),

and
1T = [l

Remark: Compare with Corollary 2.11.
Let U be a positive harmonic function on D. As a convention in this context,
positive means > 0 (see Exercise 3.5.7). Then, by Corollary 3.2,
L U (re)| df = rr U(re™) do = U(0)
2 27 N ’

—T —T
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and thus U € h'(D). Hence we can apply Theorem 3.7 and obtain a mea-
sure whose Poisson integral is U. But a closer look at its proof suggests an
improvement. Here, the measures

dpn () = U((1 — 1/n)e') dt/2n

are positive and thus their weak limit dp has to be positive too. Therefore, we
arrive at the following special case of Theorem 3.7.

Theorem 3.8 (Herglotz) Let U be a positive harmonic function on . Then
there exists a unique finite positive Borel measure  on T such that

. 1— 7‘2 . .
U(re?) = du(e™), re?? e D).
(re®) /ﬂ- 1472 —2rcos(6 —t) uiet) ( )
Herglotz’s theorem provides an easy proof of Harnack’s inequality. The main
feature of Harnack’s inequality is that the constants appearing in the lower and

upper bounds do not depend on the function U.

Corollary 3.9 (Harnack’s inequality) Let U be a positive harmonic function
on'D. Then, for each re’® € D,

1—r ; 1+r
U(0) < U(re??) <
147 (0) < (Te)_l—r

U(0).

Proof. By Theorem 3.8, U is the Poisson integral of a positive measure p. Since,
for all 0 and ¢,

1—r 1—r? 1+7r
< < ,
147 =~ 14r2—2rcos(d—t) — 1—r

and since du > 0, we have

1—r ; 11— ; 1+7r ;
d it < d it < /d 1t.
1+7’/]r M(e)_/TlJerercos(Oft) M(e)_lfr T ue)

But, again according to Theorem 3.8,

/ du(e™) = U(0).
T

Exercises

Exercise 3.5.1 Show that the Poisson kernel
. 1—72
P 60 _ ,

(re”) 1+7r2—2rcosf

as a positive harmonic function on D, is in A?(D), 0 < p < 1. What is the
measure promised in Theorem 3.87 Moreover, show that P ¢ h?(D) for any
p>1.
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Exercise 3.5.2 Let U be a real harmonic function on D. Show that U € h'(DD)
if and only if U is the difference of two positive harmonic functions.

Hint: Use Theorems 3.7 and 3.8 and the fact that each p € M(T) can be
decomposed as p = p1 — o where pp and psy are finite positive Borel measures.

Exercise 3.5.3 Let U be harmonic on ID. Show that there exists a unique
u € L'(T) such that

. 1 g 1—r2 , ,
U 0y it dt 0 D
(re”) 27 /,T 1472 —2rcos(f —t) u(e”) dt, (re® € D),

if and only if the family (U, )o<,<1 is Cauchy in L*(T) as r — 1.

Exercise 3.5.4 [Generalized Harnack’s inequality] Let U be a positive har-
monic function on the disc D(a,R) = {z : |z — a| < R}. Show that, for all
0<r< Rand¥#,

R—r U(a) §U(a+rei9) - R+r

R+r _R—rU(a)'

Exercise 3.5.5 Let U be the collection of all positive harmonic functions U
on D with U(0) = 1. Find

sup U(1/2)

veu
and

inf 1/2).

U2

Hint: Use Harnack’s inequality (Corollary 3.9).

Exercise 3.5.6 Let () be a domain in C. Fix z and w in 2. Show that there
exists 7 > 1 such that, for every positive harmonic function U on 2,

1 U(w) <U(2) < 7U(w).

Remark: 1o(z,w), the Harnack distance between z and w, is by definition the
smallest 7 satisfying the last relation.

Exercise 3.5.7 Let U be a positive harmonic function on a domain . Show
that either U is identically zero on {2 or it never vanishes there.
Hint: Use Exercise 3.5.6.
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Exercise 3.5.8 Let f be a conformal mapping between Q and ’. Show that

Ta(z,w) = 1o/ (f(2), f(w))

for all z, w € Q.

Exercise 3.5.9 Show that

1
O =t (0<r<1).
1—7r
Then use the conformal mapping
= , <1, BeR),
p)=e? 22 (jal<1, fER)

(an automorphism of the unit disc) to show that

R
(2 w) = 1iliif’|
1—zw

for all z,w € .

Remark: The content of Section 7.1 might help.

Exercise 3.5.10 Let U be a positive harmonic function on D. Show that
[VU(0)] <2U(0),

where
VU = 0U/0x +1i0U/dy.

Hint: Use Harnack’s inequality and the fact that VU (0) is the maximum direc-
tional derivative at zero, i.e.

IVU(0)]= sup | lim

Exercise 3.5.11 [Liouville] Use Harnack’s inequality to show that every pos-
itive harmonic function on C is constant.

Exercise 3.5.12 Let (U,,),>1 be a sequence of positive harmonic functions
on a domain €2, and let zg € 2. Suppose that

lim U, (zp) = cc.

Show that U,, converges uniformly to infinity on compact subsets of €.
Hint: Use Exercise 3.3.1.
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Exercise 3.5.13 Let (U,),>1 be a sequence of positive harmonic functions
on a domain €2, and let z5 € Q. Suppose that

lim U, (z9) = 0.

Show that U, converges uniformly to zero on compact subsets of (2.
Hint: Use Exercise 3.3.1.

Exercise 3.5.14 [Harnack’s theorem| Let (U, ),,>1 be an increasing sequence
of harmonic functions on a domain 2. Show that either U,, converges uniformly
on compact subsets of €2 to a harmonic function, or it converges uniformly to
infinity on each compact subset.

Hint: Use Exercises 3.3.5, 3.5.12 and 3.5.6.

Exercise 3.5.15 [Herglotz] Let f be an analytic function on the unit disc
with values in the right half plane {8z > 0}. Suppose that f(0) > 0. Show that
there exists a positive Borel measure on T, say u € M(T), such that

10 = [ G2 e

o et — 2

for all z € D.
Hint: Use Theorem 3.8 and Exercise 1.3.2.

Exercise 3.5.16 Let U be a positive harmonic function on . We know that
there exists a positive Borel measure p on T such that

; 1—7r? ; ;
0 it 0
— D).
U(re™) /11‘ 1577 —3rcos(0 — 1) du(e™), (re’” e D)

Show that
[Ullx = U(0) = [[p]| = p(T).

3.6 Radial limits of A?(ID) functions (1 < p < o0)

The following result is a generalization of Fatou’s theorem, which is about the
boundary values of bounded analytic functions in the unit disc. However, his
theorem works in a more general setting.

Lemma 3.10 Let u € LY(T), and let

, 1 [T 1—7? , ,
U 0y it dt 60 D).
(re) 27 /_7r 14+7r2—2rcos(d—t) u(e”) dt, (re” € D)
Then . ‘
lirri U(re?) = u(e') (3.9)

for almost all ¥ € T.
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Proof. According to a classical result of Lebesgue,
o+t "

s 18 — 1
%E% %, u(e") ds = u(e")

for almost all e € T. We prove that at such a point (3.9) holds. Without loss
of generality, assume that 6 = 0. Put

Ux) = /I u(e'™) dt, x € [—m, 7.

—T

Then, doing integration by parts, we obtain

2m00) = [ e u(e)
rU(r) = u(e
_r 1L+ 72—2rcost
1—1r2

" 0 1—1r2
= —U(¢ — — t)dt
1+7"2—27"costu() o /_ﬂat{1+r2—2rc0st}u()

_ 1—7"11(71_)_‘_/7r (1 —7r%)2r sint () dt

1+7r _x (1472 —=2rcost)?
1—r 2r T (1472 —r)tsint  Ut) — U(—t)
= U dt.
1+7r (W)Jrl—i—?“/,7T (1472 —2rcost)? 8 2t
But we know that ) )
Foeit) = (I+7)*(1—r)tsint

(1472 —2rcost)?

is a positive approximate identity on T and, by assumption,

LU —u(=t) L
}%T—}%% _tu(e )ds = u(l).

In other words, the function
, HOUED 5f g < |e <,
U(e) =
u(1) if t=0

is continuous at ¢ = 0, and moreover, W(e~%) = W(e®). Hence, by Theorem
2.5,

limU(r) = liml{l_rﬂ(ﬂ)-l- 2r /WFr(e”)u(t)_u(_t)dt}

r—1 r—127 | 147 147 J_, 2t
1 " it it
= lm o /_ﬂFT(e ) W(eit) dt
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A slight modification of the preceding lemma yields the following result about
harmonic functions generated by singular measures. Some authors prefer to
combine both results and present them as a single theorem, as we do later in
this section.

Lemma 3.11 Let 0 € M(T) be singular with respect to the Lebesgue measure,
and let

U(re?) = / Lo do(e™)
~ Jr 1472 —2rcos(d —t) '

Then
lim U(re') = 0 (3.10)

r—1

for almost all e* € T.

Proof. Since o is singular with respect to the Lebesgue measure, we have

. o({e":se(@—t,0+1)})
lim =
t—0 2t

for almost all ¢? € T. We prove that at such a point (3.10) holds. Without loss
of generality, assume that § = 0. First, we extract the Dirac measure (if any)
at the point —1. Hence,

Ur) = /T B e

1472 —2rcost

— et [ e

1472 —2rcosm \{-1} 1+ 72 —2rcost

Since

1—72
1. —:0
0 1+72—2rcosw

b

without loss of generality we may assume that o has no point mass at —1. Put
U(z) =o({e®:s€(—ma)}), x € (—m,m).

Then, doing integration by parts,

R
o= o 1L+72—2rcost T\E
1—r? T 0 1—r?

IS QS S —T1( — ] =l lywa
{1+r22rc0stu()} o /_Wﬁt{1+r22rcost}u()

_ 1_T}J(7r)+/7r (1 —7r2)2r sint () dt

1+r _x (1472 —=2rcost)?
1—r 2r T (14721 —r)tsint  U(E) —U(—t)

= dt.
1+ru(7r)+1+r /_,r (1472 —2rcost)? x 2t
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Since

O

Let p € M(T). By Lebesque’s decomposition theorem there are u € L(T)
and a measure o € M(T), singular with respect to the Lebesgue measure, such
that

dp(e™) = u(e") dt/2m + do(e").

Moreover,
, es:set—7t+7)})
1/ it — 1 M({ I
p(e”) = lim o

exists and equals u(e)/2n, for almost all e € T. Now, applying Lemmas
3.10 and 3.11, we obtain the following result about the radial limits of h'(DD)
functions.

Theorem 3.12 (Fatou) Let p € M(T) and let

- 1—1r2 ; ;
0\ it 0
U(re )/Tl—&—rz—Qrcos(O—t) du(e™), (re*” € D).

Then _ _
lim1 Ul(re') = 2 i/ ()

T

for almost all € € T.

Exercises

Exercise 3.6.1 Let u(e’?) = 0, for 0 < 6 < 2, and let U(re'?) = (P, xu)(e).
Show that

U(re') = © — 2arctan (% ), (re? € D).

Find all possible values of lim,, o, U(zy,), where z,, is a sequence in I converging
to 1.

Exercise 3.6.2 Let u € L'(T), and let U(re?) = (P, u)(e?). Suppose that
limg_,o+ u(e®) = L*, limg_o,— u(e?) = L™ and that L= < L*.
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(a) Let z, be a sequence in D) such that lim, o 2z, = 1 and L = lim,, o, U(2,)
exists. Show that L € [L™, LT].

(b) Let L € [L~,L*]. Show that there exists a sequence z, € D such that
limy, o0 2, = 1 and lim,, oo U(2,) = L.

Hint: Consider

2w

and apply Exercise 3.6.1 and Corollary 2.6.

Exercise 3.6.3 Let u be a real signed Borel measure in M(T). Let

: 1 1—7r? ; ;
0y it 0 D).
Ulre™) o2 /T 1472 —2rcos(f —t) dple”). (re” € D)

For each €% € T, define

p({e®:se€(o—7,600+7)})

(™) = limsup o :

) is:5€ (0 — 7,00 +
w(e) = limigf'u({e ° (20 m+m}),
— T— T

Show that

,u'(ew‘)) < liminf U(rew") < lim sup U(reiao) < ﬁ(ewo)_

— r—1 r—1

Remark: This is a generalization of Theorem 3.12.

Exercise 3.6.4 Let u be a real signed Borel measure in M(T). Let

. 1 — 7‘2 . .
U 0y d it 0 D).
(re®) /Tl+7“2—2rcos(9—t) Het), (re” € D)
Let e e T be such that
i (€% = +o0.
Show that
lim U(re') = 4-00.

r—

Hint: Apply Exercise 3.6.3.
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Exercise 3.6.5 Let 0 € M(T) be positive and singular with respect to the
Lebesgue measure, and let

. 1— 7"2 . .
0y _ it 0 D).
Ulre™) /T 1472 —2rcos(d—t) do(e™), (re” €D)
Show that .
lim U(re?) = +oo (3.11)

for almost all € € T (almost all with respect to o).

Hint: Use Exercise 3.6.4.

Remark 1: If o # 0, then at least for one point (3.11) holds.

Remark 2: Compare with Lemma 3.11 in which almost all is with respect to the
Lebesgue measure.

Exercise 3.6.6 Let U be a positive harmonic function on D such that

lim U(re') = 0

r—1

for all ¢’ € T\ {1}. Show that

1—72

U 60 _ ;
(re®) Cl+r2—2rc080

where c is a positive constant.
Hint: Use Theorem 3.8 and Exercise 3.6.5.

Exercise 3.6.7 Let u € M(T), and let

) 1— 92 . .
0y _ it 0 D).
Ulre™) /T 1472 —2rcos(f —t) dple”), (re” € D)

Suppose that ‘
lirq U(re') =0

for all € € T. Show that U = 0.
Hint: Use Theorem 3.12 and Exercise 3.6.5.

Exercise 3.6.8 Let U be a harmonic function on the open unit disc and
suppose that _

lirn1 U(re') =0

r—

for all ¢ € T. Can we deduce that U = 0?
Hint: Consider
2r(1 —r?)sing _op

U 10y _ _ 2
(re®) (1472 —2rcosf)? 00

(reie).

Remark: Compare with Exercise 3.6.7.
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Exercise 3.6.9 Let p € M(T) and let

. 1—1r2 . .
0N\ __ it 0
Ulre )/T1+7~2—2rcos(9—t) dp(et), (re?® € D).

Show that, for almost all 6, € T,

lim  U() = 2 (%)
z—e'’0

2€S4(00)
where S, (6p) is the Stoltz domain
So(00)={zeD: |z—€| <C,(1—|2|)}.

(See Figure 3.1.)
Remark 1: C, > 1is an arbitrary constant. Near the point e*0, the boundaries
of S, (6p) are tangent to a triangular-shaped region with angle

2a = 2arccos(1/Cy,)

and vertex at e,

Remark 2: We say that 27 /(e?%) is the nontangential limit of U at %,

Fig. 3.1. The Stoltz domain S, (6p).

Exercise 3.6.10 Let p be a positive Borel measure in M(T). Let

) 1 — 92 ) )
6 it 0
= d D).
Ulre™) /ﬂ- 1472 —2rcos(f —t) uet), (re” € D)
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Let ¢% € T be such that ,
W (€%) = +o0.
Show that, for each o > 0,

lim U(z) = +o0.
z—e'%0

2€854(00)

Remark: This is a generalization of a particular case of Exercise 3.6.4.

Exercise 3.6.11 Construct a real signed Borel measure p € M(T) such that
,u/(l) = +o0,

but _
lim U(1 ~ te'™/4) #£ 400,

where

; 1—7r? ; ;
0 it 0
— D).
Utre™) /T 1472 —2rcos(f —t) diale™), (re® €D)

Remark: Compare with Exercises 3.6.4 and 3.6.10.

3.7 Series representation of the harmonic con-

jugate
Let p € M(T), and let
U(re') = / L7 du(e™) (re’® € D)
r 1+72—2rcos(f —t) ’ '
Then, by Theorem 2.1,
U(re) = Z fi(n) rimlein? (re’® € D).
n=-—oo

Hence, by Theorem 3.1, the harmonic conjugate of U is given by

o0

V(re') = Z —isgn(n) fi(n) rlnl eind, (re? e D).
Thus,
V(re?) = Z —isgn(n) ( / et du(e“)) rlnl gind
n=-—oo T

o0

[ (5 st e ) auget)

n=-—oo
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But, a simple calculation shows that

oo

Qu(ey= 3 —isgn(n)rl et =

n=—oo

2rsint

_ 3.12
1+72—2rcost ( )

(See Figure 3.2. Figure 3.3 shows the spectrum of 1 Q,..) This function is called
the conjugate Poisson kernel. Therefore, the harmonic conjugate of U is given
by the conjugate Poisson integral

0 1 /7r 2rsin(6 — t) it 0
= D). 1
Vire®) 2 J_. 1+72—2rcos(6 —t) dinle™), (re” D). (3.13)

Fig. 3.2. The conjugate Poisson kernel @,.(¢®) for r = 0.2, 0.5, 0.8.
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In|
—sgn(n)

Ill‘olz

3
4 3 2 -1 |I| e

Fig. 3.3. The spectrum of % Q.

We state the preceding result as a theorem which reveals the relation between
the harmonic conjugate V' and the Fourier coefficients of @ when V' is given by
the conjugate Poisson integral of p.

Theorem 3.13 Let u € M(T), and let

; 2rsin(0 — t) ; -
0y d it 6 D).
Vi(re™) /T 1472 —2rcos(fd —t) e, (re” € D)
Then -
V(re'?) = Z —i sgn(n) fi(n) rinl eid (re’® € D).

The series is absolutely and uniformly convergent on compact subsets of D. The
function V' is the unique harmonic conjugate of

. 1— r2 . .
0N\ __ it 10
Ulre™) = /T 1+72—2rcos(f —t) dpa(e™), (re™ € D),

on D with V(0) = 0.

Exercises

Exercise 3.7.1 Let p € M(T), and let U = Pxp and V = @ * pu. Let
F =U +1iV. Show that

F(z) = / e dp(e™), (= € D).

o et — 2z
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Exercise 3.7.2 Show that the conjugate Poisson kernel

2r sin 6

0\ _
Qre™) = 1472 —2rcosf’

as a harmonic function on D, is not in h'(D). However, Q € h*(D), 0 < p < 1.



Chapter 4

Logarithmic convexity

4.1 Subharmonic functions
Let Q be a topological space. A function
P :Q+— [—00,00)

is upper semicontinuous on ) if the set {z € Q : ®(z) < ¢} is open for every
¢ € R. Note that —oco is included as a possible value for ®(z). As a matter of
fact, according to our definition, & = —o0o is an upper semicontinuous function.

By a fundamental theorem of real analysis, a continuous function over a
compact set is bounded and besides, it attains its maximum and its minimum.
A similar, but certainly weaker, result holds for upper semicontinuous functions.

Lemma 4.1 Let Q be a topological space, and let @ : Q) — [—00,00) be upper
semicontinuous on ). Let K be a compact subset of Q). Then there exists zy € K
such that

P(2) < (20)

forall z € K.
Proof. Clearly
K C U{ZGQ:(I)(Z)<TL}
n=1

and, by definition, each set {z € Q : ®(z) < n} is an open subset of ). Therefore,
K has a finite subcover, say

N
K C U{zEQ:@(z)<n},

which implies

M = sup ®(z) < N < 0.
z€K

81
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On the other hand, each set K,, = {# € K : ®(2) > M — 1/n} is compact,
nonempty and K, O K, 1, for n > 1. Therefore, by the finite intersection
property for compact sets,

ﬁKn:{ZeKzé(z):M}
n=1

is not empty. Any 29 € (., K, is a global maximum point. O

Upper semicontinuous functions can be pointwise approximated by contin-
uous functions on compact sets. This result plays a key role in developing the
theory of subharmonic functions. In our applications, the compact set is usually
a circle.

Theorem 4.2 Let Q be an open subset of C, and let & : Q —— [—00,00) be
upper semicontinuous on ). Let K be a compact subset of Q). Then there exist
continuous functions ®,, : K — R, n > 1, such that

By >y > > D
on K and
lim ®,(z) = ®(2)
n—oo

for each z € K.

Proof. If & = —o0, simply take ®,, = —n. Hence, assuming that ® # —oo, let

B, (2) —522<©(w)—n|w—z>, (z € K).

According to Lemma 4.1, for each n > 1,

D, (2) <M = sup ®(w) < oo, (z € K).
weK

Moreover, by the triangle inequality,
[Bu(2) = ®u(z)| < nlz— 2
for all z, 2’ € K, and clearly
Dy (2) > Po(z) > -+ > P(2), (z € K).

It remains to show that ®,(z) converges to ®(z). Fix zp € K. Given £ > 0,
choose R > 0 such that
D(z) < P(z0) +¢

whenever |z — zp| < R. Hence
D, (20) < max{ P(zp) +¢,M —nR}, (n>1).
Therefore, for all n > M/R,
D(20) < D, (20) < D(20) + €.
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A function ® : Q — [—00,00) is subharmonic on ) if it is upper semicon-
tinuous and for each z € Q there exists r, > 0 with

D(z,7,) C Q,

such that
1

27
d(z) < — / ®(z+re?) do (4.1)
2r Jo

whenever r < r,. Our prototype of a subharmonic function is ® = log|F]|,
where F' is an analytic function on Q. Indeed, ® is a continuous function on €
with values in [—o0, 00). If F'(z) = 0, then (4.1) is trivial and if F(z) # 0, then
log | F'| is harmonic in an open neighborhood of z and thus, by Corollary 3.2,
equality holds in (4.1) for sufficiently small values of r. The subharmonicity is
a local property. In other words, the property (4.1) should be verified in a disc
around z whose radius may depend on z. Nevertheless, we will see that (4.1)
holds as long as D(z,7) C Q. The passage from a local to a global property is
a precious tool in studying subharmonic functions.

Exercises

Exercise 4.1.1 Let  be an open subset of C. Show that ® : Q — [—00, 00)
is upper semicontinuous if and only if

lim sup ®(w) < &(z)
wts
for all z € Q.
Hint: Remember that

lim sup ¢(w) = 7lirr(l) < . lsup‘ <I>(w)>
w—z - <|lw—z|<r

w#z

Exercise 4.1.2 Let 2 be an open subset of C, let zy € 2, and let & : Q ——
[—00, 00) be upper semicontinuous. Suppose that ®(zy) = —oo. Show that P is
continuous at zp, i.e.

lim ®(z) = D(z).

z—20
Exercise 4.1.3 (Dini’s theorem) Let K be a compact set. Let ®,, : K — R,
n > 1, and ® : K — R be continuous functions on K. Suppose that
D1(2) = Pa(2) = -+ = B(2)
and that
lim ®,(z) = ®(z)

n—oo
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for each z € K. Show that ®,, converges uniformly to ¢ on K.

Remark: Here we assumed that ® is continuous on K. Hence, in general, we
cannot apply Dini’s theorem to conclude that the sequence (®,),>1 given in
Theorem 4.2 converges uniformly to ¢ on K.

Exercise 4.1.4 Let Q be an open subset of C and let U be harmonic on ).
Let 1 < p < co. Show that |U? is subharmonic on 2.

Hint: Use Corollary 3.2 and Holder’s inequality. Jensen’s inequality can be
applied too.

Exercise 4.1.5 Let Q be an open subset of C, let ® :  — [—00,00) be
subharmonic and let ¥ : [—0c0, 00) — [—00, 00) be nondecreasing, continuous
and convex on (—oo,00). Show that ¥ o ® :  — [—o0, 00) is subharmonic. In
particular, exp(®) and ®* are subharmonic functions.

Hint: Use Jensen’s inequality.

Remark: We assume exp(—o0) = 0.

Exercise 4.1.6 Let 2 be an open subset of C and let F' be analytic on €. Let
0 < p < co. Show that |F|? and log™ |F| are subharmonic on Q.

Hint: Use Exercise 4.1.5 and the fact that ® = log |F|P is subharmonic.
Remark: The case 1 < p < oo also follows from Exercise 4.1.4.

Exercise 4.1.7 Let U be harmonic on D. Show that U € h?(D), 1 < p < oo,
if and only if the subharmonic function |U|P has a harmonic majorant on D, i.e.
there is a harmonic function V' € h(D) such that

|U(2)]P < V(2), (re?? e D).

Remark: The function V is called a harmonic majorant of |[U[P. Compare with
Exercise 11.4.1.

4.2 The maximum principle

If F is analytic on 2 and continuous on £, the maximum principle for analytic

functions says that
max |F(z)| = max |F .
o | ( )| CE@Q| (C)‘

In this section we show that this fundamental result is also fulfilled by subhar-
monic functions.

Theorem 4.3 (Maximum principle for open sets) Let Q be a domain in C, and
let ® be subharmonic on 2. Suppose that there is a zg € Q0 such that

®(z) < ®(20)

for all z € Q. Then ® is constant.
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Proof. Let M = ®(zp), and let
D ={zeQ:0(z) <M}

and
D={z€Q:®(z)=M}.

Clearly Q = Q; UQa, Q1 N Qs = () and Qs # . Hence, if we show that Q; and
5 are open subsets of €2, then the connectivity of Q forces Q; = (), and thus
b=M.

Since ® is upper semicontinuous, by definition, €2; is open. On the other
hand, for any z € s, there exists r, > 0 with D(z,r,) C Q, such that

1 27 )
M=d(z) < — / (24 re?) db,
0

27

whenever r < r,. But, by assumption, we also have ®(z + rew) < M for all
6. If for some 6y, ®(z + re'®) < M holds, then, by upper semicontinuity,
®(z 4+ re'?) < M must hold on some open arc around 6y, which would imply

1 2m

— ®(z+re?) do < M.
2 0

Therefore, ®(z + re'®) = M, for all § and all 0 < r < r,. In other words,
D(z,r,) C Qa. Hence, € is also open. O

In the following, 0) denotes the boundary of 2 as a subset of C. Hence,
if Q is unbounded, we do not assume that co € 0€). Therefore, whenever a
property has to be satisfied at boundary points of 2 and also at infinity, the
latter requirement is explicitly expressed.

Corollary 4.4 Let Q be a domain in C, and let ® be subharmonic on €.
Suppose that
limsup ®(z) <0

z—(
z€Q)

for all ¢ € 0. If Q is unbounded, we also assume that

limsup ®(z) < 0. (4.2)
ZZ—E)SQZO
Then
D(z) <0, (z € Q).

Proof. Let M = sup,cq ®(2), and suppose that M > 0 (possibly +00). Then
there is a sequence (zp)p>1 in € such that lim, . ®(z,) = M. Since we
assumed that

limsup ®(z) <0

z—(
z€Q
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for all ¢ € 99, and also for { = oo if Q is unbounded, the sequence (z,,)n>1
is bounded and all its accumulation points are inside 2. But, if zg € © and
(Zn,, )k>1 converges to zp, then

M = klim D(zp,) < limsup @(z) < P(zp) < M.
o Led
Thus ®(z9) = M, which means zy is a global maximum point. Therefore,
by Theorem 4.3, ® = M > 0, which contradicts our assumptions about the
behavior of ® as we approach the boundary points of (2. Hence, M < 0. O

The condition (4.2) cannot be relaxed for unbounded domains. For example,
®(x + iy) = y is harmonic in the upper half plane C, and

limsup ®(z) =0
ZZEEi
for all t € R. However, ® > 0 on C,. Nevertheless, we can sometimes replace
(4.2) by another condition. The following corollary is a result of this type.

Corollary 4.5 Let Q) be a proper unbounded domain in C, and let ® be subhar-
monic and bounded above on 2. Suppose that

limsup ®(z) <0
o]
for all ( € OQ2. Then
D(z) <0, (z € Q).

Proof. Without loss of generality, assume that 0 € 9. Given £ > 0, there is
0 < R < 1/2 such that ®(z) < ¢ for all z € Q with |z| < R. Since

log(|z|/R)
log(1/R)
is a positive harmonic function on { |z| > R},
log(|z|/R

is subharmonic on Qr = QN {|z| > R}, and

limsup ¥(z) <0
zze_éfa
for all ¢ € 0Qg. The term —e in the definition of V¥ is added to ensure that
this property holds even if ¢ € 90k and |¢| = R. Moreover, since ® is bounded
above on (2,
limsup ¥(z) = —o0 < 0.

2—00
2EQR
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Hence, by Corollary 4.4, ¥(z) < 0 for all z € Q g, which gives

log™ (|z|/R)
log(1/R)
for all z € Q. Again thanks to the extra ¢ that we added from the beginning,

the last inequality is actually valid for all z € Q. Let ¢ — 0 (which may force
R — 0). Nevertheless, we get ®(z) <0 for all z € Q. O

b(z) <e+e

Exercises

Exercise 4.2.1 [Maximum principle for compact Eats] Let Q be a bounded
domain in C, and let ® be upper semicontinuous on {2 and subharmonic on 2.
Show that there is a (y € 92 such that

P(2) < @(Co)

for all z € Q.
Hint: Apply Lemma 4.1 and Theorem 4.3.

Exercise 4.2.2 Let

0 if <0,
O(z +iy) =
r if x>0.

Show that ® is subharmonic on C.
Hint: Use Exercise 4.3.1, part (a).
Remark: Every point z = z + iy, © < 0, is a local maximum. Is that a contra-
diction to the maximum principle?

Exercise 4.2.3 Let ) be a bounded domain in C, and let U be a real harmonic
function on €. Suppose that
lin} U(z)=0
ted
for all ¢ € 0€2. Show that U = 0.
Hint: Apply Corollary 4.4 to U and —U.

Exercise 4.2.4 Let ) be a proper unbounded domain in C, and let F be a
bounded analytic function on 2. Suppose that

limsup |F(2)] <1
=]
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for all ¢ € 0€2. Show that
|F(z)] <1

for all z € €.
Hint: Apply Corollary 4.5 to log|F|.

Exercise 4.2.5 [Gauss’s theorem] Let © be an open subset of C, and let U
be a real continuous function on 2. Suppose that U satisfies the mean value
property, i.e. if D(z,7) C €, then

T or

U(z) U(z +re') dt.

Show that U is harmonic on .
Hint: The proof of Theorem 4.3 might help.

Exercise 4.2.6 [Schwarz’s reflection principle] Let Q be a domain in C sym-
metric with respect to the real axis. Suppose that F' is analytic on QN C, and,
for each t € QO NR,

lim SF(z) =0.

z—t
zeQNC4
Show that there is a unique analytic function G on Q such that G = F on
QNCy.
Hint: Put

SF(z) if zeQNCy,
V(z) = 0 if zeQNR,

—QF(z) if zeQnC_,
and apply Exercise 4.2.5 to show that V' is harmonic on ).

4.3 A characterization of subharmonic functions

Corollary 4.4 enables us to provide an equivalent definition of subharmonic
functions which justifies the title subharmonic.

Theorem 4.6 Let Q2 be an open subset of C, and let & : Q — [—00,00) be
upper semicontinuous. Then the following are equivalent:

(a) ® is subharmonic on €;

(b) for any bounded subdomain ZE with = C Q, and for any harmonic function
U on =, if

lirznjélp (<I>(z) - U(z)) <0
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for every ( € 0=, then we have
®(z) <U(2), (z € 2);
(¢) if z€Q, and D(z, R) C Q, then

®(z + re'?) (2 + Re') dt

/ R2 412 — 2Rr 008(9 —1)
for all0 <r < R and all 6.

Proof. (a) = (b) : It follows from Corollary 4.4.

(b) = (c¢) : By Theorem 4.2, there exist continuous functions ®,,, n > 1,
defined on the circle Cr = {{ : |¢ — 2| = R}, so that ®,({) > ®,4+1(¢) and
lim,, oo ©,({) = ®({), for all ( € Cr. By Corollary 2.3, if we also define

2

g ,
P b, Re™) dt
n(z e T or / R% 4 r2 — 2Rr cos(f —t) (z+ Ret)

for z 4+ re’® € D(z, R), then ®,, is continuous on the closed disc D(z, R), and
besides it is harmonic inside that disc. Since ® is upper semicontinuous, for
each ¢ € 0Dg = Cg, we have

s (B(u) ~ B,(u) ) £ 2(0) - 2,(0) <0

w—C
weDR

Hence, by assumption (b), ®(z + re?) < @, (z + re'?), i.e.

B(z + reit) < /7r 7 ®,(z+ Re') dt
Z+r — n(z
~ 21 J_. R?+1%2—2Rrcos(f —t)

for all 0 < r < R and all . Let n — oo and use the monotone convergence
theorem to get (c).
(¢) = (a) : Put r =0. O

Exercises

Exercise 4.3.1 Let ®; and ®5 be subharmonic functions on an open set ).
Show that

(a) max{®q, P} and
(b) a1 @1 + as Py, where oy, ag > 0,

are also subharmonic on €. Is min{ ®;, ®5 } necessarily subharmonic on Q7
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Exercise 4.3.2 Let 2 be an open subset of C, and let ® : Q —— R be twice
continuously differentiable on 2. Show that ® is subharmonic on 2 if and only
if V2® > 0 on Q.

Hint: Use Theorem 4.6(b) with the upper semicontinuous function

O(2)—U(2)+e|z]* if z€E,
Ve(z) =
ez|? if z€0=.

Exercise 4.3.3 Let 2y, {25 be open subsets of C, let F' : Q; — s be
analytic, and let ® : Qo —— [—00,00) be subharmonic on 5. Show that
Do F: Q) — [—00,00) is subharmonic on €.

Hint: Use Exercise 1.1.4 and Theorem 4.6, part (b).

4.4 Various means of subharmonic functions

Given a finite family of subharmonic functions, by taking positive linear combi-
nations or by taking their supremum, we can create new subharmonic functions.
In this section, we show that under certain conditions the preceding two pro-
cedures still create subharmonic functions even if the family is not finite. This
topic is thoroughly treated in [17].

In the following theorem we assume that 7" is any compact topological space.
But in our applications, it is always the unit circle T.

Theorem 4.7 Let T be a compact topological space, and let €2 be an open subset
of C. Suppose that ® : Q@ x T +—— [—00,00) has the following properties:

(i) ® is upper semicontinuous on Q x T';

(ii) for each fizedt € T,
Oi(z) = O(2,1), (z€Q),
as a function of z, is subharmonic on €.

Let
D(2) = sup D4(2), (z € Q).
teT

Then ® is subharmonic on €.
Proof. First, let us show that ® is upper semicontinuous. Fix ¢ € R, and suppose
that ®(z9) < ¢. Then, according to the definition of ®, we have ®(zg,t) < c¢ for

all t € T'. Since ® is upper semicontinuous on €2 x T', for each ¢t € T', there exist
r: > 0 and an open set V; C T with t € V; such that

D(zo,1¢) x Ve C{(2,7): ®(z,7) < c}.
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Since T' = |J, V4, and T' is a compact set, T has a finite subcover, say
T=V,U---UV,,

for some t1, ta, ..., t, € T. Let r = min{ry,, 4,, ..., 1, } and note that r > 0.
Hence
D(zg,7) x Vi, C{(2,7) : ®(2,7) <c—¢e}

for k =1,2,...,n. Therefore, taking the union over k, we obtain
D(zp,7) X T C{(z,7): ®(z,7) < ¢},

which implies
D(zp,r) C{z:P(2) < c}.

Note that {z} x T is compact and thus, by Lemma 4.1,

O(z) =sup ®(z,7) < ¢
TeT

provided that ®(z,7) < ¢ holds for all 7 € T. Hence ® is upper semicontinuous.
Secondly, we show that ® is subharmonic. Fix zy € (), and assume that
D(zp, R) C . Since ¥, is subharmonic, Theorem 4.6 implies

1 i .
Dy(20) < — / Dy (20 + 7"6“9) do
27 J_.

for all » < R. Appealing to Theorem 4.6 is a crucial step in the proof. Since
otherwise, based on the original definition of subharmonicity, the last inequality
would be valid for » < R = R(t) and we have no control over R(t). Hence,

1 4 .
Dy(z0) < — / D (2 +re'?) d
2 J_ .
for all » < R. Now, once more, take the supremum over ¢t € T' to get the required

result. O

A subharmonic function ¥ on Dpg is called radial if
U(z) = ¥(lz])

for all z € Dgi. Given a subharmonic function on a disc, the preceding result
enables us to create a radial subharmonic function by taking its supremum over
each circle.

Corollary 4.8 Let ® be subharmonic on the disc Dg. Let

U(z) = sup ®(|z]e?), (z € Dg).
et?eT

Then V¥ is a radial subharmonic function on Dg.
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Proof. The function

DrxT — [—00,00)
(z,¢9) s ®(ze)

fulfils all the requirements of Theorem 4.7. Hence,

U(z) = sup @(zeie) = sup q)(\z|ei9)
e eT ei?eT

is subharmonic on Dg. The last identity also shows that ¥(z) = ¥(|z]). O
In the following result we assume that (7,901, ) is any measure space with
1 a finite positive measure on T'. But in our applications, T is either the unit

circle T equipped with the normalized Lebesgue measure df/2m, or is the unit
disc D with the two-dimensional normalized Lebesgue measure rdrdf/z.

Theorem 4.9 Let (T,9M, 1) be a measure space, pn > 0, u(T) < oo, and let
be an open subset of C. Suppose that ® : Q@ x T —— [—00,00) has the following
properties:

(i) ® is measurable on Q x T';

(ii) for each fizred t € T, ®(z,t), as a function of z, is subharmonic on );

(i) for each z € 1, there exists v, > 0 with D(z,r,) C Q such that

sup  P(w,t) < 0.
D(z,r,)xXT

Let

Then ® is subharmonic on €.

Proof. Without loss of generality, assume that p is a probability measure. We
start by showing that ® is upper semicontinuous on §2. Fix z € €, and let

M,= sup P(w,t).
D(z,r.)xT

First of all, assumption (iii) shows that

D(z) < M, < 0.
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Secondly, since ®(z,t) is subharmonic on 2, by Fatou’s lemma,

M. —limsup ®(w) = liminf (M. - &(w))
= hgﬂgf/T (M. — ®(w,t)) du(t)
> /Thgggf( .= ®(w,t)) dpu(t)
_ /T(Mz ~ limsup ®(w.1)) dy(?)
> /T (M. — ®(z,t)) du(t) = M. — B(=).
Hence, we have
limsup ®(w) < ®(z), (2 € ),

which ensures that ® is upper semicontinuous on 2. It remains to show that ®
fulfils the submean inequality. Let » < r, and let

Iz(r):%/ B(z + e df,

—T

Then, by Fubini’s theorem,
1
Mz - Iz
(r) o / (
1
= 5 T M, — ®(z+re,t)) du(t) ¢ db

e,

/T (MZ - (I)(th)) d,LL(t) =M, — (I)(Z)

M, — ®(z+ré’ )) do

IN

Note that the integrand is nonnegative and thus Fubini’s theorem can be applied.
Thus, for all r < r,

O

Given a subharmonic function on a disc, the preceding result enables us to create
a radial subharmonic function by taking its integral means over each circle.

Corollary 4.10 Let ® be subharmonic on the disc Dg, and let

U(z) = S /7T (ze") db, (z € Dg).

2 ) .

Then V¥ is a radial subharmonic function on Dg.
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Proof. The function
DrxT — [—00,00)
(z,€9)  —  B(ze')

fulfils all the requirements of Theorem 4.9. Hence,

W(z) = = /ﬂ B(ze) df = /ﬂ B(|2]e) df

T on o 27 J_.

is subharmonic on Dg. The last identity also shows that ¥(z) = ¥(|z]). O

Exercises

Exercise 4.4.1 Let ® be subharmonic on the disc Dg. Let

1 T 1 )
=) = E/ /0 ®(zpe'’) pdpd, (2 € D).

Show that W is a radial subharmonic function on Dg.
Hint: Consider the function

DrxD — [—00,00)
(2.pe®) —  B(zpe)

and apply Theorem 4.9.
Remark: By a simple change of variable, we also have

1 T |z ;
U(z) = W/—w/o ®(pe 9) pdpd®,

if z #£0.

Exercise 4.4.2 Let Q be a domain in C and define
O(z) = —logdist(z,00Q), (z € Q),

15(2, ) C 9i‘< Z|

Show that ® is subharmonic on ).
Hint: Use Theorem 4.7.
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4.5 Radial subharmonic functions

Let ® be subharmonic on Dp, and let

Mag(r) = sup @(2),

|z|=r

1 " i0
Co(r) = o O(re’”) db

—T

for 0 < r < R. In Corollaries 4.8 and 4.10, we saw that ¥(z) = Mq(|z]) and
U(z) = Cs(]z]) are radial subharmonic functions on Dg. The following result
characterizes all radial subharmonic functions.

We say that ¥U(r) is a convex function of logr, if U(e”) is a convex function
of p. In other words, ¥ satisfies

logry — logr logr — logry

U(r) <

~ logry —logry

W(ry) + U(ra),

logre — logry

whenever r; < r < r9, and of course r,ry, 79 are in the domain of definition of
v,

Theorem 4.11 Let VU be a radial subharmonic function on Dg. Then ¥(r),
0 <r < R, is an increasing convez function of logr, and lim,_o ¥(r) = ¥(0).

Proof. Let 0 < r; < ry < R. Since V¥ is subharmonic and radial,
1 T .
T(0) < o / U(rie) do = W(ry). (4.3)

—T

Also, by the maximum principle,

U(ry) < sup ¥(z) = U(ry).

[z|=r2

Thus WV is increasing. Moreover, by (4.3), and the fact that ¥ is upper semicon-
tinuous on Dp, we have

T(0) < lim i(r)lf\IJ(r) < limsup ¥(r) < ¥(0).
T r—0
Therefore, ¥ is continuous at the origin.
To prove that ¥(r) is a convex function of logr, fix r1 and ry, and let

logry — log |2] log |z] — logrq

T(z) = ¥(z) W(ri) W(ra)

logry — logry logry — log 1

for
z€ A(ry,re) ={z:r <|z| <r2}.
Then T is a subharmonic function on the annulus A(ry,72), and
limsup T(z) <0

z—(
z€A(r1,r2)
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for all ¢ € 9A(r1,r2), where 0A(r1,72) consists of two circles {|¢| = r1} and
{I¢| = r2}. Therefore, by the maximum principle (Corollary 4.4), T(z) < 0 for
all z € A(ry,r9). This fact is equivalent to

logre — logr logr — logry

U(r) <
() < logrg — logry

\Il(rl) + \II(TQ)>

logry — logry
whenever r1 < r < rg. O
Corollary 4.12 Let ® be a subharmonic function on Dg. Then

(a) Mg(r) and Ce(r) are increasing convex functions of logr,

(b) lim, o Mg(r) = lim,_0Cs(r) = ®(0),

(c) ®(0) < Cq(r) < Mg(r), for all 0 <r < R.

Proof. The first two claims are direct consequences of Corollaries 4.8 and 4.10
and Theorem 4.11. Moreover, directly from the definition, Cq (1) < Mg (r), and
by (4.3), ®(0) < Ca(r) for 0 <r < R. O

Let w € LP(T), 1 < p < o0, and let U = P * u. According to Corollaries
2.11, 2.15 and 2.19, we have U € h?(D) and

1Ullp = sup [[Upllp = lim [Ur[]p = [|ullp-
0<r<1 r—

However, based on Corollary 4.12, we can say more about the behavior of |U,||,,
as a function of r.

Corollary 4.13 Let u € LP(T), 1 < p < oo, and let U = P xu. Then ||U,|, is
an increasing convex function of logr and

}1_{% HUT”p = ||U||p~

Let F € HP(D) with 0 < p < co. If 1 < p < oo then the preceding result
applies and thus ||F,|/, is an increasing function of r with

lim [|F [l = 1F ]l = 111l

where f represents the boundary values of F. If 0 < p < 1, first of all, we have
not yet shown that F' has boundary values almost everywhere on T. At this
point, we do not have enough tools to prove this fact. However, since |F|P is a
subharmonic function on D, even if 0 < p < 1, Corollary 4.12 applies and we
obtain the following result.

Corollary 4.14 Let F € H?(D), 0 < p < co. Then ||F,||, is an increasing
convez function of logr and

lim [|F+ [, = [l



4.6. Hardy’s convexity theorem 97

Exercises

Exercise 4.5.1 Let ® be subharmonic on Dy and let

1 v T .
Bq,(r):?/ /Oq>(pew) pdpdd

T

for 0 < r < R. Show that Bs(r) is an increasing convex function of logr,
0(0) < Ba(r) < Ca(r) < Ma(r)

for all 0 < r < R, and that

lim Bg(r) = ®(0).

r—0

Exercise 4.5.2 Let ¥ be a radial function on Dg. Suppose that ¥U(r), 0
r < R, is an increasing convex function of logr and that lim,_,o ¥U(r) = ¥(0
Show that W is subharmonic on Dg.

<
).

4.6 Hardy’s convexity theorem

G. H. Hardy, in a famous paper [7], showed that log( || F}.||, ) is a convex function
of log r, whenever F' is an analytic function on a disc. This result is considered
as the starting point of the theory of Hardy spaces.

Theorem 4.15 (Hardy) Let F be analytic on the disc Dy, and let 0 < p < oo.
Then log(||Fy||p) is an increasing convex function of logr.

Proof. First of all, note that
1 s

1E 15 = 5 |E(re®)|P df = Cipyp(r)

—T

and thus, by Corollary 4.12, ||F,||, is an increasing convex function of logr.
Fix A € R. Since F' is analytic on Dpg,

U(z) = |2} [F(2)P
is subharmonic there, and furthermore
C\p (T) = 7“>\ CIFlp (’I“) (44)

Fix r, r1 and 7o with 0 < r; <r < ry < R. By Corollary 4.12 and by (4.4), we
have
log(r2) — log(r) log(r) —log(r1)
Colr) < —=2L =2 7 — 2 7 Cylrsa). 4.5
w(r) < log(r2) — log(r1) (r1) log(r2) — log(r1) w(r2) (45)
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The right side is the arithmetic mean of
ay = Cy(r) =7 Cirip(r1) and ay = Cy(ry) =15 Cirip(r2)
with weights

_ log(r) —log(r1)

_ Jog(ry) ~log(r) "% Tog(ra) —Tog(r)’

= and
log(rg) — log(r1)

my

Note that r = r{"* r5"2. Hence, by (4.4), we can rewrite (4.5) as
r Cipp(r) < myar +msoas. (4.6)
The arithmetic—geometric inequality says that
al™ ay? <myay +maas

and that equality holds if and only if oy = 5. Thus we choose A such that
a1 = (g, i.e.
7 Clpp(r1) = 15 Cippp (ra).

Hence, with this particular choice of A, we have

m m
miag+moe = o)t oy’

(rfc,mp(ﬁ))ml . (rz’\C|F|p(r2)>m2

_ o <cF|p(r1)>ml x (C|Fp(7’2))m2.

Therefore, by (4.6), we obtain
Cipp(r) < (C|F|p(7”1)> x (CFVD(TQ)) :

Since Cpj» (1) = || F;+||h, taking the logarithm of both sides gives

log(ra) — log(r)

log (|| F; < log (|| F5
BIE ) < o S tog(IFry )
log(r) —log(r1)
— ] F. ,
log(rg) . log(ﬁ) Og(” 1 ||P)
which is the required result. O

Hardy’s convexity theorem is valid even for p = oco. In this case it is called
Hadamard’s three-circle theorem [4, page 137]. If we use M| p| instead of Cpp»
in the preceding proof, we obtain a proof of Hadamard’s theorem. However, we
will also discuss a variation of this theorem in Section 8.2.

Exercises
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Exercise 4.6.1 Let I be analytic on the disc Dg, and let 0 < p < co. Define

1 T r ] %
Flow ={ = [ [ 1P ptpan ). 0<r <)
™ —xJo

Show that log(||F|[,,») is an increasing convex function of logr.
Hint: Repeat the proof of Theorem 4.15, replacing C|g» by Bjp».

Exercise 4.6.2 [Hardy [7]] Let F be an entire function, and let 0 < p < oo.
Show that ||F,||, = O(r™), as r — oo, if and only if F' is a polynomial of degree
at most n. Otherwise, ||F,||, tends to infinity more rapidly than any power of
r.

Exercise 4.6.3 Let F be analytic on the annular domain A(R;, Rs), and let
0 < p < oo. Show that log(||F||p), R1 < r < Ra, is a convex function of logr.
Remark: In this case, log(||F||,) is not necessarily increasing.

Exercise 4.6.4 [Littlewood’s subordination theorem| Let ¢ : D — D be
analytic with |p(2)| < |z| for all z € D. Let F' and G be analytic on D. We say
that F' is subordinate to G if F\(z) = G(p(z)) for all z € D.

Let F' be subordinate to G. Show that

Mp|(r) < Mig(r), 0<r<1),
and, for 0 < p < oo,

Cippp(r) < Cigpe (), 0<r<1).

4.7 A complete characterization of h”(D) spaces
As far as the representation of harmonic functions on the open unit disc is con-
cerned, our job is done. We summarize the results of the preceding sections
to exhibit a complete characterization of h? (D) spaces. We only highlight the
main points.

Let U be a harmonic function on the open unit disc D.

Case 1: p=1.

U € h'(D) if and only if there exists u € M(T) such that

. 1— 2 ) .
6 it 6
D).
U(re™) /11‘1 7 2rcos(@—1) du(e™), (re'” € D)
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The measure p is unique and

U(re®) = Z fi(n) ™l e (re’® € D).

n=—oo

The family of measures (U(re®) dt/2m)o<,<1 converges to du(e') in the weak*
topology, as r — 17, i.e.

im [ o(et) Ugret) &

r—1 T 2 n

[ oty dute
T
for all p € C(T), and we have

101l = [lpll = [pI(T).

Case 2: 1 < p < 0.

U € h?(D), 1 < p < oo, if and only if there exists u € LP(T) such that

; 1 T 1—172 - -
U 0y Wyt 6 D).
(re”) 27 /7, 1472 —2rcos(f —t) u(e”) dt, (re” €D)

The function « is unique and

Ulre) = Z a(n)rint en? (re’ € D).
Moreover,
tim U, — ul, =0,
and thus

1U1lp = llellp-

Case 3: p = 0.

U € h>°(D) if and only if there exists u € L>°(T) such that

, 1 7 1—r? , :
U 0y it dt 6 D).
(re”) 27 /7T 1472 —2rcos(d —t) u(e”) dt, (re” € D)

The function v is unique and

U(re'’y = > a(n)rien?, (re’ e D).

n=-—o00
The family (U, )o<r<1 converges to u in the weak* topology, as r — 1, i.e.
™ ™

lim (e U(re') dt = / (e u(e) dt

r—1-J_, -7
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for all ¢ € L'(T). Hence,
1Ulloe = llullco-

In all cases, the family ||U,||,, 0 < r < 1, as a function of r, is increasing and a
convex of logr.

The first case shows that h'(D) and M(T) are isometrically isomorphic Ba-
nach spaces. Similarly, by the other two cases, h?(D) and LP(T), 1 < p < oo,
are isometrically isomorphic.

Exercises

Exercise 4.7.1 We saw that h'(D) and M(T) are isometrically isomorphic
Banach spaces. Consider L!(T) as a subspace of M(T). What is the image
of L}(T) in h*(D) under this correspondence? What is the image of positive
measures?

Hint: Use Exercise 3.5.3.

Exercise 4.7.2 'We know that h°°(D) and L>°(T) are isometrically isomorphic
Banach spaces. Consider C(T) as a subspace of L>°(T). What is the image of
C(T) in h°° (D) under this correspondence?

Hint: Use Exercise 3.3.4.
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Chapter 5

Analytic functions in the
unit disc

5.1 Representation of H”(D) functions (1 < p <
0)

Since we assumed that the elements of h?(ID) are complex-valued harmonic
functions, we necessarily have H? (D) C h?(D). Hence, the facts we gathered in
Section 4.7 are also valid for the analytic elements of h?(D), i.e. for elements
of HP(T). As a matter of fact, we can say more in this case. If F' € HP(DD),
1 < p < o0, then there is f € LP(T) such that

F(z) = Z f(n) rlnl eind — Z f(n) 2"+ i f(n)ifn, (z=re" e D).
n=0

n=—oo n=—oo

According to (3.1) in Theorem 3.1, we have

™

. —=|n| ) )
f(n) = T27r / F(re') e=™ dt, (neZ,0<r<l).

—Tr
Hence, for n < —1,

~ /r_ln‘

n) = / F(z) 2" dz, 0<r<1),
|z|=r

211

which implies R
f(=1)=f(-2)=---=0. (5.1)

f(—2)
On the other hand, if f € LP(T), 1 < p < oo, satisfying (5.1) is given, and we
define

1 " 1—o? it i0
F(z)_% /_7r 1472 —2rcos(f —t) f(e7) dt, (z=re” €D),

103
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then, in the first place, F' € h?(D). Secondly,
F(z)= Y f)yr"em =" f(n)z"
n=0

n=—oo

and thus it represents an analytic function. Hence, F' € HP(D). This observa-
tion leads us to define the Hardy spaces on the unit circle by

HP(T) = {f € I’(T): f(-1) = f(-2) = --- = 0}, (1<p<o0). (52)
In the following, the content of Section 4.7 is rewritten for analytic functions.

Theorem 5.1 Let F be analytic on the open unit disc. Then F € HP(D),
1 < p < oo, if and only if there exists [ € HP(T) such that

. 1 & 1—72 X .
F 0 _ it dt 0 D).
(re®) 27 /,r 1472 —2rcos(f —t) 1(e7) dt, (re® € D)

The function [ is unique and
F() = fm)z",  (zeD).
n=0

Moreover,
lim ||, — £[l, = 0
r—1

and
1Ellp = [1F1lp-
We have F € H?(D) if and only if f € H*(T), and in this case

171 = 171 = ( Timn)?)%.

Theorem 5.2 Let F' be analytic on the open unit disc. Then F € H*(D) if
and only if there exists f € H*(T) such that

; 1 T 1—r? ; ;
Ja 0y it dt @ c D).
(re®) 27 /,r 1472 —2rcos(f —t) 1(e7) dt, (re )

The function [ is unique and

F(z) = i f(n) 2", (z € D).
n=0
Moreover, F, converges to f in the weak™ topology, as v — 1, i.e.
tiy [ (e Flrey de = [ ot piet) a
for all p € LY(T), and
[Eloo = Il flloo-
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The restriction of the Fourier transform to H?(T) classes

HI(T) — co(Z+)
/ — f

is not surjective. However, based on the contents of Section 2.7 and Theorem
5.1, we can say that the maps

HXD) — HYT) — ((Z*)
F — f — f

are bijective and preserve the inner product.

The preceding two theorems show that HP(D) and HP(T), 1 < p < oo,
are isometrically isomorphic. One may naturally wonder why H'(D) was not
treated in the same manner. Based on what we know about h'(D), if we follow
the same procedure, we conclude that H*(D) is isometrically isomorphic to the
subclass

{1 € M(T) : i(~1) = u(~2) = - -- = 0},

and every such measure creates a unique element of H'(ID) given by

177‘2 ity - ~ n _ 7
F(Z):/T 1472 —2rcos(f —t) duute )72“(@2 ' (z=re” €D).

n=0

This assertion is absolutely true and can be viewed as a characterization of
H'(D). However, it does not reveal the whole truth. According to a celebrated
result of F. and M. Riesz, such a measure is necessarily absolutely continuous
with respect to the Lebesgue measure. Therefore, Theorem 5.1 is valid even for
p = 1. In the rest of this chapter, we develop some tools to prove the F. and M.
Riesz theorem and thus complete the characterization of H(D) functions.

Exercises

Exercise 5.1.1 Show that H?(T), 1 < p < oo, is a closed subspace of L?(T).
Moreover, show that H*(D) is weak* closed in L>°(T).

Exercise 5.1.2 Let (an)n>0 € £2(Z4), and let
F(z) = Zanz", (z eD).
n=0
Show that F' € H?(D) and

1
2

17, = (f|)

Hint: Apply Theorem 5.1.



106 Chapter 5. Analytic functions in the unit disc

Exercise 5.1.3 We know that H°°(D) and H>°(T) are isometrically isomor-
phic Banach spaces. Let A(T) denote the closure of analytic polynomials in
H*®°(T). What is the image of A(T) in H*°(ID) under this correspondence?
Hint: Exercise 3.3.4 might help.

5.2 The Hilbert transform on T

Let F' be analytic on a disc Dp with R > 1 and suppose that F'(0) = 0. Fix
e? €T. Let 0 < e < R—1 and let I'. be the curve shown in Figure 5.1. The
radius of the small circle is r. = 2sin(e/2).

Fig. 5.1. The curve T'..

As Figure 5.2 shows, the curve I'. N T is parameterized by
¢ =e, e<|0—t| <m,

and the rest of I';, according to the triangle A., is given by

_ﬂ+5<t<ﬂ+5

_ b it
¢=e" +ree”, 5 St
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Fig. 5.2. The triangle A..

Hence, by Cauchy’s theorem,

; 1 F(¢
I X

1 F(e™ ; 1 2 , ,
= 5= / -L)-o ie' dt + — / F(e" 4+ ree') dt.
271 e<|t—0|<m et — et 2 _n—T-{-s

Since F(e¥ 4 r.e't) — F(e'?), as ¢ — 0, we obtain

) 1 Fl(et
F(e) = lim — _FE) 9) dt. (5.3)
=0T Jegjompjcn 1 — €070
By a similar argument we have
1 e F(¢)
0 = — ———d(
2mi Jp, C(C—e?)
. . 3m—e . . .
S L R L
2mi Je<jo—yj<n €"(e" —ei?) 21 Jote e 4 r.e—tt

where I', is the curve shown in Figure 5.3. Remember that F'(0) = 0.
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Fig. 5.3. The curve I'.

Hence,
) 1 (60—t F(ett
F(e) = lim — / # dt.
e<lo—tj<n 1 —ei07D

‘ ; it
e<lo—t|<r 2tan(%3")

(5.4)

(5.5)

The advantage of (5.5) over (5.4) and (5.3) is that the kernel appearing in it is
a real function. Let us write v = RF and v = SF on the unit circle. Hence,

(5.5) is equivalent to

. 1 it
v(ew) = lim — / M dt

0—t
=0T Je<jo—tj<n 2tan(%5o)

and

. 1 it
u(e?) = — lim — /E Le)—t dt

0T Jeclo—t<n 2tan(50)
The preceding argument highlights the importance of the transform

iy B
m — 0—1
=0T Je<jp—tj<r 2tan(757)
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whenever ¢ is the real or imaginary part of a function analytic on a domain
containing the closed unit disc. However, this transform is well-defined on other
classes of functions and has far-reaching and profound properties. To have a
meaningful Lebesgue integral we need at least to assume that ¢ € L*(T). Then
the Hilbert transform of ¢ at the point e € T is defined by

Ho(e?) = () = lim 1 / Li)t dt

e<|o—t|<n 2tan(%5")

i(0—1)
~ dim & / ) (5.6)

e—-0 e<|t|<m Qtan(t/2)

wherever the limit exists. The notation

(b( i(0— t))

tan(ij2)

() =

has exactly the same meaning as (5.6). Since around the origin 2tan(¢/2) be-
haves asymptotically like ¢, the transform

_ i(0-1)
Ho(e?) = lim / ) (5.7)
<|t|<m

has close connections to ¢. Indeed, some authors call ¢ the conjugate transform
of u and keep the title “Hilbert transform” for H¢. However, since

1 1 1
t ’

Stam(t/2) t|=x 0 <|t] <m), (5.8)

both transforms have the same behavior. More precisely, if one of them exists
at e’ € T, the other one exists too and we have

; . 2
[Ho(e™) — Ho(e) | < = (5.9)
Since 2 tan(¢/2) is an odd function, a more appropriate way to write b is
5 ¢ Z(G t) ¢( i(9+t)>
= lim — dt. 5.10
o(e” AT / Qtan (t/2) (5.10)
Of course, if
1 [~ W(O—t)\ _ 1/ i(6+1)
7 Jo 2tan(t/2)
then the Hilbert transform exists and is given by
o 1 [~ W(0—t)y _ 4 (i(64t)
(b( 620) S (b(e ) ¢(6 ) dt. (512)

™ Jo 2tan(t/2)
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However, even if (5.11) does not hold, we will show that the limit (5.10) exists
almost everywhere on T. To achieve this goal, we are led naturally to study the
boundary behavior of the harmonic conjugate function.

Exercises

Exercise 5.2.1 Show that there is a ¢ € C(T) such that

dt = o0

L [T [p(eO1) — (e HD)]
T /0 2 tan(t/2)

for all ¢ € T.
Hint: Use the Baire category theorem [13, page 25].

Exercise 5.2.2 Verify the following Hilbert transform table:

) ()
1 0
cos sin ¢
sin 0 —cosf

5.3 Radial limits of the conjugate function

In Chapter 3 we saw that, under certain conditions, a harmonic function can be
represented as

, 1 [ 1—7r? , ,
U 0y d it 0 D
(re”) o /_W 1472 —2rcos(f —t) (e, (re® € D),

where € M(T). It is easy to verify that the harmonic conjugate of U is given
by

; 1 (7 2r sin(6 — t) - ;
v 0 it 60
(re®) = 21 /_,r 1+7r2—2rcos(d —t) dpa(e™), (re™ € D).
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To verify this fact, simply note that

U +iV)(z) = o /Tr S du(e), (z € D),

27 J_. et —z

which is an analytic function on the unit disc. According to Fatou’s theorem, we
know that lim, ., U(re®) exists for almost all ¢’ € T. Hence, we naturally ask
if the conjugate function behaves nicely too and lim,_; V (re*?) exists for almost
all ¢ € T. Since the conjugate Poisson kernel is not an approximate identity,
we are not able to apply the techniques developed in Chapter 3. Nevertheless,
the result is true. Let us start with a special case.

If v is absolutely continuous with respect to the Lebesgue measure, then the
harmonic conjugate of U is given by

; I 2r sin(f — t) ; -
0 it 0
V = — dt D

(re®) 27 /_,r 1472 —2rcos(f —t) u(e”) dt, (re™ € D),

where v € L'(T). Since the conjugate Poisson kernel is an odd function, the
preceding formula for V (re'?) can be rewritten as

i 1 [ r sint (- i
V(T@ 6) = ; /O m (u(e (© t)) — u(e (0+t))) dt. (513)

This version is more appropriate in studying the boundary values of V. To save
space, on some occasions we will write V = Q * u. To evaluate lim,_; V (re'?),
let us formally change the order of the integral and limit in (5.13) to obtain

. 1 /7 i(0—t)\ _ . (i(0+1)
lim V(re) = = / we™ ) —we™) g (5.14)
r—1 T Jo 2tan(t/2)
We used the trigonometric identity
sint 1

2(1 — cost) - 2tan(t/2)’ (5-15)

which will appear again several times in our discussion. The formula (5.14) also
highlights the relation between lim, .; V(7€) and @( e ). But if

™ QO0—1)\ o (i(041)
l/ (™) — ™D gy — oo, (5.16)
7 Jo 2tan(t/2)

the integral in (5.14) is meaningless. In the first place, we show that if the
integral in (5.16) is finite, then the radial limit lim,_; V(re?) and @(e?) both
exist and they are equal. Secondly, we will see that, even if (5.16) may hold,
the radial limits and the Hilbert transform still exist and are equal almost
everywhere on T. We start with the first case. The general case will be treated
at the end of Section 5.3.
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Theorem 5.3 Let u € L*(T) and let

; 1 (" 2r sin(f — t) ; ;
Vv 0y it dt 0 D).
(re®) 27 /_,r 1472 —2rcos(f —t) u(e”) dt, (re” € D)

Fiz % € T and suppose that

L[ fu(e®0) — u(ei @)
— . 1
- /0 S tan(l/2) dt < oo (5.17)

Then lim,_, V (re?) and i(e) exist and

) ) 1 ™ u(ei(a—t)) _u(ez‘(0+t))
lim V (re'?) = (e :f/ dt. 5.18
fim Vre™) =a(e®) =2 | 2 tan(t/2) (5.18)

Proof. The fact that @(e?) exists and is given by

<L [
T Jo 2tan(t/2)

is a direct consequence of the definition of @(e®).
We need to estimate

A, = | V(re?) — a(e?) |.

Hence, by (5.13) and (5.15),

I rsint sint _ 4
Ar < — — W01y _ (et O] dt
T /0 1+7r2—2rcost 2(1—cost) [ue ) —u(e )
L (1—7)% sint - o
T ' — u(e’ dt
T /0 2(1 — cost)(1 + 72 — 2r cost) [ule ) —ule )|
_ l /7r (1- 7“)2 |u(ei(0—t)) _ u(ei(9+t))| "
Since
(A
(1—7)2 +4rsin®(t/2) ~
and

(1—7)°
o1 (1= 7)2 + drsin®(4/2)

for all ¢ € (0, 7], by the dominated convergence theorem, the last integral tends
to zero as r — 1. O

We may make some stronger, but more familiar, assumptions on u at the point
e to ensure that (5.17) holds. Two such conditions are mentioned below.
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Corollary 5.4 Letu € L*(T) and let V = Q*u. Fiz e’ € T and suppose that,

for some a > 0,
u(ei(e—t)) _ u(ei(0+t))

is Lip,, att =0, i.e. for |t| < to,
| u(e ™) —u(e @) | < O Jt*.
Then lim, 1 V(re®) and i(e?) exist and (5.18) holds.
Corollary 5.5 Let u € LY(T) and let V = Q x u. Fiz e? € T and suppose that
u(e07) —u(e ),

as a function of t € R, is differentiable at t = 0. Then lim,_; V(re’?) and
a(e') exist and (5.18) holds.

5.4 The Hilbert transform of C!(T) functions

If the conjugate function V' = @ *u is produced by a continuously differentiable
function u, then, by Corollary 5.5, we know that @(e*?) and lim,_,; V (re?) exist
at all points of T and they are equal. We show that @ is continuous on T.

Theorem 5.6 Let u € C*(T), and let
1

; T 2r sin(0 — t) ; -
i0 — it 0 D).
Vire®) 27 /,r 1472 —2rcos(f —t) u(e”) dt, (re” € D)

Then, as v — 1, V. converges uniformly to u on T.
Proof. Let ‘ _ ‘

A = |V (re®) — afe?) |
Hence, as we saw in the proof of Theorem 5.3,

. ™ N2 W(0—t)\ _ , (i(6+1)
Ar(ew) < l / (1 T) |u(e ) u(e )‘ dt.
© Jo 1472 —2rcost 2tan(t/2)

According to the mean value theorem, we have
Ju(e’ D) —u(e )] < 20t |-
Hence, there is an absolute constant C' such that

HO—1)\ o (i (041)
u(e0-0) —u(e0+0)| _
2tan(t/2) -

for all t € [0, 7]. Therefore

; c [T (1—7)? 1—7r
A(e)] < = dt=C
r(e)] = T /0 1+7r2—2rcost 1+7r’

which gives
[V, =il <C(1—1).
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The uniform limit of a sequence of continuous functions is continuous. Hence,
Theorem 5.6 implies immediately that @ is continuous on T.

Corollary 5.7 Let u € C*(T). Then i € C(T).

Theorem 5.6 and its corollary can be generalized for differentiable functions
on an open arc I C T. To prove this result we study a very special case in the
first step. Note that if I is an open arc on T and an integrable function u is
identically zero on I, then Corollary 5.5 ensures that @(e’?) and lim,_.; V (re?)
exist at all ¢’ € I and they are equal.

Lemma 5.8 Let u € LY(T), and let

50 1 /’T 2r sin(f — t) it 0
_1 D).
Vire®) 27 1472 —2rcos(f —t) u(e”) dt, (re” € D)

—Tr

Let I be an open arc on T and suppose that u(e®) =0 for all e € I. Let J be
an open arc such that J C I. Then, as r — 1, V. converges uniformly to u on
J.

Proof. Without loss of generality assume that I = {e! : —a < t < a} and
J={e": —p<t< B} with0< < a<m, since otherwise we can work with
V,.(e'(9+%)) where 6 is an appropriate rotation. Let

A () = |V (re'?) — a(e') |, (e e ).

As in the proof of Theorem 5.6,

i L[ (1 —7r)? sint o 4
A, 0y « CE N O+ [ gt
= T /0 2(1 —cost)(1 +r* —2rcost) [ute ) —ule )|

But, for all ¢ € [0, — 3] and all ¢? € .J, we have
u(ei(Oft)) _ u(ei(Gth)) —0.

Hence, for each e € J,

’ L[ (1 —7)? sint o ‘
A(e?) < = {01 _ (i 0403 gy
R /@—ﬁ 30 —cos {1+ 72 —2reosy) M) T ulem

= ||u”1 2 (1 77”)27

(1 —cos(a— 1))
which is equivalent to

[l

(1 —cos(a— f3))? (1=m)"

Vi — il oo () <
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Theorem 5.9 Let u € L*(T), and let

i 1 T 2r sin(f — t) ) ‘
60 it 0

T on dt D).
Vet 2m /_7r 1472 —2rcos(d —t) u(e”) dt, (re” € D)

Let I be an open arc on T and suppose that u € CY(I). Let J be an open arc
such that J C I. Then, asr — 1, V,. converges uniformly to u on J. Moreover,
ueC().

Proof. Let K be an open arc such that
JCKCKCcCI

Then there exists a C°>°(T) function ¢ such that ¢ =1 on K and ¢ =0 on T\ I.
In this particular case, since I, J and K are open arcs, one can even provide an
explicit formula for .

Now, consider u; = u¢ and us = u (1 — ¢) on T and, using the conjugate
Poisson kernel, extend them to the open unit disc, say V7 = @ *u; and Vo =
Q * Ug.

The first observation is that u; € C'(T). Hence, by Theorem 5.6, i (e™)
and lim,_; V3 (re??) exist at all ¢ € T, they are equal and, as r — 1, Vj,
converges uniformly to @; on T. Secondly, us € L'(T) and uz = 0 on K. Hence,
by Lemma 5.8, @2(e?) and lim,_; Va(re?) exist at all € € K, and as r — 1,
Vo, converges uniformly to iy on J. Since, on D

V=V+T7;

and on I

U = Uy + Us,
we immediately see that, as r — 1, V;. = V; ;. 4+ Va, converges uniformly to @
on J. The uniform convergence ensures that @ is continuous on J. Since J is

an arbitrary open arc in I, with the only restriction J C I, then @ is continuous
at all points of 1. O

Exercises

Exercise 5.4.1 Let u € LY(T) and suppose that u(e') = 0 for all e € I,
where I is an open arc on T. Show that there is a harmonic function V' on the
domain

(C\T)uIr
whose values on the unit disc D are given by the conjugate Poisson integral
V=0Q *u.
Remark 1: This is a generalization of Lemma 5.8.
Remark 2: A similar result holds for the harmonic function U = P * u.
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Exercise 5.4.2 Let u € L!(T), and let V = Q *u. Let I be a closed arc on T
and suppose that v € C'(I). Show that @ € C([).

Exercise 5.4.3 Let u € C?(T). Show that @ € C!(T) and that

E@@My__i, “Mé”*ﬂ+u@”“5—2mé%dt
do CArm g sin?(t/2)

for all e € T.

5.5 Analytic measures on T

A measure p € M(T) is called analytic if
) = [ e du(et) =0
T

for all n < —1. In other words, the negative part of the spectrum of u vanishes
completely. These measures appeared at the end of Section 5.1 in studying the
Hardy space H'(D). According to F. and M. Riesz’s theorem, such a measure
is absolutely continuous with respect to the Lebesgue measure. To show this
result we start with a construction due to Fatou.

Let E be a closed subset of T with |E| = 0, where |E| stands for the Lebesgue
measure of E. Fatou constructed a function F on the closed unit disc satisfying
the following properties:

(i) F is continuous on D
(ii) F is analytic on Dj

(i)

(iv)

(v) F(¢)=1,forall ( € E.

|F(2)] <1, for all z € D;

|F(Q)] <1, forall ( €T\ E;

Such a function is called a Fatou function for E. Certainly F' is not unique.
For example, F? satisfies all preceding conditions if F' does so. Without loss of
generality, assume 1 € E. Since FE is closed, we have

T\ E =J 1,

where I,, are some open arcs on T, say

L={e%:0<a,<0<p, <21}
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The condition |E| = 0 is equivalent to

Z(Bn — ay) = 2.

n

Hence, there is a sequence 7,, > 0 such that

lim 7, = oo,
n—oo

but still > n, (B — an) < 00. Define

+00 if etekp,
ity
W=t if etel,,
6 —(t—m)?

where ¢, = (8, — a,)/2 and 7, = (6, + ,)/2. This positive function has two
important properties. First of all, u is integrable on T:

/T|u(e”)|dt _ /Tu(e”)dt
_ /u(e“)dt—l—Z//u(e“)dt

= Z/% \/n"t—"_ :gzﬂ:nn(ﬁn—an)<oo.

Secondly, u, as a function from T to [0, +00], is continuous. As a matter of fact,
u is infinitely differentiable on each I, and tends to infinity when we approach
ay, or B, from within I,,. Moreover, u(e't) >, on I,, and 7, tends to infinity as
n grows. That is why n, entered our discussion. Hence, as e’ € T approaches
any e‘’ € E, in any manner, u(e®) tends to infinity, i.e.

lim u(e™) = +o0 (5.19)
t—to
for all e’o € E. Define
1 (7 1—72 .
— Vdt if 0< 1
27r/wl+r2—2rcos(0—t)u(e) ! =r<b

U(re) =
u(e®) it r=1.

By Corollary 2.9, U is continuous on D with values in [0, +00], and is harmonic
on D. In particular, for each e’ € E,

lim U(z) = +oc. (5.20)

Z_>e’Lt0
2€D
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Since w is continuously differentiable on each I,,, by Theorem 5.9, the harmonic
conjugate

; 1 [7 2r sin(6 — t) ; ;
i0 it i0
D
V(re") o /,rl 2= 2 cos(0 — 1) u(e") dt, (re’ e D),

has continuous extension up to I, and its boundary values on I,, are given by
the Hilbert transform (e'?), e € I,,. Note that we did not define @ on E and
moreover, for the rest of the discussion, we do not need to verify if @(e?) exists
or not whenever ¢? € E. Finally, let

F:D+——C
be given by D)+ iV
TT0)+ivi) I 2ED
F(z) = U(Z)JFZ'N.(f) it zeT\E,
1+ u(z) + ia(2)
1 if zekFE.

Clearly, F' is analytic on I and continuous at all points of T \ E. Since u > 0
and U > 0, we also have |F(z)| < 1 for all z € D and all z € T\ E. Moreover, by
(5.19) and (5.20), F' is continuous at each point of E. Hence, F is continuous
on D.

Now, we have all the necessary tools to prove the celebrated theorem of the
Riesz brothers. This fundamental result is actually a genuine application of
Fatou’s functions for compact subsets of T.

Theorem 5.10 (F. and M. Riesz) Let u € M(T) be an analytic measure. Then
W is absolutely continuous with respect to the Lebesgue measure.

Proof. Put dv(e') = et du(e’). Hence du(e’) = e~ dv(e'), and thus it is
enough to show that v is absolutely continuous with respect to the Lebesgue
measure. The advantage of v is that

v(n) =0, for all n <0.

(The identity also holds for n = 0.) Thus, for any analytic function G on the
unit disc, we have

/ G(re)ydv(e™) = / < Z an, " ei"t> dv(e')
T T n=0
= Z an " / e dy(e')
n=0 T

= Zanr"f/(n)zo, 0<r<1).
n=0
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Suppose E C T with |E| = 0. Let K be a compact subset of E and let F be a
Fatou function for K. Hence, according to the preceding observation,

/T <F(re“) >£dy(eit) =0, 0<r<1),

for all integers £ > 1. First, let » — 1. Since F is bounded on D, we obtain

/ (F<e“>)édu<e“> ~0,

which is equivalent to

v(K) + /T\K (F(e“) >£dz/(e“) =0.

Secondly, let £ — oo. But F was constructed such that |F(e’)| < 1 for all
e € T\ K. Thus, v(K) = 0. By regularity, v(E) = 0. O

In the proof of the theorem, we used the original definition of absolute con-
tinuity. The measure p is absolutely continuous with respect to v provided that
v(E) = 0 implies pu(F) = 0. However, in application, we will use the following
characterization of absolute continuity: p is absolutely continuous with respect
to v if and only if there is an f € L!(v) such that

dp = fdv.

Exercises

Exercise 5.5.1 Let a, >0and ), a, < oo. Show that there are 7, > 0 such
that lim, .. 7, = 0o and still >, a, < oco.
Hint: Since the series ) a, is convergent, there are ny < ng < --- such that

Zn>nk a, < 27k,
Exercise 5.5.2 Let u € M(T). Suppose that u has a one-sided spectrum, i.e.

i) = [ e du(e) =0

either for n > N or for n < —N, where N is an integer. Show that u is
absolutely continuous with respect to the Lebesgue measure.

Exercise 5.5.3 Let p € M(T). Suppose that p is analytic and also singular
with respect to the Lebesgue measure. Show that g = 0.
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Exercise 5.5.4 Construct a nonzero measure o € M(T), singular with respect
to the Lebesgue measure, such that

6(2n+1)=0, forall neZ.

Hint: Put appropriate Dirac measures at 1 and —1.

5.6 Representations of H'(D) functions

At this point we have developed all the necessary tools to show that the repre-

sentations of Section 5.1 for HP(D), 1 < p < oo, classes are valid even if p = 1.

This fact constitutes the fundamental difference between h'(D) and H*(DD).
Let F € H'(D) C h'(D). We saw that, by Theorems 2.1 and 3.7,

o0

) & 1—92 ) ) )
F(ret?) :/ ! du(e) = Z () rint e (et € D),

= L+72—2rcos(6 —t)

n=—oo

where p € M(T). Moreover, the measures F(re'?)df/2n converge in the weak*
topology to p as r — 1. Hence, for any n < —1,

. . 1 ™ . .
a(n) = / e” M du(e) = lim — / F(re') e~ qg.
T

r—1 271' —r

But, since F' is analytic,

/ " F(rei®) e d = / F(¢) ¢~ a¢ =,

- [Cl=r

which implies ji(n) = 0 for all n < —1. Therefore, by the theorem of F. and M.
Riesz, there exists a function f € L'(T) such that

du(e) = f(e™) dt/2m

and

f(n) =fu(n) =0
for all n < —1. In other words, f € H*(T).
On the other hand if f € H'(T), then, by Theorem 2.1 and Corollary 2.15,
the function
I 1—r?

F 0 - it dt
(re”) 2 J_. 14712 —2rcos(6 —t) J(e%)

Z f(n)rinlen? — Z f(n)z", (z =re? € D),

n=—oo n=0

also represents an element of H!(D) and F, converges to f in the L(T) norm
as r — 1. We state the preceding results as a theorem.
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Theorem 5.11 Let F' be analytic on the unit disc D. Then F € H'(D) if and
only if there exists a unique f € H'(T) such that

T or 1 47r2—2rcos(fd —

F2) 1/W 1or wﬂwﬁzgﬂmf (5.21)

for all z = re® € D. The series is uniformly convergent on compact subsets of
D. Moreover,

tim ||, — £ =0
and

IEM = 11

Using the Cauchy integral formula and the norm convergence of F}. to f, we
obtain another representation theorem for functions in H!(D).

Corollary 5.12 Let F € H'(D) and denote its boundary values by f € H(T).

Then 4
F(z) = % /_7; % dt (5.22)
and S
/_W % Fletydt =0 (5.23)
for all z € D.

Proof. Fix z € D. By the Cauchy integral formula, if Hlel <r<l,

1 F(¢) 1 [T rett

(2) 2 Jye=ry € — 2 ¢ 2r J_,rett —z (re”)
Let r — 1. Since _
re't 1 2
ret —z | T r—lz] 71—z

and, by Theorem 5.11, F,. converges to f in the L'(T) norm, we have

1 ™ it . 1 ™ it
F(z) = lim — LF(re”)dt: — ¢
r—127 J__reit —z 2w

fe)at.

L et —z

The second formula has a similar proof if we start with

1 ZA
2mi Jyjgl=ry 26— 1

¢ = 0.
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Note that since
1 — 72 elt Zelt ”
= — - — z=re
1+7r2—2rcos(@ —t) et—z Zzeit—1’ ( )

the Poisson integral formula (5.21) can also be deduced from (5.22) and (5.23).

Exercises
Exercise 5.6.1 Let f,, € HY(T), n > 1, and let f € L*(T). Suppose that
Tim 1o — Sl = 0.

Show that f € H(T).
Exercise 5.6.2 Let f, g € H*(T). Show that fg € H(T).

Exercise 5.6.3 Let F' € H'(D) and denote its boundary values by f € H(T).
Show that

] g 2rsin(0 — ; i
F(z)= é /7r T Tzrj 2£COS;; -y f(e™) dt + F(0), (z=re? e D).

Hint: Use Corollary 5.12 and the identity
i2rsin(f — t) ett ze't

1472 —2rcos(f —t) e”—z+26”—1 ’ (z=re”)

Exercise 5.6.4 Let F' € H'(D) and denote its boundary values by f € H*(T).
Show that

1 [T it _
F(z) = — / €tz Rf(e") dt +iIF(0), (z € D).
2 o et — »
Hint: By (5.21),
1 " 1—7? ) 4
§RF = — é}% it dt _ i0 ]D) -
&) 2m /_Tr 1472 —2rcos(f —t) F(e") dt, (z=re” € D)
Moreover,
1—7? et 4 2 )
=R - — il D).
1472 —2rcos(d — t) <ezt_z>’ (z=re" €D)

Exercise 5.6.5 Let F' € H'(D) and denote its boundary values by f € H*(T).
Show that

Plz) = - /W CHE S et dt+ RF(0), (2 €D).

2 J_ et —z

Hint: Replace F by iF in Exercise 5.6.4.
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5.7 The uniqueness theorem and its applications

An element f € H'(T) is defined almost everywhere on T. Hence we are free to
change its values on a set of Lebesgue measure zero. Therefore, the level set

(e (e = 0}

is also defined modulus a set of measure zero. Nevertheless, the Lebesgue mea-
sure of this set is well-defined. Amazingly, the size of this set is either 0 or 27.
Different versions of the following theorem are stated by Fatou, F. Riesz, M.
Riesz and Szego.

Theorem 5.13 (Uniqueness theorem) Let F € H'(D) with boundary values
f € HYT). Let E C T with |E| > 0. Suppose that f(e’) = 0 for almost all
e’ ¢ E. Then F =0 on D, or equivalently f =0 almost everywhere on T.

Proof. If |E| = 27, then f = 0 almost everywhere on T and thus by the Poisson
integral representation given in Theorem 5.11, F' =0 on D.

Hence suppose that 0 < |E| < 2w. We also suppose that F' # 0 and then we
obtain a contradiction. Without loss of generality assume that F'(0) # 0, since
otherwise we can work with F(z)/z™, where m is the order of the zero of F at
the origin. Let

1 )
— if etck,
) |E|
u(ezt) —
1 ,
—— if e e T\FE
Cr— if eteT\
and, for re’? € D, let
, 1 g 1—r2 ,
U 0 - it dt
(re) 27 /,W1+r2—2rcos(9—t)u(e ) dt,

- 1 (7 2r sin(f — t) -
0 _ it
Vire®) = 2 J_. 14712 —2rcos(f —t) u(e”) dt.

Clearly,
-1

— <
27 — |E| —

1

U(rew) < —
|E|

for all e’ € . Therefore,
exp(U+iV) e H(D),

which implies ‘
Gy = F NUHY) ¢ HY(D)

for all integers N > 1. Moreover, U(0) = V(0) = 0, which gives Gy (0) = F(0).
By Lemma 3.10,
—1

: 0\ _
}EU(M )= 21 — |E)|

(5.24)
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for almost all €’ € T\ E. Let gn denote the boundary values of G . According
to (5.24),

(e = 1) exp (= 5 )

for almost all e* € T\ E, and by our main assumption
gn(e) =0

for almost all ¢ € E. Therefore, again by the Poisson integral representation
given in Theorem 5.11,

F(0) = Gn(0) = % /TgN(eit)dt = % /T\E gn(e) dt.

Hence, for all N > 1,

1 . 1 N .
F < — i = — _ at )
FO)| < 5 /T\Em(e )t = 5 exp( QME') /M TGO

Let N — oo to get F'(0) = 0, which is a contradiction. O

This result is not valid for the elements of h*(DD). For example, the Poisson
kernel
1—r?

P 0 —
(re®™) 1472 —2rcosf’

(re'’ € D),
is in h*(D) and 4

lim P(re'?y =0
for all ¢! € T\ {1}. However, P # 0.

We know that elements of H*° (D) have radial boundary values almost ev-
erywhere on the unit circle. This result, along with the uniqueness theorem for
H'(D) functions, enables us to show that analytic functions with values in a
half plane also have radial boundary values.

Lemma 5.14 Let F be analytic on the unit disc and suppose that RF(z) > 0
for all z € D. Then 4
lim F(re')

r—1

exists and is finite for almost all e* € T.

Proof. We use a conformal mapping between the right half plane and the unit
disc to obtain a function in H>°(D). Put

1-F(2)

¢ =TTFG)

(z e D).

Hence
G(2)] < 1 (5.25)
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for all z € D and thus, by Theorem 3.10,
g(e'?) = lim G(re')

r—1
exists for almost all € € T. Moreover, g(e??) = —1 at most on a set of Lebesgue
measure zero. Since otherwise, according to Theorem 5.13, we necessarily would
have G = —1 on D, which contradicts (5.25). Therefore,

) . . 1—-G(re?) 1—g(e)
0\ __ =
Th_% F(re™) = }13{ L+ G(re?) 1+ g(e®)

also exists and is finite for almost all ¢ € T. O

We are now in a position to prove that the conjugate function also has radial
limits almost everywhere on T. We emphasize that

LP(T) ¢ LY(T) ¢ M(T)

if 1 < p < oo, and thus the following result applies to the conjugate of elements
of all h?(DD) classes.

Theorem 5.15 Let € M(T), and let

Then
}l_rfl V(re'?)
exists and is finite for almost all ¢’ € T.
Proof. Without loss of generality, assume that p is a positive Borel measure

on T. Since otherwise, using Hahn’s decomposition theorem, we can write p =
(1 — p2) +i(ps — pug), where py > 0, and then consider each puy separately. Let

1 et + 2 ,
F = — -~ d it D). 9
) =5 /T et L), (z € D) (5.26)
Hence
1 1—7r2 . )
) 27 /11‘ 1+7r2—2rcos(d —t) uiet), (z=re” € D),

and, according to our assumption on u, we have RF(z) > 0 for all z € D.
Thus F' is an analytic function mapping the unit disc into the right half plane.
Therefore, by Lemma 5.14,
f(e?) = 1in% F(re')
r—
exists and is finite for almost all ¢ € T. In particular, considering the imaginary
parts of both sides of (5.26), we see that lim, V(re??) exists and is finite for
almost all ¢? € T. O
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In the following lemma, we show that the difference of two functions of r
tends to zero almost everywhere as r — 1. According to Theorem 5.15, we know
that the first function has a finite limit almost everywhere. Hence, the same
conclusion holds for the second one. Therefore, we will be able to conclude that
the Hilbert transform of an integrable function exists almost everywhere.

Lemma 5.16 Let u € LY(T), and let

) 1 4 2r sin(6 — t) ; i
60 it 20
_ D).
V(re?) o /,r1+r2—2rcos(0—t)u(e ) dt, (re’ e D)

Then, for almost all € € T,

) 1 i(0—t)
lim{V(re’e)—/ u(e)dt}:O.
r—1 T J1—r<|t|<n Ztan(t/2)
Proof. We show that the theorem holds at points e?’ € T where
L[ (i {(0-+1)
3 - (60— _ 1(0+ —
}11% 3 /0 | u(e ) —u(e )| dt = 0.

According to a well-known theorem of Lebesgue, u fulfils this property at almost
all points of T.
First write

, 1 1=r r sint ~ ~
_ = iW(0—t)\ i(0+t) dt.
Vire 7T</ /1 T) 1+ 72— 2rcost (u(e ) —ule )>

Hence ) 1 ™ u(ei(e—t)) _ u(ei(6+t))
V(re“’)—;/l 7 S tan(i/2) dt =TI, + Iy,
where L=r r sint , ,
I, = /O T <u(eZ<9t>) u(el@“))) dt
and

1 /" r sint sint ; ;
T, = — _ i(0—t)y _ i(6+t) dt.
> /1_T ( 1472 —2rcost 2(1— cost) ) (u(e ) —ule )

For the first integral, based on our assumption at €*’, we have

7| < /1T r sint
=)o T4+ r2 —2rcost

! /01’“ | u(e 070y — (el 0H) | dt =o(1), (asr —1).

u(ei(Oft)) _ u(ei(0+t)) ‘ dt

u(ei(ﬁft)) _ u(ei(9+t)) ’ dt

1—r
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On the other hand,

1 [/" r sint sint . ;
1T, < - / -~ _ - |u(6z(97t)) _ u(e’(9+t))\ dt
T Ji_p| 1+ 72 —=2rcost 2(1—cost)
I (1—7)% sint (6—t) (011)
_ 1 i — (e dt
v /1_T 2(1 —cost)(1 412 — 2rcost) fute ) —ule )
_ l /Tr (1- 7“)2 cos(t/2) ‘u(ei(e—t)) o u(ei(9+t))| dt
7 Ji_p 2sin(t/2)((1 — r)2 + 4rsin®(t/2))
1 [T (1-1)? . .
< 1 [ EE ue) —ue) a
T J1_r 8rsin’(t/2)
2.2 g7 QO—1)) _ o (i (0+1)
Ry T E ) Y
1

8r t3

-

To show that Zo — 0, define F': R — R by
1 [* . .
! / (0= — (e O+0)| @t if x40,
F(z)={ * /o

0 if =0.

The function F' is continuous at zero and bounded on R. Therefore, doing
integration by parts, we obtain

IS
7 < dt
| 2 | - 8r 1—r t3
o (1—r)2a? /’T d(tF(t))
n 8r 1—r t3
(1—r)?x2 (tF{t)\ |” (1—r)2n? /” 3tF(t)
= t
8r t3 1y + 8r 1—p t* d
(1-r)?F(r) w*F(l—r) 3x? /”/“—") F((1—n)7) ,
— _ o SN S
8r 8r & )i T3
3r2 [ F((1-r)7)
< 1)+ — —=dr.
s o+ 8 T3 T

By the dominated convergence theorem, the last integral is also o(1) as r — 1.
Hence,

A T (e 0= _ y(ei6+)
V(re?) — % /1 ( Qt;n(t/;) ) dt = o(1), (asr —1).

T

O

The following result is a direct consequence of Theorem 5.15 and Lemma 5.16.
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Theorem 5.17 Let u € L'(T), and let

; 1 T 2r sin(f — t) ; ;
760 it 20
V = — dt c D).

(re ) 2 /Tr 1+7r2—-2r 005(9 — t) u(e ) ’ (re )

Then both limits

) 1 i(0—t)
(") = lim — / ule™ )
e=0T e<|tl<m 2tan(t/2)

and

lim V (re'?)

r—1
exist, are finite, and besides
lim V(re?) = a(e'?)
r—1
for almost all ? € T.

Corollary 5.18 Let u € LY(T), and let

Plz) = 2 /W CEE ety dt, (z € D).

2 J_, et —z

Then , » ,
lirrﬁ F(re') = u(e) +iu(e?)
for almost all ? € T.
Remark: The assumption v € L'(T) is not enough to ensure that F € H'(D).

Proof. Tt is enough to note that

1—r2 _ et + 2
1+7r2—2rcos(f —t) et — 2

and that
2r sin(f — t)

o 6”4’2’
=3 =
1472 —2rcos(f —t) et —z )’

where z = re? € D. Thus

F(re') = (P, « u)(e) + i(Q, * u)(e™).

The required result follows immediately from Lemma 3.10 and Theorem 5.17.
O
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Exercises

Exercise 5.7.1 Let f,g € HY(T). Let E C T with |E| > 0. Suppose that
f(e?) = g(e?) for almost all ¢ € E. Show that f = g almost everywhere on
T.

Exercise 5.7.2 Let € M(T) be an analytic measure. Prove that either
= 0 or its support is all of T.

Exercise 5.7.3 Let u, v € L*(T) be real and such that f = u +iv € H*(T).

Suppose that
/ u(e') dt:/ v(e™) dt = 0.

Show that
or equivalently

Hint: Use Corollary 5.18.

Exercise 5.7.4 Let f € HY(T), and let u = Rf. Suppose that

/W u(e™) dt = 0.

Show that

Hint: Use Exercise 5.7.3.

Exercise 5.7.5 Let F € H'(D) and denote its boundary values by f € H(T).
Show that

Plz) = - /W etz Rf(e't) dt + F(0), (z € D).

2r J_, et —z

Hint: Use Exercises 5.6.5 and 5.7.3.
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Chapter 6

Norm inequalities for the
conjugate function

6.1 Kolmogorov’s theorems

Let u € L*(T), and let U = P % u. Then, by Corollary 2.15, U € h'(D) and, by
Fatou’s theorem, , _
lim U(re') = u(e™)

r—1

for almost all ¢’ € T. For the conjugate function V = Q * u, according to
Theorem 5.17, we also know that

lirri V(re'?) = a(e)

for almost all €’ € T. However, the mere assumption v € L*(T) is not enough
to ensure that @ € L*(T) and V € h'(D). The best result in this direction is
due to Kolmogorov, showing that % is in weak-L!(T) and that V € h?(D) for
all0 < p < 1.

Theorem 6.1 (Kolmogorov) Let u € L'(T). Then, for each A > 0,

64 ||ullx

ma(\) < ——r i
TS

Proof. (Carleson) Fix A > 0. First suppose that v > 0 and w #Z 0. Therefore,
the analytic function

F(2) = U(z) +iV(2) = % /w :t 2wy, (zeD),

—T

maps the unit disc into the right half plane and

F(0)= % /Tr u(e™) dt = ||ul|;.

—T

131
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The conformal mapping
2z

zZ+ A

maps the right half plane into the disc {|z — 1] < 1} (See Figure 6.1). In
particular, it maps {|z| > A, Rz > 0} into {|z — 1| <1, Rz > 1}.

Z

2z
w=
z+ A
ilk — A
A |
\ .
J v
—iA T I
z plane w plane

2z
FES N

Fig. 6.1. The conformal mapping z —

Therefore,

2F(2)
F(z)+ N
is in H*(D) and, by Lemma 3.10 and Theorem 5.17, its boundary values are
given by

G(2) = (z €D),

0y _ 11 w0y _ 2(u(e) +ia(e’))
9(e”) = rhinl Gre®) = u(e?) +ia(e?) + A

for almost all €’ € T. Hence, in the first place,

u? 4+ 4% — \2
R =1+ —————2>1
oy =1+ (wt N2+ a2 =
provided that @ > A. Secondly, by Theorem 3.5,
GO0 = 5= [ atety
- 2’/T . g € 9

which implies

2||u 1 i .
e ar [, Ry a

Therefore,

4m ||ully / it
—_— > R{g(e") } dt > / dt = mg(A).
ulli + A = Jyasay {la|>A}
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For an arbitrary real u € L(T), write u = u; — uz, where uy > 0 and
uiug = 0. Thus |lul|ly = |lur|ls + ||uzlls and @ = @ — G2. In this case, the
inclusion

{e s fa(e®)| > A} < {e” s fan (@) > A2} U e : [aa(e)] > A/2)

implies
ma(A) < ma, (A/2) +ma,(N/2)
o Al 4m [uz|ly
T lualli A2 lusll + A2
8 (luafl1 + [luzll1) 167 ||ullx

(lually + fluzll) +A/2  2fJully + A

For an arbitrary u € L*(T), write u = uj + iup where u; and uy are real
functions in L*(T). Hence,

Jually < lJully and [ually < full1.
Since u = uy + ¢ ug, again the inclusion
(e ey > A} {1 |ur (e)| > A/2 Y U {e® : Jug(e)| > A/2}

gives
ma(A) < ma, (A2) +ma, (A/2),
and thus

m~(>\) < 167T||7.L1||1 167T||U2H1 < 647THU||1 .
T 2l + A2 2ualls +A/2 T 4 Jull + A

O

Let u € LY(T), and let V = @ * u. The condition v € L!(T) is not enough
to conclude that V' € h'(ID). Since otherwise, by Fatou’s lemma, we would have

il < Timninf [V, < oo
r—

which is not true in the general case. However, we can show that V' € h?(D) for
all0 < p < 1.

Corollary 6.2 (Kolmogorov) Let u € LY(T), and let

: 1 (7 2r sin(0 — t) ; ;
v w0y it dt 6 D).
(re) o7 / 1472 —2rcos(f —t) u(e”) dt, (re” € D)

Then, for each 0 <p <1,V € h?(D), u € LP(T) and
VIlp = llally < ¢p llulls,

where ¢, is a constant just depending on p.
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Proof. Fix 0 < p < 1. Let

, 1 [ 1—r? , :
U 0y it dt 0 D).
(re”) 27 /_7T 1472 —2rcos(d —t) u(e”) dt, (re” € D)
Clearly U € h'(D) D h?(D), and F = U+iV is an analytic function on . Based

on the content of Section 5.2, for each fixed 0 < r < 1, the function V,(e?) is
the Hilbert transform of U, (). Hence, by Theorem 6.1 and Corollary 4.13,

1 4 i
Velly = 5 [ V(e do
1 OT;
= 5 p)\p_lmvr()\)d)\
0
© L 2T
< P\ on il |l LN 5
= / LY FATAEpY
© 1 32l
< AP 2 g,
= / P Al +x

See also Section A.5. Making the change of variable A = ||ul|1 s gives us

o] sp—l 1/p
Wil = {2 [T as

Hence V € h?(D) and ||V, < ¢pllull1. Since

lim V (re') = a(e®)

r—1
for almost all e’ € T, an application of Fatou’s lemma implies that
[all, < IV

and thus @ € LP(T). To prove that equality holds we need more tools, which
will be discussed in Section 7.5. However, we do not use this fact. O

A function F = U +iV is in HP(D) if and only if U,V € h?(D). If u € L*(T)
is given and we define
T oelt 4 2

et — z

F(z):U(z)—i-iV(z):i /

2 J_,

u(e™) dt, (z €D),

then, by Corollary 2.15, U = P * u € h'(D), which implies U € h?(D) for all
0 < p < 1. On the other hand, Kolmogorov’s theorem ensures that V' € h?(D)
for all 0 < p < 1. Hence, we obtain the following result.

Corollary 6.3 (Kolmogorov) Let u € LY(T), and let

Plz) = 2 /W CEE ) dt, (z € D).

2 J_, et —z
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Then F € HP(D), for all0 <p <1, and
E Nl < epllull,

where ¢, is a constant just depending on p.

Exercises

Exercise 6.1.1 Construct u € L'(T) such that @ ¢ L*(T).

Exercise 6.1.2 Construct u € L*(T) such that F ¢ H*(D), where

Plz) = 2 /ﬂ CHZ e dt, (2 € D).

o it _
2 J_, et —z

Hint: Use Exercise 6.1.1.

6.2 Harmonic conjugate of h*(D) functions

The following deep result is a special case of M. Riesz’s theorem (Theorem 6.6).
However, we provide an extra proof for this particular, but important, case. We
call your attention to the number of results used in its proof.

Theorem 6.4 Let u € L*(T), and let

; 1 T 2r sin(f — t) ; -
v 0y Wyt 0 D).
(re®) 21 /,r 1472 —2rcos(f —t) u(e”) dt, (re” € D)

Then V € h?(D), u € L*(T) and

[Vl = llalls <l
Moreover,
, 1 7 1—r? , ,
Vv 0y ~ (it dt 6 D).
(re®) o2 /_,r 1472 —2rcos(6 —t) a(e™) dt, (re™ € D)

Proof. Since u € L*(T), by Parseval’s identity (Corollary 2.22),

oo

Y )P =lul3 < ce. (6.1)

n=—oo

On the other hand, by Theorem 3.13,

oo

V(re?) = Z (—isgnn)d(n)rm e,

n=-—oo
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Hence, for 0 <r < 1,

1 7 , Nt
2 _ - 0\ 12 _ ~ 2 2|n|
W= o [ W) Far= 3 Jam e,

-r n=-—00

n#0
Thus, by the (discrete version) of the monotone convergence theorem,

o0

VIE= " la(n)[*
e
Comparing with (6.1), we obtain
VI3 = 1wl — a0) .

Thus V € h2(D) and ||V ||2 < || u||2.
Knowing that V € h?(D), by Theorem 3.6, there exists v € L?(T) such that

, " 1—r? , ,
vV 0y it dt i0 D
(re”) 27 /Tr 1472 —2rcos(f —t) v(e”) dt, (re™ € D),

and
V2 = llv]l2.

According to Lemma 3.10, the radial limit lim, ; V (re'?) exists and is equal to
v(e') for almost all e’ € T. On the other hand, by Theorem 5.17,

lim V (re') = a(e™)

r—1

for almost all e?? € T. Hence @ = v. O

6.3 M. Riesz’s theorem

To prove M. Riesz’s theorem we consider two cases, 1 < p <2 and 2 < p < o0,
and for the second case we need the following lemma.

Lemma 6.5 Let Uy and Uy be harmonic functions on D. Let V; and Vo denote
their harmonic conjugates satisfying V1(0) = Va(0) = 0. Then, for each 0 <r <
L,

/ Uy (re'?) Vo (re'?) do = —/ Vi (re'?) Uy (re') db.

Proof. The function
F(z) = (Ui(z) +iVi(2) ) (Ua(2) + iVa(z) )
is analytic on D. Hence, its imaginary part

Ui(z) Va(z) + Vi(2) U2(2)
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is harmonic on D and
U1(0) V2(0) + V1(0) U5 (0) = 0.
Therefore, by Corollary 3.2,

1 ™

o (Ui (re?) Va(re™) + Vi(re™) Us(re') ) do = 0.
7r

—T
O
The following celebrated result is due to Marcel Riesz. According to this
result an analytic function F' = U + iV is in H?(D), 1 < p < oo, if and only if
its real part U is in h? (D). It has several interesting proofs. The one given here
is by P. Stein. In the proof, two elementary identities for the Laplacian
0? 02

2—7 -
v _8x2+3y2

of analytic functions are used. These identities are simple consequences of the
Cauchy—Riemann equations. Moreover, we need Green’s formula

™ 8 i T ™ .
a—w(re“g) rdf :/ V2 p(pe') pdpdd,
— T 0 -

where ¢ is a twice continuously differentiable function on the unit disc D.

Theorem 6.6 (M. Riesz) Let u € LP(T), 1 < p < oo, and let

; 1 T 2r sin(f — t) ; -
i0 it 60
V = — t D).
(re™) o /Tr 152 = 2rcos(0 — 1) u(e') dt, (re” e D)

Then V € hP(D), u € LP(T) and

VI = llilly < epllwllp,

where ¢, is a constant just depending on p. Moreover,

, 1 [ 1—7? ; ,
i0 ~ it 0
v _ D).

(re®) 27 /,r 1472 —2rcos(6 —t) a(e™) dt, (re® € D)

Proof. The case p = 2 was established in Theorem 6.4 (as a matter of fact, a
slight modification of the following proof also works for p = 2).

Case 1: Suppose that 1 <p <2, u >0, u#0.

Let

; 1 T 1—r2 - ;
0\ __ it 10
U(re”) = — /7T 1—|—r2—2rcos(9—t)u(e ) dt, (re” e D).
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Hence
U(z) >0, (z € D).

Moreover, F(z) = U(z) 4+ iV (z) is analytic on D with F'(0) = U(0) and
|F(z)] >0, (z D).

Since U and |F| are strictly positive on D, they are infinitely differentiable at
each point of . Moreover, by the Cauchy—Riemann equations,

V2UP (2) = p(p = 1) |[F'(2)]” [U(2)P~2

and
V2|FP (2) = p* |F'(2)]? |F(2)]P2,

and thus (note that p — 2 < 0)
V2 |FPP(2) < ]% VU (2) (6.2)

for all z € D. Now, by Green’s theorem,

/ %|F|p (Tew) rdf

/ agUp(rew) rdf = / / V2UP (pe'®) pdpdb.
0 -

_qx Or

/ V2| FIP (pei®) pdpdo,
0

Therefore, by (6.2), we have

l T 0\ (p p l T "
- i < £ = UP (rét )
T(/ﬂ|F(re ) d9> : 7A(/ﬂ (re'”) do

Integrating both sides over [0, r| gives us

/ ) do— [ |PO)F do < Lo ( / ur(rei®) do— [ U(0) d9>.
-7 —T p—= - -7

Thus
17r /Tr |V (T'eie)|p dg < *1 ’ |E (Tei9)|p do
2 —T 2 —T
p 1 g 0 p
< £ = P (ol _ T r(0).
127 ) UP(re') db ) 1U (0)

Therefore, by Corollary 2.15,

1 1
p v p v
vl < (527) 1ot < (525) (63

Case 2: 1 <p<2.
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For a general u € LP(T), write u = (u") —u®) +i (u® —u®), where u®) >0
and uMu® = uBu® = 0. Let V) = Q x u®). Hence V, = (Vr(l) - V7~(2)) +
i (Vi — v ™), and by (6.3),

Vol < VOl + IVl + VO + 1O,
1
p p
< (207 (Il + Rl + R, + a1, ).
Therefore,
p
Wy < (SE) (IO g + g + 1 )

p
4P (p—l ) ( ™ — o) 2+ ) — o) ||£>

p
< e (20l

This finishes the case 1 < p < 2.
Case 3: 2 < p < 0.

Let ¢ be its conjugate exponent of p (note that 1 < g < 2). Let

M
UM (re'?) = Z an rit e (re’ € ),
n=—N
be an arbitrary trigonometric polynomial. The harmonic conjugate of U™ is

M
V(l)(rew) = Z —isgn(n) an rlnl ein? (rew e D).
n=—N

By Lemma 6.5, by Hélder’s inequality, and then by (6.3), we have

1 (7 : , 1 (" ; ;

o [W V(re?®) UM (re?) d@‘ < o [W U(re®) VD (rei?) db
< NG IVl
< ullp x ¢q [UM lq-

Since trigonometric polynomials are dense in L4(T), if we take the supremum
over all nonzero polynomials U(!) in the inequality

1

UM

2i / V(rew) U(l)(reie) de‘ < ¢q |lullp,
7T —T

we obtain
IVellp < cq llullp-

Therefore, we now know that V € h?(D), 1 < p < oo, with [V, < ¢, [Julp-
The rest of the proof is as given for Theorem 6.4. O
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If u € L*(T) is real, then certainly

Plz) = 2 /ﬂ CHE e dt, (z €D),

o it _
2 J_, et —z

is an analytic function on the unit disc satisfying

. 1 g 1—r2 , .
I 6 _ it i D).
RE(re") 27 /7, 1472 —2rcos(f —t) u(e”) dt, (re” € D)

If we know that F' € HP(D), 1 < p < oo, then we necessarily have RF € h?(D),
and thus, by Theorems 3.5, 3.6 and 3.7, uw € LP(T). M. Riesz’s theorem enables
us to obtain the inverse of this result whenever 1 < p < oco. It is not difficult to
construct u € L'(T) such that F ¢ H(DD), or similarly a function u € L>(T)
which gives F' ¢ H>* (D).

Corollary 6.7 Let uw € LP(T), 1 < p < oo, be real, and let

F(2) ! /7T etz u(e™) dt, (z € D).

27 J_. et —z

Then F € HP(D) and
[ull, < N F [l < cp llullp,

where ¢y, is a constant just depending on p. Moreover, the boundary values of I
are given by
f=u+iue H(T).

Proof. By Corollary 2.15, RF € h?(D) and by M. Riesz’s theorem, SF € h? (D).
Hence, F' € HP(D). Moreover, by Corollary 2.15 and Theorem 6.6, we have

[ully = IRFl, < |[Fllp < [[RF[lp + [|SFlp < cpllullp-
Then, by Corollary 5.18,
fe?y = lim F(re') = u(e™) + ia(e™)
r—

for almost all € € T. In other words, there is an f € HP(T) such that u = Rf
and @ = S f. O

Exercises

Exercise 6.3.1 Find u € L(T) such that F ¢ H!(D), where

1 [T etz
F(z)= o [W T u(e’) dt, (z e D).



6.3. M. Riesz’s theorem 141

Exercise 6.3.2 Find u € L*(T) such that F' ¢ H>(D), where

1 [ etz it
F(z) = o / T u(e™) dt, (z e D).

—T

Exercise 6.3.3 Let u € LP(T), 1 < p < co. Show that
a(n) = —isgn(n) a(n), (nez).

Hint: Use both representations given in Theorem 6.6.

Exercise 6.3.4 Let u € LP(T), 1 < p < cc. Let

oo

Pu(e') = Z a(n) e,

n=0
Show that Pu € HP(T) and that
[Pullp < Cp [lullp,

where (), is an absolute constant.
Hint: Use Theorem 6.6 and Exercise 6.3.3. Note that

2Pu = a(0) + u + id.
Remark: The operator P : LP(T) — HP(T) is called the Riesz projection.

Exercise 6.3.5 Let u € LP(T), 1 < p < oo, with

/7r u(e) dt = 0.

—T

Show that ~
U= —u.

Hint: By Corollary 6.7, there is an f € HP(T) such that f = u +ia. Replace f

by if.
Remark: Compare with Exercise 5.7.4. A real u € L'(T) is not necessarily the
real part of an f € H'(T).

Exercise 6.3.6 Let u € LP(T), 1 < p < oco. Suppose that

/7T u(e™) dt = 0.

—T

Show that there are constants c, and C), such that
ep llallp < lull, < Cp |l

Hint: Use Exercise 6.3.5 and Theorem 6.6.
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6.4 The Hilbert transform of bounded functions

If w € L>°(T), then u € LP(T) for all 1 < p < oo, and thus by Theorem 6.6,

ae () LP(T). (6.4)

1<p<oo

However, by a simple example, we see that @ is not necessarily in L (T) for an
arbitrary u € L*(T). Let us consider the analytic function

F(z) = z‘logGJ’Z)

—z

2r sin 6 +i1 1472+ 2rcosé
Do [ S T AT EORY

1—1r2 2 J 14+72—2rcosf )’

= —arctan (

where z = re’? € . Hence

fg it 0<0<m,
u(e?) = linﬁ RF(re?) =

g if —m<6<0,

and _ _
v(e?) = lim SF(re) = —log|tan(F/2)|.

r—1
Since F(z) = 2% 02 2" /(2n 4+ 1), by Theorem 5.1, F € H?(D). Thus, by
Theorem 5.9, _ _
() = v(e") = —log | tan(h/2)| (6.5)
for e’ € T\ {1,—1}. It is clear that @ is unbounded. Nevertheless, @ € LP(T)

for all 1 < p < co. Now we show that the Hilbert transform of a bounded
function satisfies a stronger condition than (6.4).

Theorem 6.8 (Zygmund) Let u € L*°(T) be real with

lulloo < 5
oo = 2'
Then ) -
) el cos(u(e')) d < 2.
Proof. Let
1 (7 et +2 ,
F(z) = — : ") dt = ' D).
(2) 5 /_Tr T u(e™) dt =U(z) +iV(2), (z €eD)

The condition ||u|eo < 7/2 implies

—g < U(reia) <

)

ol 3
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and thus cos(U(re?)) > 0, for all re? € D. Fix r < 1. Then

i " efiF(rem) dO — e~ F(0)
2w

Taking the real part of both sides gives
1 T i -
/ Ve cos(U(re??)) df = cos(U(0)) < 1.

% =

Replace F' by —F' and repeat the preceding argument to get
1 ™

o eV (re™) cos(U(re'?)) db < 1.

—T
The last two inequalities together imply

1 T i )
— elV (el cos(U(re'?)) db < 2.
2m

—Tr

Now, by Fatou’s lemma,

1 T i )
w | ela(e)l cos(u(e)) df
1 T i0 .
= — imi [V(re')] if
o | 11£I1_}{1f {e cos(U(re ))} de

IN

r—1 T —r

Corollary 6.9 Let u € L>(T) be real. Then

1 g S
| M 4o < 2sec( A |Jul|so )
for
Y
<A< :
2||ull

Proof. By Theorem 6.8,
1 ™

o eMa(e™”)l cos(Au(e?)) df <2

provided that 0 < A < 7/(2 |Ju/|s). Since
~|lulloe < Ure”) < Jlulloo,
for all re*® € D, and

™
A o < =,
lull < 3

1 T i .
lim inf o / elV (e cos(U(re”)) do < 2.

143
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then 4
cos( AU (re™?)) > cos( A ||ulleo ) > 0.
Therefore,
1 T i
e M q9 < 2/ cos( X [|ulloo )-

—T

O

As (6.5) shows, the condition A < 7/(2||ul|oo) is sharp. In that example, if
A=7/(2]|ull) =1 then

exp (Ala(e”)]) = 1/|tan6/2|
for 6 € (—m/2,7/2), and this function is not integrable.
Corollary 6.10 Let u € L°°(T) be real. Then

U 2
gl 2l
n—oo n e

Proof. On the one hand, for A > 0,

2T n!

—T

1 M) gg Z @y \n
n=0

and the series is convergent if and only if

lim sup Il A< 1.

e Tt/
On the other hand, by Corollary 6.9,

1 / AN g < oo,
2T

—T

provided that 0 < X\ < 7/(2|Ju||oo). Therefore,

psup il 2l
nooo (R = @ 7
Finally, by Stirling’s formula lim,, ., W = e and hence the result follows.

O

6.5 The Hilbert transform of Dini continuous
functions

A continuous function on T is certainly bounded. Hence, at least its Hilbert
transform is integrable as described in Corollary 6.9. But continuity on T and
the fact that trigonometric polynomials are dense in C(T) enable us to get rid
of the restriction A < 7/(2||ul/s) in this case.
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Theorem 6.11 Let u € C(T). Then

/7; exp ()\ﬁ(ewﬂ) do < oo

for all A € R.

145

Proof. The assertion for A < 0 is trivial. Hence suppose that A > 0. Fix ¢ > 0.

There is a trigonometric polynomial >~ ", a, en?

N
() = u(e?) - Z an e, (e’ ).
n=—M
Hence
N . .
a(e?) = (') + Z —isgnna, e, (e eT),
n=—M
and thus
N .
@) < 1BE+ S Jal (7€),
n=—M

By Corollary 6.9, we have
/ AMAE] gg < ZN s lan] / MAE g < oo,

whenever

™ T
<A< — < .
2¢  2|lelloo

Since ¢ is arbitrary, e* %l is integrable for all \.

The modulus of continuity of u € C(T) is defined by

w(t) =wu() = sup  fu(e®) — u(e®)].
l0—07|<t

One can easily show that w is a positive decreasing function with

limw(t) =0

t—0

and
w(tl +t2) S w(tl) +w(t2)

such that ||¢||e < €, where

(6.6)

for all ¢1,t> > 0. Moreover, if we define w¢ for an arbitrary function f as above,

then f is continuous on T if and only if lim, .o w(t) = 0.
The function u is called Dini continuous on T if

/ @dt<oo.
0 t
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Clearly, the upper bound 7 can be replaced by any other positive number. If «
is Dini continuous on T, then

5
t
lim/ w(t) dt =0 (6.7)
o t
and the inequality

& T
w(t) ] / w(t)
) dt < —= dt+ — —= dt
/ / AT P

shows that we also have

Jim 5 / )t —o. (6.8)

Theorem 6.12 Let u be Dini continuous on T. Then u exists at all points of

T and moreover
4 T
wa(5)§0</ MdH—d/ w“(t)dt>,
0t s 12

where C is an absolute constant.

Proof. Since

i(0—)\ _ o (i(0+t)
u(e0) — u(@ @) | wult)
2tan(t/2) -
then, by (5.10), Dini continuity ensures that 7i(e?) exists at all e € T and it
is given by
) 1 T u(ei(eft)) _ u(ez‘(Gth))
~ 0 i0
=— dt. 6.9
wet) =2 /O 2 tan(t/2) (6.:9)
For a similar reason, Hu(e) also exists for all ¢’ € T and
_ 1 /7 i(0—t)\ _ o [ i(0+1)
Hu(e®) =~ / we™ ) —ule™™) 4 (6.10)
™ Jo t

Representations (6.9) and (6.10), along with the property (5.8), imply that

" wy (t>

wi—gu(8) < Cwy(8) < C6 / dt (6.11)
§

at least for § < 7/2. Since
Wi < Wa—Hu + WHy

it is enough to prove the theorem for Hu.
Fix 6 > 0. Consider two arbitrary points 6; and 6y with |#s — 61| < ¢ and
let 03 = (61 + 02)/2. Without loss of generality, assume that 6 < 6. Since the
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H transform of the constant function is zero, replacing u by u — u(f3), we also
assume that u(f3) = 0. According to the main definition (5.7),

. 1 it
Hu(e') = lim ~ we) gy
e=0 T Jocjg—tj<n 01

and thus, for any § > 0 and any 0,

it
Hu(e) = lim 1(/ +/ ) LACR R
e=0 T e<|t—0l<s  Jo<|t—0|<n 0—t
it ity (00
- l/ U g tim l/ ulel) zule”)
T Js<|i—gl<x O —1 =0 T Jocjt—o|<s 0—t
it ity _ 10
By M g L[ ),
T Jo<lt—6)<n 0 —1 T Jit—0]<s 0—t

For the last integral we have

zt 0 0
‘/ ule”) —ufe”) dt’ 32/ “ul) 4o
[t—0]<§ 0—1 0 T

Hence
" ‘0 4 5wu()
Hu(e®) — Hu(e®)| < = [ 2D drs 1] + 5] + [T,
0
where
1 0240 it
I, = 7/ u(e’) dt,
s 01+6 91—t
1 [02-0 it
Iy, = 7/ u(e”) dt,
T 01—6 92—75
1 . 1 1
. e (=g
s 5+(92 91)<\t O3]<m 01*75 927t

We now estimate each of these integrals:

1 0246 203
7] < */ (e — u(e™) ‘dt
™ 01+68 91—t
02+9 i0:
< l/ ule™) —u(e®) |,
T T Jots t—93
_ wa(30/2) /35/2 dt
- ™ 5/2 t
< (2 10g3) wa(0)
= o g u\0)-
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A similar estimate holds for Z, and thus, by (6.11),

\Ik|§06/5 %dt, (k=1,2).

Finally, for the third integral we have

Tzl < M/ ufe’) —u(e™)
- m 5+@<|t—93|<ﬂ

o =0, —1) | "

ity 103
L % W‘ it
AT J5q 2200 (1 gq)<n (05 —1)
< BT e,
4 E) t2

O

Corollary 6.13 Let u be Dini continuous on T. Then u exists at all points of
T and moreover u € C(T).

Proof. By (6.7) and (6.8) and by Theorem 6.12, we have

lim w (6) = 0.
51_)1r%buu((5) 0

Hence, u € C(T). O
A function u € C(T) is said to be Lip,, 0 < o < 1, if
wy(t) = O(1")

as t — 0. Clearly every Lip, function is Dini continuous on T. Hence @ exists
at all points of T. Moreover, @ is continuous on T. The following results provide
more information about the modulus of continuity of .

Corollary 6.14 (Privalov) Let u be Lip, on T with 0 < o < 1. Then @ is also
Lip,, on T.

Proof. By Theorem 6.12, we have

é T
t t
wa() < c(/ @dtﬂs/ ”(2)dt)
< (/ ct dt+6/ tdt><C’60‘.
Hence, u is also Lip, on T. O

Corollary 6.15 Let u be Lip; on T. Then
wa(6) = O(6 log1/96)

as 6 — 0.
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Proof. By Theorem 6.12, we have

8 s
w(t) w(t)
o ([ ars [0 )
é T
ct ct

C' (5 + dlogm/d).

wa(0)

IN

IN

A

Exercises

Exercise 6.5.1 Let 0 < a < 1, and let f1,..., 8, € R. Let u € C(T) and
suppose that

wu(t) = O(t*(log1/t)"" (loglog1/t)? - (loglog---log1/t)P)
as t — 0. Show that

wa(t) = O(t*(log1/t)"* (loglog1/t)?--. (loglog---log1/t)"")
as t — 0.
Exercise 6.5.2 Let 51 > 0, and let fs,..., 8, € R. Let u € C(T) and suppose
that

wu(t) = O(t(log1/t)"" (loglog1/t)?--- (loglog---log1/t)"")

as t — 0. Show that

wa(t) = O(t(log1/t)* P (loglog1/t)?2 ... (loglog---log1/t)’")

ast — 0.

6.6 Zygmund’s Llog L theorem

As we mentioned before, the assumption v € L*(T) is not enough to ensure that
@ is also in L1(T). A. Zygmund’s L log L theorem provides a sufficient condition
which ensures @ € L'(T).

Theorem 6.16 (Zygmund) Let u be real, and suppose that

1 T ; ;
lutog™ ul = 5 [ fu(e)] Tog™ u(e™) e < oc.
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Let

; 1 [7 2r sin(f — t) , ;
v 0y it 0 )
(re™) 2 / 1472 —2rcos(6 —t) u(e”) dt, (re” € D)

Then V € h'(D), @ € LY(T) and
VIl = llal < Julog™ [ul |1 + 3e.

Moreover,

. 1 T 1—72 , .
Vv (AN ~ (it dit 0 D).
(re®) 27 /77T 1472 —2rcos(f —t) i(e”) dt, (e € D)

Proof. First suppose that u > e, and let

; I 1—r? ; ;

Ure”) = — g Y eD). (6.12
(re”) 27 /_7r 14+7r2—2rcos(d—t) u(e”) dt, (re” D). (6.12)

Thus U(z) > e, and F(z) = U(z) + iV (z) is analytic on D with F(0) = U(0).

The function
tlogt if t>1,
p(t) =
0 if t<1

is nondecreasing and convex on R. Thus, applying Jensen’s inequality to (6.12)
gives us
T 1—7r?

= L+ 72 —2rcos(6 —t)

U(re'?) log U(re'?) < % / u(e™) logu(e®) dt

for all re’ € D. Hence, by Fubini’s theorem,

™ T

U(re?) log U(re') df < / u(e™) logu(e™) dt (6.13)

- -

for each 0 < r < 1.
Since |F| > U > e, both U logU and |F| are infinitely differentiable on D.
Moreover, by the Cauchy-Riemann equations,

/Z 2

V2(U logU) (z) = |FU((Z))|
e F(2)]2
(P () = L

and thus we have
V2(IF|) (2) < V*(U logU) (z)
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for all z € D. Now, Green’s theorem says that

| girieetyras = [ [ 9 E1 ) pdpas
T 0 -

—T

/ ;(U logU) (T@ia) rdd = / / VQ(U log U) (peie) pdpdo.
0 J—m

—T

Therefore,

([ rwenran) < ([ vten ogue) ao).

Integrating both sides over [0, 7] gives us

K

/m\F&é%hwf/w|F®ﬂd9§/wtﬂmﬁ)byﬂmwﬁwi/ U(0) logU(0) db.

Hence,
o | weenian < o [ et as
o | re < 5 ) re
1 T ; ,
< 7/imm%mUw%w+mmuq%mm
™ —T
1 7 A .
< | U(re'?) log U(re') db.
(Here we used the fact that U > e.) Finally, by (6.13),
L/ i0 L it
o [V (re)| db < o u(e) logu(e™) dt (6.14)
™ J—nx -7

for all 0 < r < 1. This settles the case whenever u > e.
For an arbitrary u, write

w=u® 4 u@

where , .
u(e?) if u(e®) > e,
uV(e?) = e if —e <wu(e?) <e,
e if u(e?) < —e
and

e if u(e) > e,

u? () = u(e?) if —e <u(e?) <e,

—e if  wu(e?) < —e
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and .
e if u(e®) > e,

u® (&) = e if —e<u(e?)<e

— )

—u(e®) if  wu(e?) < —e.
The functions vV, u(? and u®) are defined such that u(*) > e, u(® > e and

—e<u® <e Let VP = Qs u®. Hence V, = V'V + V@ — v Thus, by
(6.14), by Corollary 2.19 and Theorem 6.4, we have

Vil < (VO + 1V + 1V
< Jlu® logu®ly + [Vl + [u®® logu® |
< Julog™ ful [l + 2e + U2 |15
< Jlulog® ful |l + 2e + U |oo < [ log™ Jul [|1 + 3e.

Therefore, V € h*(D) with ||[V|; < || log™ |u|||1 + 3e. Hence
F=U+iV e H' (D)
and, by Lemma 3.10 and Theorem 5.17,
7€) = lim P(re®) = u(c™®) + ia(c")

for almost all e? € T. Thus, by Theorem 5.11,

) 1 g 1—72 , .
r AN it dt i0 c D).
(re®) 27 /77T 1472 —2rcos(f —t) J(e) dt, (re )
Taking the imaginary part of both sides gives
: I 1—r? : ;
v 0y ~ (it dt 0 D).
(re”) o7 /_7T 1472 —2rcos(d—t) a(e") dt, (re® €D)

Finally, by Corollary 2.15, ||V |1 = ||a||1-
O

Zygmund’s theorem can easily be generalized for complex functions u satis-
fying u log™ |u| € L'(T). It also enables us to construct functions in H' (D).
Corollary 6.17 Let
/ lu(e™)| log™ [u(e™)| dt < oo,

—T

and let

1 [T et +z ;
F(z)=— . it D).
(=5 | GEEuea (e

Then F € H'(D).

Proof. Without loss of generality, suppose that u is real. Since u € L(T),
by Corollary 2.15, RF € h'(D), and since u log™ |u| € L'(T), by Zygmund’s
theorem, we also have SF € h'(D). Hence F € H'(D). O
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6.7 M. Riesz’s Llog L theorem

M. Riesz showed that Zygmund’s sufficient condition given in Theorem 6.16 is
also necessary if u is lower bounded. However, this condition cannot be relaxed
and the inverse of Zygmund’s theorem, in the general case, is wrong.

Theorem 6.18 (M. Riesz) Let u be real, u > C > —oco, and let u € L*(T). Let

, 1 (7 2r sin(f — t) ; ;
w0y it g4 D).
Vire®) om /_7r 1472 —2rcos(d —t) u(e”) dt, (re” € D)

Suppose that V € h*(D). Then u log™ |u| € L*(T).
Proof. Write u = vV + «(?) | where

u(e®) —1 if wu(e) <1,

u(l)(eie) _
0 it u(e?)>1
and )
' 1 it wu(e?) <1,
u(2)(ez9) _
u(e?) if wu(e?) > 1.
Since

[ul log™ u| < |C| log™* |C] + [u log* [u®)],

it is enough to show that |u®| log™ [u(®| € L'(T). Therefore, without loss of
generality, we assume that u > 1.
Let

. 1 i 1—72 . .
U 0y it dt7 ZOGD,
(re®) 27 _/_,r 1472 —2rcos(6 —t) u(e) (re )
and let F = U +44V. Then F(0) = U(0) and F maps the unit disc into the
half plane Rz > 1. Using the main branch of the logarithm on C\ (—o0, 0], i.e.

log z = log |z| + iarg z, where —7 < arg z < 7, we have

2i F(re®) log F(re'®) df = F(0) log F(0) = U(0) log U (0).

s —T

Hence,

% < U(re'®)+i V(re') ) ( log |F(re®)|+i arg F(re®) ) df = U(0) logU(0).

Taking the real part of both sides gives

1 ™

o (U(rei‘g) log |F(re'?)| — V(re') arg F(re') > df = U(0) logU(0).

—T
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Therefore,
1 T . .
— U(re®) log U(re'®) do
2 ) .
L[ i0 0
< . 2 K3
< 5 /_7r U(re') log|F(re*”)| do
1 [ . ,
< o [ Ween] Jag Fre) do + U(0) 1o U (0)
7T —T
< T L " ) a0+ U0) 10gU(0)
< 9, | Ve og
™
< 5 (V1 4+ U(0) log U(0).

Hence, by Fatou’s lemma,
1 s T

u(e') logu(e') do lim inf o U(re®®) log U(re') db

2 r—1 i

g V]l + U(0) log U(0) < .

IN

—T

IN

Exercises

Exercise 6.7.1 Construct u > 1, u € L'(T), such that u logu ¢ L'(I) for
any open arc I C T.

Exercise 6.7.2 Construct u € L(T) such that @ ¢ L*(I) for any open arc
ICT.
Hint: Use Exercise 6.7.1 and Theorems 6.16 and 6.18.



Chapter 7

Blaschke products and their
applications

7.1 Automorphisms of the open unit disc
Let (zn)n>1 be a sequence in the open unit disc D with

lim |z,| = 1.

n—oo
Such a sequence has no accumulation point inside . Therefore, according to
a classical theorem of Weierstrass, there is a function G, analytic on the open
unit disc, such that G(z,) = 0 for all n > 1. We are even able to give an explicit
formula for G. If I is another analytic function with the same set of zeros, then
K = F/G is a well-defined zero-free analytic function on D. In other words, we
can write

F=GK,

where G is usually an infinite product constructed using the zeros of F', and K
is zero-free. This decomposition is fine and suitable for elementary studies of
analytic functions. However, if we assume that F' € HP(D), then we are not
able to conclude that G or K are in any Hardy spaces. Of course, the choice
of G is not unique. F. Riesz observed that the zeros of a function F' € HP(D)
satisfy the Blaschke condition

> (1= |zl) < 0.

n

Hence he was able to take a Blaschke product in order to extract the zeros of F'.
More importantly, he showed that the zero-free function that we obtain stays
in the same Hardy space and has the same norm as F'.

A Dbijective analytic function f : D — D is called an automorphism of
the open unit disc. Clearly, f~! : D — D, as a function, is well-defined and
bijective. Moreover, based on elementary facts from complex analysis, we know

155
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that f~! is analytic too. In other words, f~! is also an automorphism of the
open unit disc. It is easy to see that the family of all automorphisms of the
open unit disc equipped with the law of composition of functions is a group. As
a matter of fact, the preceding assertion is true for the class of automorphisms
of any domain in the complex plane C. What makes this specific case more
interesting is that we are able to give an explicit formula for all its elements.

Let w € D and let
w—z

bw(z) =

Cl-wz
The function b, is called a Blaschke factor or a Mdbius transformation for the
open unit disc. The first important observation is that

b © by = id (7.1)

for any w € D, where id is the identity element defined by id(z) = z.
For each ¢ € T and w = pe’? € D, we have

bw(ew) _ pei? — 'eit‘)‘ _ 1 Peii(efﬁ)’
1— pe—zﬁeze 1— pez(e—ﬁ)
and thus ‘
by ()] = 1. (7.2)
Hence, by the maximum principle,
bw(2)] <1 (7.3)

for all z € D. The properties (7.1) and (7.3) show that each b,, is an automor-
phism of the open unit disc. Similarly, (7.1) and (7.2) show that the restriction

by : T — T

is a bijective map.

Let f be any automorphism of the open unit disc. Then, by definition, there
is a unique w € D such that f(w) = 0. Define g = f o b,,. Then g is also an
automorphism of the open unit disc and g(0) = 0. Hence, by Schwarz’s lemma,
we have

9(2)] < |2, (z € D).
1

The essential observation here is that exactly the same argument applies to g~
Since g1 is an automorphism of the open unit disc and g~1(0) = 0, then

g7 (=) < |2, (z € D).
Replace z by g(z) in the last inequality to get |z| < |g(z)|, and thus
l9(2)| = |2, (z € D).
Therefore, there is a constant v € T such that g(z) = vz. Hence

(f 0 bw)(2) = 72, (z € D).



7.1. Automorphisms of the open unit disc 157

Finally, replace z by b, (z) in the last identity to obtain

f:")/bw-

Clearly, any such function is also an automorphism of the open unit disc.

Exercises
Exercise 7.1.1 Let U € h(D). Show that
(a)

U(z") € h(D), (n>1).
(b)
U(eiﬁ IZ__;) € h(D), (la| < 1, BER).

Hint: Use Exercise 1.1.4.

Exercise 7.1.2 [Schwarz’s lemma] Let F' € H*(D), ||F|| < 1 and F'(0) = 0.
Show that
[F(2)] <[], (z € D),

and that
F'(0)] < 1.

Moreover, if |F(z)| = |z| for one z € D\ {0}, or if |F'(0)| = 1, then F(z) = vz,
where v is a constant of modulus one.
Hint: Consider G(z) = F(z)/z and apply the maximum modulus principle.

Exercise 7.1.3 Verify that
b, (0) = —(1 — |wl?)
and that

-1
bl = —.
w(w) 1—‘U}|2

Exercise 7.1.4 Let v €T, and let w € D. Define

f(2) = bw(v2), (z €D).

Show that f is an automorphism of the open unit disc. Find v/ € T and w’ € D
such that

f= 'Y/ by -
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Exercise 7.1.5 Let w,w’ € D. Compute b, o b,.

Exercise 7.1.6 Let o, 3 € D, and let
Aap={F e H*D) : |[Flls <1, F(a) =5}
Find

sup |F().
FEAQ,E

Hint: Consider G = bg o F 0b,. Then G(0) = 0.

7.2 Blaschke products for the open unit disc

Let {z, }1<n<n be a finite sequence of complex numbers inside the unit disc D
and let o € R. Then

Tz —z
B(z) = e H

1—-2z,z2

n=1

is called a finite Blaschke product for the unit disc. In the sequence {z, }1<n<n,

repetition is allowed. Based on the observation for Blaschke factors, we imme-
diately see that

|B(e)| =1 (7.4)

for all e’ € T, and
|B(z)] <1 (7.5)

for all z € D. But, if N > 2, B is not one-to-one.
More generally, consider an infinite sequence of complex numbers in the unit
disc {#n }n>1, which is indexed such that

and lim, . |z,] = 1. Let 0 = o0y, }, ., denote the set of all accumulation
points of {z, }n>1. Since lim, ., |2, = 1, 0 is a closed nonempty subset of T.
Moreover, o also coincides with the accumulation points of the set {1/z, : n >
1}. Let

Q=015 =C\ (aU{l/En tn= 1})

Note that we always have D C € for any possible choice of {z,},>1. Besides,
T\ o is also a subset of Q and if it is nonempty, being a countable union of
disjoint open arcs of T, it provides the connection between the disjoint open
sets D and Q \ D.

Let

Zn 1 —Zp2°

B N @ Zn — 2
Bn(z) =] (7.6)
n=1
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By convention, we put |z,|/z, = 1 whenever z, = 0. Under a certain condition
on the rate of growth of {|z,|}»>1, the partial products By converge uniformly
on compact subsets of €2 to a nonzero analytic function, which is denoted by

r[ nl 2=z (7.7)

Zn 1- Zn%

The function B is called an infinite Blaschke product for the open unit disc.

Theorem 7.1 (Blaschke [3]) Let {z,}n>1 be a sequence in the open unit disc
such that lim, oo |2n| = 1. Let 0 = O fzntno denote the set of accumulation

points of {z,}n>1 and let @ = C\ (0 U{1/%, : n > 1}). Then the partial
products

N |2n| 2n — 2
BN(z):H—""i_

Zn 1 —2Zp2
n=1

are uniformly convergent on compact subsets of Q0 if and only if

}:1_uu 0.

Remark: There is no restriction on arg z,.

Proof. Suppose that the sequence {By}n>1 is uniformly convergent to B on
compact subsets of . Suppose that z; = 29 = -+ = 2z, = 0 and 2541 # 0. By
the maximum principle, {By}n>1 is uniformly convergent on compact subsets
of Q if and only if {By(2)/2"}n>1 does the same. Hence, without loss of
generality, we assume that |z1]| > 0. According to this assumption, we have

0)| = [ Iz| > 0.
n=1

On the other hand, the elementary inequality

t<et™t  0o<t<l,

implies
o0 o0
5Ol = TTlal <o (= 30-k)).
n=1 n=1
and thus -
Z(l— |zn]) < 0.
n=1

Now, suppose that the last inequality holds. First of all, the identity

WﬂZn_zzl_(h_%0(1+bﬂ(bw%“2> (7.8)

zn 1 —2Z,2 Zn (1 =2, 2)
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implies

< (1= |znl) (1 + |Z_|Zl|/zn|(1 + 1/|21)>-

1_|zn| Zy — 2

zZn 1—2Zpz

But, on a compact set K C €2, we have

|2
|2 —1/z,]

where C'i is a constant independent of n. Therefore, for all z € K,

L+ (1+1/]z]) < Ck,

1_@ L

22t coital, @2

This inequality establishes the uniform convergence of By on K. O

A sequence {z,} of complex numbers in the open unit disc satisfying

o0

Z (1—|zn]) < o0 (7.9)

is called a Blaschke sequence. We already saw that the set of accumulation
points of any Blaschke sequence is a subset of the unit circle T. Hence, under
the conditions of Theorem 7.1, By converges uniformly on each compact subset
of D to the Blaschke product

o0
1;[ Zn l—zn

Since |By(z)| < 1 on the open unit disc, we also have
|B(2)| <1, (z € D). (7.10)

According to (7.10), a Blaschke product B, restricted to D, is in H°°(ID). Hence,
by Theorem 5.2, there is a unique function b € L>°(T) such that

) 1 i 1—r2 . X
B(re') = — b(e'") dt “eD).
(re”) 27 /ﬂ1+r2—2rcos(9—t) (%) dt, (re” € D)

Moreover,
| B | reemy = |0l Lo ()
and, by Lemma 3.10, 4 .
hril— B(re') = b(e'?)
for almost all e? € T.
If B is a finite Blaschke product, then b is well-defined and analytic at all
points of T. But, if B is an infinite Blaschke product, then b, as a bounded
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measurable function, is defined almost everywhere on T. Nevertheless, if an
arc of T is free of the accumulation points of the zeros of B, then Theorem 7.1
ensures that b is a well-defined analytic function on this arc and |b] = 1 there.

Exercises

Exercise 7.2.1 Let E be a closed nonempty subset of T. Construct a Blaschke
sequence whose accumulation set is exactly E. In particular, construct a Blaschke
sequence that accumulates at all points of T.

Exercise 7.2.2 Let {z,}1<ng<ny €D, let v € T, and let

N
Zn — %
b= 175
n=1 n

Show that, for any w € D, the equation
B(z)=w

has exactly N solutions in D.

Hint: Do it by induction. The function B o b,, might be useful too.

Remark: Repetition is allowed among z, and also among the solutions of the
preceding equation.

Exercise 7.2.3 Construct an infinite Blaschke product B with zeros on the
interval [0, 1) such that
limsup |B(r)| = 1.

r—1

Remark: Note that for any such product, liminf,_,; |B(r)| = 0.

Exercise 7.2.4 Construct an infinite Blaschke product B with zeros on the
interval [0, 1) such that
lim B(r) = 0.

r—1

Hint: Take z, =1 —n"2,n > 1.

Exercise 7.2.5 Let B be a Blaschke product with zeros on the interval [0, 1),
and let
F(z) = (2 —1)? B(»), (z € D).

Show that F' € H>(D).



162 Chapter 7. Blaschke products and their applications

7.3 Jensen’s formula

Let F € H*(D). Then, by Lemma 3.10, we know that f(e?) = lim,_., F(re'?)
exists for almost all ¢ € T. If
()] =1,

for almost all €’ € T, we say that I is an inner function for the open unit
disc. A Blaschke product is an inner function. To establish this result we need
Jensen’s formula.

Jensen’s formula provides a connection between the moduli of the zeros of
a function F' inside a disc and the values of |F| on the boundaries of the disc.
This result is indeed a generalization of the mean value property of harmonic
functions (Corollary 3.2). Jensen’s formula is one of the most useful results of
function theory.

Theorem 7.2 (Jensen’s formula) Let F' be analytic on a domain containing
the closed disc D, and let z1,z2a,...,2, be the zeros of F inside D,, repeated
according to their multiplicities. Suppose that F(0) # 0. Then

1 T i
log |F'(0) Z log < PN ) p / log | F'(re')| dt.

Proof. First, suppose that F' has no zeros on the circle 9D,.. Let
n
H Zk — Z
- ZkZ

and let G = I'//B. Then G is a well-defined analytic function with no zeros on
the closed disc D,.. Hence, log |G| is harmonic there and, by Corollary 3.2, we
have

1 g ,
log [G(0)] = 5- / log |G (re™)| dt. (7.11)
™ —T
But, B is defined such that |B(¢)| =1 for all ¢ € dD,.. Therefore,
[G(re™)| = |F(re")]
for all t. We also have
n r
0 -
V11
k=1
Plugging the last two identities into (7.11) gives Jensen’s formula whenever F'
has no zeros on the circle 0D,. But both sides of the formula are continuous

with respect to r, and the sequence {|z,|},>1 has no accumulation point inside
the interval [0,1). Hence, the equality holds for all r € [0,1). O
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In the proof of Jensen’s formula, we used Corollary 3.2 to obtain (7.11).
However, based on Lemma 3.4 and a simple change of variable, we obtain

. 1 ™ 2_ 2 .
log |G(roe'™)| = — / ST log |G (re™)| dt

2m J_. m? 413 —2rrgcos(fy — 1)

for all 7ge’?0 € D,.. This identity implies

n
Z %
log |F(z)] = - Z log o _ka(;
1 s 2 _ .2 .
+ U log |F(re™)| dt,

21 J_ 2472 = 2ror cos(fp — t)

which is called the Poisson—Jensen formula. We state this formula slightly
differently in the following corollary. As a matter of fact, this result is a special
case of the canonical factorization that will be discussed in Section 7.6.

Corollary 7.3 Let F be analytic on a domain containing the closed disc D,.. Let
Z21,...,2n denote the zeros of F'in D, repeated according to their multiplicities.
Then, for each zg = roe'? € D,., we have

n ,
r(z0 — 2x) 1 T reft 4 2 o
— ——— log |F(re™)| dt
I exo{ 5o [T R o Py at .

where v is a constant of modulus one.

Now we are ready to show that each Blaschke product is an inner function.
Note that this fact is trivial for finite Blaschke products.

Theorem 7.4 (F. Riesz [18]) Let B be a Blaschke product for the open unit
disc. Let 4 4
b(e?) = lim B(re®)

r—1

wherever the limit exists. Then
[b(e)] =1
for almost all ? € T.
Proof. First of all, by (7.10), we have
L[ i0
o 7ﬂ10g |B(re')| df <0 (7.12)

for all r, 0 < r < 1. Without loss of generality, we assume that B(0) # 0.
Since otherwise, we can divide B by the factor z” and this modification does
not change |b|. Then, by Jensen’s formula,

r 1 T )
log |B(0)| = — Z log <| |> + 7 / log | B(re®)| do

IZ'n|<T'
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for all 7, 0 < < 1. Since B(0) =[]~ |zx|, we thus have
1 T ;
2—/ 1og}B(re’0)| df = Z log( > Zlog( >
T J_x lom|<r | n‘ el |Zn|
Given € > 0, choose N so large that " . log1/|z,| < e, and let
R = max{ |z1], ..., |2n]| }

Therefore, for all > R, we have

L[ i0 a
%/_ﬂlog‘B(re )’d@}glog(|z |) Zlog(| n>

which immediately implies

hminfi/ﬂ log | B(re”)| do >
2 J_

r—1

Since ¢ is an arbitrary positive number and in the light of (7.12), the limit of
integral means of | B| exists and

1 T ;
lim — / log |B(T€10)| df = 0.
2 J_,

r—1

By (7.10), we have |b(e") | < 1 for almost all ¢’ € T. Now, an application of
Fatou’s lemma gives

1 ™ 0 . 1 ™
— — g < i _ —
5 log [b(e™)| df < ll_}II{ o [W log | B(re')| df = 0.

—T

Therefore, we necessarily have |b(e??)| = 1 for almost all ¢ € T. O

In proving Riesz’s theorem, we established the following result which by itself
is interesting and will be needed later on in certain applications.

Corollary 7.5 Let B be a Blaschke product for the open unit disc. Then

liml/ log |B(rei9)| df = 0.

Exercises

Exercise 7.3.1 Show that

bz (2)]* =1~ (1= |i|_);i Z_JZO' ) (z € D).
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Exercise 7.3.2 Let zg € D, and let 0 < r < 1. Show that

|z0| + 7
14|z

zZo — %
max

|z]=r

1—2pz

Exercise 7.3.3 Let zg € D, z9 # 0. Show that

S(202) (1 = [20]*)
|Z()| |Z() — Z| |]. — 2()Z|

argb,, (z) = arcsin

Exercise 7.3.4 Let z, € D\ {0}, n > 1. Show that the following conditions
are equivalent:

(1) onzy (1= lznl) < oo
(i) Doney log |zn| > —o0;
(i) TI, J2al > 0.
Exercise 7.3.5 Let I' be analytic on the open unit disc D and continuous on
the closed unit disc . Suppose that
[F(e)] =1

for all e’ € T. Show that F is a finite Blaschke product.
Remark: This exercise shows that a finite Blaschke product is the solution of
an extremal problem.

Exercise 7.3.6 Let F' be meromorphic in the open unit disc D and continuous
on the closed unit disc D. Suppose that

[F(e”)] =1
for all €’ € T. Show that F is the quotient of two finite Blaschke products.

Exercise 7.3.7 Show that
/ log|1 — e[ df = 0.
Remark: This fact was used implicitly in the proof of Jensen’s formula.

Exercise 7.3.8 [Generalized Poisson-Jensen formula] Let F' be a meromor-
phic function on a domain containing the closed disc D,. Let zq,...,z, and
P1,---,Pm denote respectively the zeros and poles of F' in D, repeated accord-
ing to their multiplicities. Show that, for each zy = Toeieo € D,., we have

n

r2 zk 20 — Pk 20
log |F(z9)] = —Zlog " —— —i—Zlog Zo—pk)
1 ™ 2 2 .
n U log | F'(reit)| dt.

21 J_ 2472 = 2ror cos(fp — t)



166 Chapter 7. Blaschke products and their applications

7.4 Riesz’s decomposition theorem

Let F' be analytic, with no zeros on the open unit disc. Let p be any positive
number. Then we can properly define the analytic function F? on D. This
simple-looking property, which by the way is not fulfilled by harmonic functions,
has profound applications in the theory of Hardy spaces. An element of H? (D)
might have several zeros in the unit disc. F. Riesz showed that any such element
can be written as the product of a Blaschke product and a nonvanishing element
of H?(D). To prove this useful technique, we first verify that the zeros of
functions in any Hardy space form a Blaschke sequence.

Lemma 7.6 Let F € HP(D), 0 < p < oo, F # 0, and let {z,} denote the
sequence of its zeros in D. Then

Z(l — |zn|) < oc.

n

Proof. If F has a finite number of zeros, then the result is obvious. If it has
infinitely many zeros, since F' Z 0, they necessarily converge toward some points
in the unit circle. In other words, lim,_,; |z,| = 1. Without loss of generality
assume that F'(0) # 0. By Jensen’s formula, for each 0 < r < 1, we have

log |[F(0)] = — Z log

|zn|<r

1 T ;
+%/ log |F(re)| db.

-7

Zn
If 0 < p < o0, then, by Jensen’s inequality,

1 s . 1 ™ .
— log |F(re'®) P do < 1 — F(re)P <log||F||P
27T/_7rog| (re*”)] d9_og(2ﬂ/_ﬁ| (re*)] d9>_og|| ||p
and thus ) .
o / log\F(rew)\ df <log ||F||p-
0 —1Tr

The last inequality clearly holds even if p = co. Hence,

Z log

|zn|<T

,
< log||F[l, —log |F'(0)].

Zn

Fix N and take R so large that the first IV zeros are in the disc Dr. Therefore,
if R<r <1, we have

N
Z log
n=1

First let » — 1 to obtain

)
L) <log |17, — log| F(0)].

N
> log1/|z| < log||F||, — log |F(0)],

n=1
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and then let N — oo to get

> log1/|z| < log||F|l, — log |F(0)] < oo.

n=1
But, the last inequality is equivalent to Y (1 — |2,]) < . O

Lemma 7.6 shows that we can form a Blaschke product with zeros of any
nonzero element of a Hardy space. F. Riesz discovered that we can extract these
zeros such that the remaining factor is still in the same space with the same
norm.

Theorem 7.7 (F. Riesz [18]) Let F € H?(D), 0 < p < oo, F#0, and let B be
the Blaschke product formed with the zeros of F' in D. Let

G=F/B.
Then G € HP(D), G is free of zeros in D, and
1G]l = [[Flp-

Proof. Clearly G is analytic and free of zeros on D). Moreover, since |B| < 1, we
necessarily have ||F||, < ||G]|,-

Suppose that 0 < p < co. Fix N > 1 and 0 < r < 1. Let By be the finite
Blaschke product formed with the first N zeros of F. Then Gy = F/By is an
analytic function on I, and, by Corollary 4.14,

1 g . 1 g .
o | lentenras < oo [ iGutoetr
T ). T ) .
1 ™ i0\|p
- L / [En(pe™)I”
2r J_, [Balpe)p
< oo o | |Pnlee)P a0
~ infy |Bn(pe?)| 27 J_, Nipe
. IF

infy | B (pe?)

for all p, r < p < 1. Let p — 1. Since |By| uniformly tends to 1, then
17 w0\
o [ lostep as)” <1,

Now, let N — oo. On the circle {|z] = r}, By tends uniformly to B. Hence,
we obtain

1Grllp < NIE -

Finally, take the supremum with respect to r to get |G|, < || F|,.
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A small modification of this argument yields a proof for the case p = co. As
a matter of fact, the proof is even simpler in this case. First, by the maximum
principle,

; ; F
G i0 < g G 0 < ‘l “J‘
G (re)] < sup |G (pe)] < e

and thus, by letting p — 1, we obtain
G (re”)] < |IF oo

Then, if N — oo, we get
|G (re)] < || Flloo-

This inequality is equivalent to ||Glleo < ||Foo- O

In the succeeding sections, we provide several applications of Riesz’s decom-
position theorem.

Exercises
Exercise 7.4.1 (G. Julia [11]) Let F' € HP(D) and F'(0) = 0. Show that
[ < lIE1

forall 0 <r < 1.
Hint: Apply Theorem 7.7.

Exercise 7.4.2 Let F, F # 0, be analytic on the open unit disc and let {z,}
denote the sequence of its zeros in . Show that

D (1= zn]) < 00

n
if and only if
sup / log |F(re')| df < oco.

0<r<1 J—n

7.5 Representation of H?(D) functions (0 < p <
1)

In this section, we show that certain results discussed in Sections 5.1 and 5.6
about HP(D) functions with 1 < p < oo are valid even if 0 < p < 1.
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Theorem 7.8 Let '€ HP(D), 0 <p < 1. Then
f(e?) = 1in% F(re®)

exists almost everywhere on T. Moreover f € LP(T),
lim |7 — £, = 0

and
1Fllp = [1flp-

Proof. By Theorem 7.7, F = BG, where G is free of zeros on D, G € HP(D) and
|F|l, = |G|, Pick a positive integer n such that np > 1 and let K = G'/™.
Then K € H™ (D) C HY(D) and

F=BK"

By Lemma 3.10, b(¢??) = lim, ., B(re') and k(ew_) = lim,_; K(rew_) exist
almost everywhere on T. Since n is an integer, f(e'?) = lim,_; F(re'?) also
exist almost everywhere on T and

f=bk"

with b € L°(T) and k& € L™P(T). Hence, in the first place, by Theorem 7.4,
|f|P = |k|™ and thus f € LP(T). Secondly, to show that lim, .1 ||F, — f]|, =0
we use the known fact that lim, ¢ || K, — k||, = 0. Indeed, using the binomial
theorem, we have

[ = fIP = B K= bk
= |B. (K. —k)+ K" — B k" + (B, —b) k" |

n

2 (7;) (K = KPP |07 4| By = b k|

j=1

IN

and thus, by Holder’s inequality,
- n j/n n—j)/n 1 " % i 0\ |n
D S (8 [ ey L X CO R TR
j=1 -

By Theorem 5.1, |K, — k|np — 0 and, since |B, — b? [k|"? < 2|k|"P, the
dominated convergence theorem ensures that
lim | B (%) — b(e)|P k()" df = 0.

r—1 -

Therefore, ||F,. — f||, — 0 as r — 1. Finally, by Corollary 4.14,

£y = lim |55l = [ fll,-
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At this point we are able to complete the proof of Kolmogorov’s theorem
(Corollary 6.2). In the proof of the corollary, we showed that U,V € h?(D) and
thus F = U + 4V € H?(D) with boundary values f = u + i%. By Theorem 7.8,
asr — 1, F., — f in LP(T). Hence, V,, — @ in LP(T), which also implies
IVl = [l

The correspondence established between HP(D) and HP(T), 1 < p < oo, in
Theorems 5.1, 5.2 and 5.11, along with Fatou’s theorem on radial limits (Lemma
3.10), enables us to give another characterization of H?(T), 1 < p < oo, classes.
Functions in HP(T), 1 < p < oo, can be viewed as the boundary values of
elements of HP(DD). This interpretation is consistent with the original definition
given in (5.2). However, the latter has one advantage. Based on Theorem 7.8,
this point of view can equally be exploited as the definition of H?(T), 0 < p < 1,
classes. The following result gives more information about the correspondence
between HP(D) and HP(T).

Theorem 7.9 Let FF € HP?(D), 0 < p < oo, FF #0, and let
fe) = lirn1 F(re')
wherever the limit exists. Then

g [P(re") ~log (e} i =0

10g|f(eit)|’ dt < oo,

™
lim
r—1 ) .

g 1—7r2

» 1+712—2rcos(f —t)

and

. 1
log |F(re')| < —
og F(re")| < o [

log | f(e™)| dt, (re’’ € D).

Proof. Without loss of generality, assume that p < co and that F(0) # 0. Since
logt x <z, x > 0, we have

plog™ |F(re'”)| < |F(re”)|?, (re’’ € D),
and thus
D / log™ |F(re'?)| d < / |F(ret?)|P df < 2 || F||P.
Hence, by Fatou’s lemma,

[ 1ot 1) a8 < 2 Flpp < oc.

—T

On the other hand, by Jensen’s formula (Theorem 7.2),

r 1 [ i
log|[F(0)] = — Z log<2k|)+2w/ log | F(re'?)| do

M

IN

1 T ;
o /—n log | F(re'?)| df
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and thus

1 ™ ] 1 7T )
— / log™ |F(rei?)|dd < —log|F(0)| + o / log™ |F(re'?)| do
7

2 —r -

115

IA

~ log | F(0)]:

Another application of Fatou’s lemma implies

L™ I FII5
o log™ | f(e")|df < — —log |F(0)| < oc.
™ —Tr
Since ’ log |f|’ =log™ |f| +log™ |f|, the first assertion is proved.

It is easy to verify that logz < (x — 1)P/p, for x > 1 and p > 0. Hence, we
immediately obtain

|log™ a —log™ b| < |a — b|F /p, (a,b>0).

The second assertion is now a direct consequence of this inequality and Theorem
7.8.

Let p < 1 and consider G(z) = F(pz). The function log |G| is subharmonic
on a domain containing the closed unit disc. Hence, by Theorem 4.6,

. 1
1 0 <7
oglGire”) < o [

i 1—72

log |G(e')| dt.
= L+72—2rcos(0 —t) 0g|G(e")]

Thus, for re’? € D,

. I 11— .
log |[F(pre?)] < — log™ | F(pe')| dt
og|F(pre™)] < o  TT T Zreos@—1) 8 |F'(pe')|
1 & 1—r2 )
- = log™ |F(pe')| dt
2 J_. 14712 —2rcos(6 —t) og" |F(pe™)]
= L(p) = 1-(p)

Let p — 1. By the second assertion of the theorem, which was proved earlier,
we have

g 1—r2 )
I — log™ | f(e™)] dt
0 — | g e 1)

and, by Fatou’s lemma,

T 1— T2 '
log™ it dt < liminf I -
/7‘( 1472 —2rcos(f —t) og™ |f(e")] dt < o (p)

Taking the difference of the last two relations gives the required inequality. [
Corollary 7.10 Let F € HP(D), 0 < p < oo, and let f(e') = lim,_; F(re®)
wherever the limit exists. Then

) 1 & 1 — 2
|F(re'®)P < :

— P dt ® eD).
27 J_.1+7r2—2rcos(6 —t) £ dt, (re” € D)
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Proof. By Theorem 7.9,

g 1—r2
= 1+7r2—2rcos(d —t)

. 1 _
log |P(re)] < o [ log |F(6™)] d.
s

Hence
, 1 (7 1—7? ,
F(rei?)|P < — 1 P dt b
Fre <onf 5 [ gy el
Now, apply Jensen’s inequality. O

In the second assertion of Theorem 7.9 we cannot replace log™ by log. For
example, consider

F(z):exp{_iz}, (z D).

Then F' € H>° (D) with boundary values
f(ew) _ e—z’cot(49/2)7 (ei9 c T)

Hence

i i 1—r?
log |F(re'?)| —log |f(e ")‘ R PR —

and thus, for each 0 <r < 1,
7.6 The canonical factorization in H?(D) (0 <p <
©0)

log |F(re')| — log |f(ei9)|‘ df = 2m.

Let F € H?(D), 0 < p < oo, FF £ 0, and let f denote the boundary values of F'
on T. By Theorem 7.9, log |f| € L'(T). Hence, we are enable to define

Op(z) = exp{ 1 /ﬂ ¢ fz log | £(e™)| dt}, (z € D), (7.13)

1t
2 J_. e

which is called the outer part of F'. As a matter of fact, for any positive function
h with log h € L(T), the outer function

On(z) = exp{ L /W < fz log |A(e™)| dt}, (zeD),  (7.14)

it
27 J_r e

as an analytic function on the open unit disc, is well-defined. However, O has
more interesting properties. First of all,

™ 2 )
|0F<rei9>|:exp{1 / il loglf(e”)dt}

2 J_. 14712 —2rcos(6 —t)
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and thus, by Fatou’s theorem (Lemma 3.10),
lim [Op(re'”)| = |£(e")] (7.15)

for almost all e’ € T. Secondly, assuming p < oo,

- 1 [ 1—7r? ;
0\|p o 1 ity |p
Ortre®) =exp{ 5o [ g ol at

and thus, by Jensen’s inequality,

. 1 i 1— 72
Op(re)P < — .

it |p
“2r J_ 1472 —2rcos(f—1t) | f(eM)IP dt.

Hence, by Fubini’s theorem,

1 ™ s

. 1 _
o | loeteas < o [ s =g,

27 — —7

In other words, Op € HP(D) and ||Of||, < ||F||,- This inequality clearly holds
even if p = oo. On the other hand, the inequality in Theorem 7.9 can be
rewritten as

[F ()| < |0r(2)], (z € D), (7.16)
and thus we necessarily have
10p ], = 11, (7.17)
The inner part of F' is defined by
F(z)
1 = — D).
=gk (zeD)

By (7.16), [Ir(2)| <1, z € D, and by (7.15), |Iz(e*)| = 1 for almost all ¢ € T.
Hence I is indeed an inner function. The factorization

F=1IpOp

is called the canonical, or inner—outer, factorization of F.
We can say more about the inner factor Ip. According to Riesz’s theorem
(Theorem 7.7), we can write

Ir =BS,
where B is a Blaschke factor formed with the zeros of F' and S is a zero-free
inner function on D. Therefore, U = —log|S] is a positive harmonic function

on D satisfying 4

lim U(re') = 0

r—1
for almost all ¢’ € T. Therefore, by Theorem 3.12, there is a positive measure
o € M(T), singular with respect to the Lebesgue measure, such that

, 1 1—r? ; ;
—1 LAY it 0 D).
og|S(re™)] 27 /ﬂ- 1472 —2rcos(f —t) do(e”), (re” € D)
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S@%ﬂ%@y—wp{—]Ae“+zddaw}, (z€D).  (7.18)

21 et — 2
As a matter of fact, the counterexample given after Theorem 7.9 is a prototype

of these singular inner functions obtained by a Dirac measure at point 1. Note
that for singular inner functions, we have

/ﬁ log |S, (re'®)| d§ = f/ do(e) = —o(T) (7.19)

-7 T

for each 0 < r < 1. Compare with Corollary 7.5.
The complete canonical factorization of F' now becomes

F=BSO,

where B is the Blaschke product formed with the zeros of F, the singular inner
function S is given by (7.18), and the outer function O by (7.13). There is also
a constant of modulus one which was absorbed in B.

Since o is a positive Borel measure and singular with respect to the Lebesgue
measure, we have o’(e??) = 0 for almost all €? € T, which in turn implies

lin% |S(re?) =1

for almost all e’ € T. What is implicit in this statement is that almost all is
with respect to the Lebesgue measure. On the other hand, we also know that
o' (e"?) = 400 for almost all e? € T, which implies
lim S(re?y =0 (7.20)
T—
for almost all e € T. However, in the latter statement, almost all is with
respect to the measure o. In particular, if ¢ is nonnull, at least at one point on
T, the radial limit of S is zero.

Exercises

Exercise 7.6.1 Let I be an inner function. Show that I is a Blaschke product
if and only if

liml/ log |I(re'?)| dd = 0.

Hint: We have I = B S, where B is a Blaschke product and S is a singular inner
function. Apply Corollary 7.5 and (7.19).
Remark: Compare with Corollary 7.5.

Exercise 7.6.2 Let I be an inner function. Suppose that for each ¢ € T,
either lim, . |I(re®)| does not exist or it exists but lim, 1 |I(re*)| > 0. Show
that I is a Blaschke product.

Hint: Use (7.20).
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7.7 The Nevanlinna class

Let h be a positive measurable function with log h € L'(T), and let o be a signed
Borel measure on T. We emphasize that h is not necessarily in any Lebesgue
space LP(D) and o is not necessarily positive. Let B be any Blaschke product
for the unit disc. Let

F = BS, Oy, (7.21)

where Oy, and S, are defined by (7.14) and (7.18). Write 0 = 07 — 0, where
ot and o~ are positive Borel measures on T. Then

) 1 1—72 :
1 F 60 < do~ it
og|F(reT)l = 27 /Tl—|—r2—2rcos(9—t) o (")
1 g 1—172

+ log™ h(e™) dt.

21 ) . 1+712—2rcos(0 —t)
Therefore, by Fubini’s theorem,
/ log* [F(rei®)] df < o~ (T) + / log* h(e™) dt

for all 0 < r < 1. The integral on the left side is an increasing function of r
(Corollary 4.12). Hence, functions defined by (7.21) satisfy

sup / log™ |F(re'?)| df < oc. (7.22)
0<r<1J—n

The Nevanlinna class N is, by definition, the family of all analytic functions F'
on the open unit disc which satisfy (7.22). The following result shows that any
such function also has a representation of the form (7.21). Note that, according
to Theorem 7.9,

U B (D) c NV.

p>0
Theorem 7.11 Let F € N, F #£0. Then
(a) the zeros of F satisfy the Blaschke condition;
(b) for almost all ¥ € T,
f(e) = lim F(re”)
exists and is finite;
(c) log|f| € L}(T);
(d) there is a signed measure o such that

F=BS,0,

where B is the Blaschke product formed with the zeros of F.
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Proof. Fix p < 1. By Corollary 7.3, for each z € D,, we have

P = [T 222 e { o [ LS toglppet) at ),

21 J_. pett —

where v is a constant of modulus one and zy, ..., 2, denote the zeros of F' in
D, repeated according to their multiplicities. Hence, for each z € I,

z—z k/p 1 g e”Jr
F(p2) wH eo{ o= [* S oglPle] ar ).

1—zz/p —r
Define
z—z k/p 1 T et 4 o
D,(2) = 7]'[ s, OP\ "o | s 8 |F(pe't)| dt b,
1 [Tet+z |
U,(z) = exp ~ o T log |F(pe't)| dt .

Then ®, and ¥, are analytic functions in the closed unit ball of H>(DD), i.e.
|®,(2)] <1 and [¥,(2)] <1 forall ze D, and

(z € D).
Based on our main assumption on F', there is a constant C' > 0 such that
1 T ,
v,(0) = exp{ ~ 5 / log™ | F(pe™)| dt} >C (7.23)
ﬂ- —Tr

for all p < 1. Now take a sequence converging to 1, say p, =1—1/n, n > 1.
Hence, by Montel’s theorem, there is a subsequence (ny)r>1 and functions ®
and ¥ in the unit ball of H*°(D) such that, as k — oo,

®,,, (2) — @(2) and Uy, (2) — ¥(2)
uniformly on compact subsets of D). Therefore,

D(2)

FG) = g

(z € D).

Moreover, by (7.23) and the fact that ¥,(z) # 0 for all z € D, we deduce that
U(z) # 0 for all z € D. This representation allows us to derive all parts of the
theorem.

The zeros of F are the same as the zeros of ® € H*°(ID). Hence (a) follows
from Lemma 7.6. By Fatou’s theorem (Lemma 3.10),

o) = 1in%<1>(rei9),
1/)(ew) = 1im\Il(7‘ei0)

r—1
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exist and are finite for almost all e?® € T, and by the uniqueness theorem
(Theorem 5.13) the set {e?® € T : (e?) = 0} is of Lebesgue measure zero.
Hence, part (b) follows. Since f = ¢/, part (c) follows from Theorem 7.9.
Finally, as discussed in Section 7.6, there are positive Borel measures o1 and o9
such that

=08 Sal O|<P\ and U = ng OW’\’
where B is the Blaschke product formed with the zeros of ®. Hence, we obtain
F'=B S5,-0, Olgl/ly| = B S5 Ojy)- =

In the proof of the preceding theorem it was shown that each element F € N
is the quotient of two bounded analytic functions. On the other hand, suppose
that F' = ®/¥, where ® and ¥ are bounded analytic functions on the open unit
disc. Without loss of generality, we may assume that || @[ < 1 and [|¥| < 1,
and that ¥(0) # 0. Hence,

log™ [F(re")| < —log [W(re™)|

and thus, by Jensen’s formula (Theorem 7.2),

/ log* |F(rei®)] b < —/ log |0 (rei®)| 6 < 27 log [W(0)|
for all » < 1. Therefore, ' € N. We thus obtain another characterization of
the Nevanlinna class.

Corollary 7.12 Let F be analytic on the open unit disc. Then F € N if and
only if F is the quotient of two bounded analytic functions.

The measure o appearing in the canonical decomposition of functions in
the Nevanlinna class is not necessarily positive. Hence, we define a subclass as
follows:

Nt ={FeN :F=BS,0p witho >0}.

Based on the canonical factorization theorem, we have

U B (D) c VT

p>0
The main advantage of N'* over N is the following result.

Theorem 7.13 (Smirnov) Let F € N'*, and let f(e?) = lim,_; F(re®), wher-
ever the limit exists. Then F € HP(D), 0 < p < oo, if and only if f € LP(T).
In particular, if F € H*(D) for some s € (0,00] and f € LP(T), 0 < p < oo,
then F' € HP(D).

Proof. Since F' € N'* we have the canonical factorization F' = B S, O)y|, where
B is the Blaschke product formed with the zeros of F' and o is a positive singular
measure. Therefore, I = Ip = B S, is an inner function. Hence, it is enough
to show that Oy € HP(D). But, as discussed at the beginning of Section 7.6,
Oy € HP(D) if and only if f € LP(T). O
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Let

F(z)exp{ijz}, (2 € D).

Clearly F' € N with unimodular boundary values
f(ew) _ eicot(9/2), (ew e T).

However, F' ¢ H>® (D). Hence, in Theorem 7.13 we cannot replace N'* by N.
The following result provides a characterization of the elements of Nt in the
Nevanlinna class N.

Theorem 7.14 Let F € N, and let f(e'?) = lim, ., F(re®), wherever the limit
exists. Then F' € Nt if and only if

lim / log™ |F(re'?)| d§ = / log™ |f(e")] db. (7.24)

Proof. Suppose that F € N*. Hence FF = BS, Oy, where o is a positive
singular measure. Therefore, [F'| < |O)y|, which implies

, 1 [T 1—7? , ,
log™ |F(re??)] < — log™ Y dt 0 ¢ D).
o8 1P < oo | g A€ (e D)
Thus, by Fubini’s theorem,

/1og+|F(rei9)|d9§/ log™ | f|(e®) dt, 0<r<1).

The quantity on the right side is an increasing function of r (Corollary 4.12),
and by Fatou’s lemma,

/ log™ | f(e'?)| df < lim i{lf/ log™ |F(re')| df.
-7 r— -7

Hence, (7.24) holds.

Now, suppose that (7.24) holds. Let F' = B S, O|f| be the canonical decom-
position of F' € N. Write G = S, Ojy and denote its boundary values by g.
Since F' = BG@, it is enough to prove that G € N. We have |f| = |g| and

log |B(2)| +1log™ |G(2)] < log™ |F(2)| < log™ |G(2)].

Thus, by Corollary 7.5 and our assumption (7.24),

lim / log™ [G(rei®)] db — / log* [g(ei®)] do. (7.25)

—Tr

The main reason we replaced F' by G is that it has the representation

) 1 1— 72 ) )
1 LAY it 6 D
o8lGlre) = o= [ g ). (e D)
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where ' , 4
dM(e™) =log|g(e™)| dt — do(e™).

Hence, by Corollary 2.11 the measures log |G(re®)| dt converge in the weak*
topology to d\(e'). Take any sequence 7, > 0, n > 1, such that r,, — 1. Since
the sequences (log™ |G(r,e™)|dt),>1 and (log™ |G (rpe')| dt),>; are uniformly
bounded in M(T), there is a subsequence (ny)r>1 and two positive measures
A1, Az € M(T) such that

log™ |G(rp, )| dt — dXi(e™)  and  log™ |G (rp,e™)|dt — d\a(e™)

in the weak* topology. Hence, A = A\; — A2. Our main task is to show that
A1 is absolutely continuous with respect to the Lebesgue measure. This fact is
equivalent to saying that o > 0, and thus the theorem would be proved.

Let E be any Borel subset of T. Then, by Fatou’s lemma,

/ log™ |g(e™)| dt < lim i{lf/ log™ |G(re™)| dt
B =1 Jg

and
/ log™ |g(e™)| dt < lim inf/ logt |G (re™)| dt.
T\E r—1 Jm\E

If, in any one of the last two inequalities, the strict inequality holds, then we
add them up and obtain a strict inequality which contradicts (7.25). Hence

liminf [ log™® |G (re®)| dt =/ log™ |g(e™)] dt
E E

rT—

for all Borel subsets E of T. In particular, if we take r = r,,, £ — oo,
then, by (7.25) and Theorem A.4, the measures log™t |G(r,, e™)| dt converge
to log™ [g(e™)| dt in the weak* topology. Therefore,

d\i(e™) = log™ |g(e™)] dt.

Exercises

Exercise 7.7.1 Show that

UHD GNTGN.

p>0

Exercise 7.7.2 Let F' € N, and let f(e') = lim,_ F(re'?), wherever the
limit exists. Show that the assumption f € LP(T), 0 < p < 00, is not enough to
conclude that F' € H?(D).
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Exercise 7.7.3 Let F' € N. Show that there is a Blaschke product B and
singular inner functions Sy, So and an outer function O such that

F=BS,0/8,.

Exercise 7.7.4 [Generalized Smirnov theorem] Let Oy and O}, be outer func-
tions with g/h € LP(T), 0 < p < oo. Show that

Oy
HP(D).
Ohe (D)

Exercise 7.7.5 Let u, i € L*(T). Let V = Q * u. Show that V € h'(D),
fim [V, — i = 0

and

. 1 g 1 — 72 . .
Vs 0y ~ (it dt 0 D).
(re”) 27 /,r 1472 —2rcos(f —t) a(en)dt, (re” € D)

Hint: Let U = Pxu, and let F' = U +14V. By Kolmogorov’s theorem (Corollary
6.2), F € H'?(D). Since the boundary values of F are given by f = u + it €
LY(T), the Smirnov theorem (Theorem 7.13) ensures that F' € H!(DD).

Exercise 7.7.6 Let u,4 € L'(T). Show that u + ia € H(T).
Hint: Use Exercise 7.7.5.

Exercise 7.7.7 Let u,u € L'(T). Suppose that

/7T u(e) dt = 0.

—T

Show that

0
Il

|
<

Hint: Use Exercise 7.7.6.

Exercise 7.7.8 Let u,u € L*(T). Show that

u(n) = —isgn(n) i(n), (n € Z).

Hint: Use Exercise 7.7.5.
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7.8 The Hardy and Fejér—Riesz inequalities

Another consequence of Theorem 7.7 is the following representation for the
elements of H!(ID). This result by itself is interesting and will lead us to Hardy’s
inequality.

Lemma 7.15 Let F € HY(D). Then there are G, K € H?(D) such that
F=GK

and
IFl: = IGI5 = | K|l5-

Proof. By Theorem 7.7, FF = B ®, where B is a Blaschke product and ®
HY(D) is free of zeros on D with ||®[|; = ||F||;. Let

G=B®> and K = ®2.

Clearly G K = F and ||K||3 = ||®||1 = ||F||1. Moreover, again by Theorem 7.7,
1 1
IG5 = 1B 225 = [[®= 3 = [/l = || F]:- 0

An element F' € H'(D) corresponds to a unique f € H'(T) and we have the
power series representation

F(z) = Z f(n)z", (z € D).
n=0

Since f € HY(T) c LY(T), by the Riemann-Lebesgue lemma (Corollary 2.17),
we know that f(n) — 0 as n — oo. Hardy’s inequality improves this result.

Theorem 7.16 (Hardy’s inequality) Let F € H'(D) and let f € H'(T) denote
its boundary values. Then

n

AT

Proof. By Lemma 7.15, there are G, K € H?(D) such that F' = G K and || F||; =
|G||% = || K||3. Moreover, if

G(z) = Zg(n) Z", (z € D),

and

then we clearly have
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By Parseval’s identity (Corollary 2.22),

Dol =G5 = IFlh
n=0

and -
S k) = KI5 = ||F]:.
n=0
Hence -
G(z) =>_lg(n)| =", (z€D)
n=0
and

2) = lk(n) 2", (z € D),
n=0

are also in H?(D), with ||G||2 = ||K||3 = ||F||;. Therefore, if we define
F(z) = G(2)K(z) = ) A 2", (z € D),

then, by Hélder’s inequality, F € H'(D) with

IFllh < IGll2 1Kll2 = [F]

and
fm<| 3 sk ‘ S ) ko)
j+l=n jt+l=n
§,0>0 3,0>0

for all n > 0. Hence, it is enough to prove that

0o
A

> < ||

n=1 n

The main advantage of F over F' is that all its coefficients are positive.
Let

Zz— —log(l — z), (z € D),
—n
where log is the main branch of logarithm. Hence, S® € h*° (D) with
|90 = 2.

Then, by Parseval’s identity, we have

oo

; = 7 A~ A
F(re?) ®(rei?) df = Z 7” r2n

n=1

1 U
2

—T
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and

Hence,

Therefore, for each 0 < r < 1,

> An n
oL < 9By 9P e < .

n=1
Now, let r — 1. O

Let F € H*(D). Abusing the notation, let F also denote the restric-
tion of F on the interval I = (—1,1). Then F is clearly bounded on I and
|Fl[ ooy < [|F||roe (). The Fejér-Riesz inequality is a generalization of this
simple observation for other H? (D) classes.

Theorem 7.17 (Fejér-—Riesz) Let F € HP?(D), 0 < p < co. Then

1 "
( / |F<x>|ﬂdx) <77 |F,
—1

Proof. Case 1: F € H?(D) and the Taylor coefficients of F are real.

In this case, F'(z) is real for all z € (=1,1). Fix 0 <r < 1. Let I';. be the curve
formed with the interval [—7,7] and the semicircle 7e?, 0 < § < 7. Then

/FTF(z)dzzo,

/FQ(x)dm:—ir/ F2(re') e o,
0

-

which implies

and thus

/T F2(x)dx < /7r |F(re'®)|? db. (7.26)
—r 0

A similar argument shows that

' F?(z)dx < /0 |F(re'®)|? dp. (7.27)

-r —T

To obtain this inequality we should start with the curve T, formed with the
interval [—7,7] and the semicircle re??, —m < 6 < 0. Adding (7.26) to (7.27)
gives .

2 [ F%(x)ds g/ |F(re?®)?df < 2x| F||3.

- -7
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Let » — 1 to obtain

.

</_11 F2(z) dx>2 < 72| Fs.

Case 2: F € H*(D).

Write
F(2) = (an+ibn) 2" =Y an2"+iY by 2" = Fi(2) +iFy(2),
n=0 n=0 n=0

where a,, and b,, are real numbers. Then F} and F5 are real on the interval
(—1,1) and

o0 o0 o0

I3 + 17205 =Y lanl® + D 1bal® =Y lan +ibal* = [|F|3.
n=0 n=0 n=0

Hence, by Case 1,

/1 |F(2)?de = /llFf(x)dz+/11F22(x)dx

-1

IN

| F3 + wllFel3 = 7 || FI3.
Case 3: F € HP(D).

By Theorem 7.7, F = BG, where G € HP(D), G is zero-free and ||F||, = ||G||,.
Let K = GP/2. Hence, K € H*(D) and

K13 = Gl = 1F115.

Therefore, by Case 2,

/ 11 </ 11 G@)P da

- /1 K (2)|? dz

-1

T K3 =7 F|Ip.

=
B
=
.
S
A

IN

Exercises
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Exercise 7.8.1 Let F € H!(D) and let f € H'(T) denote its boundary values.

Show that -
n=0

f(n
SO < 2.
n+1
Exercise 7.8.2 Let G, K € H*(D) and let

F=GK.

Show that F' € H'(D) and

I < G l2 1 K]l2-

Exercise 7.8.3 Let F € H!(D). Show that there are G, K € H' (D) such that
F=G+K,
G and K are free of zeros on D, and
Gl < [1F]]s, I < (1]
Hint: If B is a Blaschke product, B # 1, then 1 + B and 1 — B are zero-free on
D.

Exercise 7.8.4 Let

Fz)=Y" lozgnn, (z € D).

n=2

Show that F' ¢ H'(D).

Exercise 7.8.5 Give an example to show that the constant 7'/? in Theorem
7.17 is sharp, i.e. it cannot be replaced by a smaller one.

Hint: Consider F.(z) = (¢'(2))"/?, where ¢ is the conformal mapping from I
to the rectangle (—1,1) x (—¢,¢), and ¢ maps (—1,1) to itself.



186 Chapter 7. Blaschke products and their applications



Chapter 8

Interpolating linear
operators

8.1 Operators on Lebesgue spaces

Let (X, 1) be a measure space with ¢ > 0, and let LP(X), 0 < p < oo,
denote the space of all equivalent classes of measurable functions f such that

1l = (/X |f|pdﬂ>p < .

The space L% (X) is defined similarly by requiring

1 = it { 01 < e 5 101> 2} =0 <.

The family of Lebesgue spaces LP(T), 0 < p < oo, is an important example that
we have already seen several times before.
Let (X,9, 1) and (Y, M, v) be two measure spaces. Let p,q € (0,00]. If an
operator
A LP(X) — LYUY)

is bounded, i.e. with a suitable constant C,

[Afllg < C I fllp (8.1)

for all f € LP(X), we say that A is of type (p,q) and we denote its norm by

IAf]l,

IAllpg) = sup .

P = ey (11
f#0

In other words, [[Al|(,,q) is the smallest possible constant C'in (8.1).

187
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Suppose that the operator A is defined on the set
LX)+ I (X) = { f+g: f € L"(X) and g € L7 (X))

and is of types (po, go) and (p1,q1). More precisely, when we restrict A to LPo (X)
and LP*(X), both operators

A:LP(X) — LO(Y)

and

A LPY(X) — LI(Y)
are well-defined and bounded. Then if p is between py and p;, we are faced with
a natural question. Can we find ¢ between ¢y and ¢; such that

A LP(X) — LYY)

is also well-defined and bounded? The Riesz—Thorin interpolation theorem
(Theorem 8.2) provides an affirmative answer. Let us mention two relevant
examples that have already been discussed.
The Fourier transform
F:LYT) — =(2)

f — f

was defined in Section 1.3. By Lemma 1.1, F is of type (1,00). Moreover, by
Parseval’s identity (Corollary 2.22), the operator

FLAT) — (%(Z)

f — f

is well-defined and has type (2,2). As a matter of fact, it is not difficult to show
that

[Fll1,00) = I Fll2,2) = 1.
Therefore, if p € [1,2] is given, is there a proper g € [2, 0] such that

F:LP(T) — EQ(Z)
f —  f

is well-defined and bounded?
Our second example is the convolution operator. Fix 1 < r < oo and fix
f e L"(T). Let
A:LYT) — L"(T)
g —  fxg
By Corollary 1.5, A is of type (1,7). On the other hand, the same corollary
implies
A:L7(T) — L°(T)
g —  fxg
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is of type (1',00), where 1/r+1/r" = 1. Thanks to Young’s inequality (Theorem
1.4), we already know that if
s € [1,7'],
and we pick
sr'
P= € [r, o0l
then
A:L5(T) — LP(T)
g —  fxg
is of type (s, p). However, using the Riesz—Thorin interpolation theorem (The-
orem 8.2), we will give a second proof of this fact.

Exercises

Exercise 8.1.1 Let (X, 9, 1) be a measure space. Let 0 < pg < p < p; < o0.
Show that
LP(X) C LP°(X) 4+ LPY(X).

Exercise 8.1.2 Let (X, M, 1) be a measure space. When is the family LP(X),
0 < p < oo, monotone?

8.2 Hadamard’s three-line theorem

In Section 4.2 we discussed several versions of the maximum principle. In partic-
ular, we saw that if F' is analytic on a proper unbounded domain €2, continuous
on  and |F(¢)| < 1 at all boundary points ¢, we still cannot deduce that F
is bounded on ). However, as Phragmen-Lindel6f observed, under some extra
conditions, we can show that the maximum principle still holds even for un-
bounded domains. There are many types of Phragmen-Lindel6f theorems with
different conditions for different domains. To prove the Riesz—Thorin interpo-
lation theorem, we need a very special case due to Hadamard.

Theorem 8.1 (Hadamard’s three-line theorem) Let S be the strip
S={z+iy:0<z<l,yeR}.

Suppose that F is continuous and bounded on S = [0,1] x R, and that F is
analytic on S. Suppose that
[F(iy)| < mo

and
[F(1+dy)| < my

for all y € R. Then
|F(a +iy)| < mg~ " mg

forall0 <z <1 and all y € R.
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Proof. Without loss of generality assume that mg,m; > 0. Since otherwise, we
can replace them by mgy + € and m, + €, and after proving the inequality with
these new constants, we let € — 0.

Let ”
Glz) = 1_(ZZ)

-
my My

The function G is continuous and bounded on S = [0, 1] x R, and analytic on
S. Moreover,

G(iy)] <1

and
G(L+iy)| <1

for all y € R. If we succeed in proving that |G(z)| < 1 inside the strip, then
the required inequality follows immediately. However, this fact is a simple con-
sequence of Corollary 4.5 applied to log |G|. O

Let
[ Flloo = sup |F(x +iy)|.
yeR

Then Hadamard’s three-line theorem can be rewritten as
1og || Fzlloo < (1 —2) log || Folleo + 2 log || Fi [ o

In other words, log || F};||« is a convex function of x.

Exercises
Exercise 8.2.1 [Hadamard’s three-circle theorem| Let  be the annulus
Q={z:0<r <|z|<ra <0}
Suppose that F' is continuous on Q, and that F is analytic on €. Suppose that
|F(rie)| < my

and _
|F(r2e')] < mo

for all §. Show that

log ro —log r log r—log ry
i0 Tog 15 —Tog 71 Tog 5 —Tog 71
|F(re')] <m, m,

for all r1 < r < ry and all 6.

Remark: Hadamard’s three-circle theorem says that log || F;||oc is a convex func-
tion of logr. Hardy’s convexity theorem (Theorem 4.15) is a generalization of
this result.
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Exercise 8.2.2 Use

F z 22 n
Fo(2) = # e/, (n>1),
0 1

and the ordinary maximum principle for analytic functions to give a direct proof
of Hadamard’s three-line theorem.
Hint: For each fixed n, we have

;Lrgo F,.(z)=0.
z€S

Hence, the maximum principle ensures that |F,(z)| < 1 for all z € S. Now, let
n — o0.

8.3 The Riesz—Thorin interpolation theorem

Let (X, 9, 1) be a measure space. A simple function is a finite linear combina-

tion
N
E Cn XA, >
n=1

where ¢,, are complex numbers and 4,, € M with pu(A,) < oco. Let us recall

that
1 if x€ A,

xa(z) =
0 if z¢A

is the characteristic function of A. Clearly, we can assume that A,, are disjoints.
Simple functions belong to all LP(X) spaces and they are dense in LP(X) when-
ever 0 < p < 0.

Theorem 8.2 (Riesz—Thorin interpolation theorem) Let (X, 9, 1) and (Y, M, v)
be two measure spaces. Let po,qo,p1,q1 € [1,00]. Suppose that

A LPO(X)+ LPY(X) — LP(Y) + LY (Y)
is a linear map of types (po, qo) and (p1,q1). Let t € [0,1] and define
1 1-—-1t t 1 1-—t t

— and —
Dt Po P1 qt q0 q1

Then
A LPH(X) — L(Y)

is a linear map of type (pt,qr), and

1AM e < NN oy IAIIG

1
(0,90 P1,q1)°
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Remark: We consider 1/00 =0 and 1/0 = co.

Proof. Fix t € (0,1). Without loss of generality, we also assume that py < p;.
We consider three cases.

Case 1: Suppose that p;, ¢ € (1,00).
This assumption has two advantages. First, L% (Y) is the dual of L% (Y'), where
1/q: +1/q; = 1. Second, simple functions are dense in LP*(X) and L% (Y").

Let ¢ be a simple function on X. Since ¢ € LP°(X) + LP'(X), we have
Ap € LP(Y)+ L% (Y), and thus, by duality,

)

IAglly, = sup ] [ aorva

where the supremum is taken over all simple functions ¢ € L (Y') with

[Pl < 1.

We apply Hadamard’s three-line theorem (Theorem 8.1) to estimate [, (Ap) v dv.
Since ¢ and 9 are simple functions we can write them as

p=> rme’mxa, and =Y pue’" xa,,
m n

where r,,, p, > 0, A, € M and B,, € N, and each sum has finitely many terms.
Define

1=z =
_ Po | P1 d _ qt( aj + aj ) 9y
p, = T'm e’m™xa, ~ an Y, = On, e" xB, -

m n

Pt( 172+i)

0y

The definition is arranged such that ¢, = ¢ and ¥y = 1. Without loss of
generality we can assume the sets {A,,} and {B,} are respectively pairwise
disjoint. Hence, for all a > 0, we have

ap (4= aq) (524 2)
|Poriyl™ = T'm t( " pl) XA, and  [Yapqy|" = an © " xs,
m n
In particular, the identities
@iy [P0 = [p14iy|"* = |o|”* (82)
and
[Piy|® = [th144y| T = ||% (8.3)

are essential for us.
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FE) = [ (v
= > ei(0m+ﬂn)</(AXAm)XBn dV)Tﬁi(l”"“r’fl)pit( % +E>.
m n Y

Hence F' is an entire function, and

FO) = [ () v
%
Let S be the strip
S={z+iy:0<z<l,yeR}

Since

r PO p1 (0] pP1
m n — 'm n )

p(eg) dCge) - o Cer) i)

the entire function F is bounded on S. Moreover, by Holder’s inequality, on the
vertical line Rz = 0 we have

Fliy)] = | [ iy iy
< (/ A‘Piy|qodV)qo (/ |7/}iy|q6dy)qo
Y Y
% ’ i
< ||A<po,qo>< / |soz-y|p°du) ( / ww%du) .
Y Y

Hence, by (8.2)-(8.3) and the fact that ||/, < 1, we obtain

F )] < 1Moo 1l ™. (8.4)

Similarly, on the vertical line ®z = 1 we have

Fail = | [ Qo) vris
Y
< (/ |A<Pz'yq1d1/>q1 (/ |¢z’y|ql1dV)41
Y Y
< Wl ([ 1ot )” ([ wlrian)
Y Y

Hence, by (8.2)-(8.3), we obtain

[F(1L+ i) < [[Ally,a0) llollBe P (8.5)
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Therefore, by Hadamard’s three-line theorem (Theorem 8.1) and by (8.4) and
(8.5), we have

1—t t
[E(t)] (1AM po,a0) N2 l1B/2 ) (MG NN/ P)

S o T T

Thus

<AL oy 1A 0y Il

[@ova

Taking the supremum with respect to all ¢ with [[¢[|,; <1 gives

1A@llge < 1A ot goy 1Ay gy 1l (8.6)

This is the required inequality, but just for simple functions ¢ € LP*(X). We
use some tools from measure theory to show that (8.6) holds for all elements of
LP(X).

Let f € LP*(X). Then there is a sequence of simple functions ¢,, € LP*(X)
such that

nlin;o llon — f”pf, =0.

If we can show that
nh_)néo ||A‘pn - Af”qt =0,

then immediately we see that (8.6) is also fulfilled by f and we are done. This
fact is actually our main assumption whenever p; = pg or p; = p;. Hence we
assume that py < p; < p;.

Since (n)n>1 is convergent in LP*(X), it is necessarily a Cauchy sequence,
and thus, by (8.6), (Apy)n>1 is a Cauchy sequence in L9 (Y'). Therefore, there
is g € L% (Y) such that

lim_[[Ap, —gllg, = 0.
n—oo
We show that Ay, also converges in measure to Af and this is enough to ensure

that g = Af.
Let

en = If — enllp,
and let
Sn:{xGX : |f($)—(pn<.’1?)‘ >€n}'

Clearly we can assume that €, > 0. Since otherwise, f would be a simple
function, and we saw that (8.6) is fulfilled by such functions. Now, on the one
hand, by Chebyshev’s inequality,

us,) = [ dus [

n n

f—¢n

En

I el

d =1
H E%t ’
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and thus, by Holder’s inequality with o = p;/pg, we obtain

I(f = @n)xs, 50 = /\f—tpnlp"mndu
X , N
< ([l a) ([ st a)
X X
< f = enlbe.

On the other hand, on X \ S,, we have |f — ¢,|/e, < 1, and thus

_ P1 _ Pt _ Pt
I Py N ST R L )
X\Sn En X\Sp En )
which gives
I(f = en) xx\80 o < 1 = &nllp,-
Therefore,
H(f - SDTL>XSn po 0 and H(f - Spn) XX\Sanl —0

as n — oo. Since A is of type (po, qo) and (p1,q1), we conclude

IACCF = n)xs, Mg — 0 and IAC(f = en) xx\s, )l — 0
as n — oo. In particular,
A( (f - @H)Xsn ) —0 and A( (f - Spn) XX\S, ) —0

in measure as n — oo. Adding both together gives
Ap, — Af

in measure, and we are done.
Case 2: p; € (1,00), but either ¢, = 1 or ¢; = co.

In this case, we necessarily have qo = q1 = ¢:. Let T be a bounded linear
functional on L% (Y") and let

F(z) = T(Apz),
where ¢ is a simple function on X. Hence
|F(iy)] < I TIH1Aiyllas < 1T 1Al (poq0) lleollBe ™

and
IF(1+iy)| < (TN IAP14iyllar < NTI ANy lolBe/P

Therefore, by Hadamard’s three-line theorem (Theorem 8.1), we have

T(Ap)| = [F(it)] < ITIHIA o) 1A pr.q0) I2llpe -

(Po,q0
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Finally, the Hahn—Banach theorem implies that

1A@llg, < AN g0y 1AM G 0y 12 llpe-

The rest is exactly as in Case 1.

Case 3: Either p; =1 or p; = 0.

In this case, we necessarily have po = p; = p;. Let f € LPt(X). Then, by

Holder’s inequality,

ITfllg = T T g,
1—-t t
ITllg " 1Tl

IN

IA

= AL TAT s a0 1l

1—t
( ||AH(;Do,qo) HfHPo ) ( ||A||(p1»¢h) ||f||171 )

t

O

As a very special case, if 1 = py = qp and s = p; = ¢ in the Riesz—Thorin
interpolation theorem, and, by assumption, the linear map A is of types (r,7)

and (s, s), i.e.

[Af Il < Ay 111l (fel'(X
and
IAFlls < Al Gs,s) 1 1ls (f e L*(X
then, for each p between r and s with
1 1—-t ¢t
LIt <<,
P r S

the map

is of type (p,p), i.e.

))’

)

A Sl < 1Al .p) [1£1155 (f € LP(X)),

and
1Ay < IAIG AN s)-

Exercises

Exercise 8.3.1 First, give a direct proof of Corollary 1.5. Then use this
corollary and the Riesz—Thorin interpolation theorem to obtain another proof

of Young’s inequality (Theorem 1.4).
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Exercise 8.3.2 Let (X,M,u) and (Y,M7M,r) be two measure spaces. Let
P05 90,P1,q1 € [1,00]. Suppose that A is a linear map defined for all simple
functions ¢ on X such that Ay is a measurable function on Y and

1A@llgy < Mo [l llp
and

[Aellg < My [[@llp, -
Let ¢ € [0,1] and define

1 1-—t t 1 1—1¢ t
= + — and — = +
bt Po P1 qt q0 q1

Show that
1Apllg, < My~ M (]I, -

Moreover, if p; < oo, then A can be uniquely extended to the whole space
LPe ().

8.4 The Hausdorff-Young theorem

In this section we study the Housdorff-Young theorem about the Fourier trans-
form on T. There is another version with a similar proof about the Fourier
transform of functions defined on R.

Theorem 8.3 (The Hausdorff-Young theorem) Let f € LP(T), 1 < p < 2.
Then f, the Fourier transform of f, belongs to £1(7), where q is the conjugate
exponent of p, and

1£llg < £ 1lp-
Proof. By Lemma 1.1,
F:LYT) — EOOQZ)
f —  f

is of type (1, 00) with
1F1(1,00) < 1.

By Parseval’s identity (Corollary 2.22),
F:LXT) — *(2)

o=
is of type (2,2) with
[Fll2.2) < 1.
(As a matter of fact, we have ||F|1,00 = || F|l2,2 = 1. But we do not need this

here.) Hence, with

pozl, qo = 00, p1:27 Q1:2>
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the Riesz—Thorin interpolation theorem (Theorem 8.2) implies that

F:LP(T) — (7(Z)
f — f
is well-defined and has type (p, ¢;) with

1F N ey < IF N ey I1F 2,2y < 1.

1,00)

Hence
11l < [1f1lp.-
To find the relation between p; and g;, note that

L _1-t t_1t
Dt 0 2 2
and
L_1-t t_ ot
qt 1 B 2
Hence p; € [1,2] and
1 1
— 4y =1
bt G

O

Corollary 8.4 Let f € HP(T), 1 <p < 2. Then f, the Fourier transform of
f, belongs to L4(ZT), where q is the conjugate exponent of p, and

1 Fllg < 11£1lp-

Exercises

Exercise 8.4.1 Let 1 <p <2, and let g be the conjugate exponent of p. Let
{an}nez be a sequence in (P(Z). Show that there is an f € L(T) such that

f(n) = an, (n €Z),
and
I £llq < N fllp-

Hint 1: Use duality and Theorem 8.3.
Hint 2: Give a direct proof using the Riesz—Thorin interpolation theorem.



8.4. The Hausdorff-Young theorem 199

Exercise 8.4.2 Let 1 < p < 2 and let ¢ be the conjugate exponent of p. Let
{an}nez be a sequence in P(ZT). Show that there is an f € H9(T) such that

f(n) = an, (n €2),

and
Ifllg < 1F11p-
Hint: Use duality and Corollary 8.4.

Exercise 8.4.3 Let 1 < p < 2 and let ¢ be the conjugate exponent of p.
According to Theorem 8.3, the map
Lr(T) — (4(Z)

o= f

is well-defined, and by the uniqueness theorem (Corollary 2.13) it is injective.
However, show that it is not surjective.

Exercise 8.4.4 Let 1 < p < 2 and let ¢ be the conjugate exponent of p.
According to Corollary 8.4, the map

HAT) — (4(Z+)
f — f

is well-defined, and by the uniqueness theorem (Corollary 2.13) it is injective.
However, show that it is not surjective.
Hint: See Exercise 8.4.3.

Exercise 8.4.5 According to Corollary 8.4 and by the Riemann—Lebesgue
lemma (2.17), the map
HYT) — co(Zh)
o= 7
is well-defined, and by the uniqueness theorem (Corollary 2.13) it is injective.

However, show that it is not surjective.
Hint: See Exercise 2.5.6.

Exercise 8.4.6 [The generalized Hausdorff-Young theorem| Let (X,90, )
be a measure space. Let (¢, )nez be an orthonormal family in L?(u) such that
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for all n € Z and all x € X. In the first place, show that ¢,, € LI(u) for any
2 < g < co. Then, for each f € LP(u), 1 < p < 2, define

f(n)Z/Xde/u (ne),

and f = (f(n))nez. Show that f € ¢4(Z), where 1/p+1/q = 1 and
1fllg < MEPP| £,

Hint: Prove the inequality for p = 1 and p = 2 and then use the Riesz—Thorin
interpolation theorem (Theorem 8.2).

8.5 An interpolation theorem for Hardy spaces

Let V, V1, Vs, ..., V,, be complex vector spaces. A map
AVixVox-o-xV, —V

is called a multilinear operator if it is linear with respect to each of its argu-
ments while the others are kept fixed. If these vector spaces are subspaces
(not necessarily closed) of certain Lebesgue spaces, we say that A is of type

(p1,p2,- - Dn,q) whenever
||A(f17f2a"'a.fn)Hq S OHfl”pl ||f2||p2 ||f”||17n

The following result is another version of the Riesz—Thorin interpolation the-
orem (Theorem 8.2). More results of this type can be found in [2], [12] and
[22].

Lemma 8.5 Let (X;, M, 1;), i =1,2,...,n, and (Y,N,v) be measure spaces.
Let V; represent the vector space of simple functions on X;, and let V' be the
space of measurable functions on'Y . Suppose that

AZV1XV2X-~'XVn—>V

is a multilinear operator of types (P1,07p2,07 <3 Pn,0s CIO) and (p1,17p2.,1a <5 Pnl, (I1);
where p; 0,40, Pi1, (1 € [1,00], with constants Cy and Cy. Let t € [0,1] and de-
fine

1 1—1 t 1 1—1 t
= + and — = +
Dit Pio Din qt qo q1

Then A is of type (p1,4, P21, - - - Pnots @t) With constant C’&_t Ct, i.e.

||A(<P1? P2y @n)”lh < C(%_t Cf ”()01 le,t ||<p2||172,t T ||<p7l||17n,t

for all simple functions o1, 92,...,¢n. Moreover, if D1, P2t,... Dot are all
finite, then A can be extended to

LPv(py) x LP2 (pg) X -+ X LP™ (),

preserving the last inequality.
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Proof. The proof is similar to the proof of the Riesz—Thorin interpolation the-
orem (Theorem 8.2). We will use the same notations applied there.

Case 1: p1¢, Doty -+, Pne < 00 and g > 1.
Fix simple functions ¢1, 2, ..., @, and 1 with

1@1llpre = ll@2llpa, = - = llnllp,.. = [¥llg; = 1.

E T € Om A,

on the measure spaces X;, we define

For the simple function

1—2 z
pi’t(Pi0+Pil) 6
PYi,z = T'm ’ € XA, -

Similarly, for

w an o XB,, >

let

ai 17z+i) ey

Let
F(Z) = /YA(Qpl,za P2 250y (pn,z) ’(/}z dv.

Hence, F is an entire function, which is bounded on S and

=/ A(p1, 02, ..., on) Y dv.
Y

By Hoélder’s inequality,

1
|[F(iy)| < </ |A(p1 iy P2y - e a@nzy) dV) </ szy|q0 dV)qo
< Go ||901,1'y||p1,o ||<P2,iy||p2,o ||<Pn,inpno ||7/’Zy||q6

= G leallBry/™ o lleallg™ - nllys /e x ol = €
and

F(1+iy)| < ( AL du) ( / - du)
Y

C1 lle1,1+iyllps s 102 14iyllpas - lonaviyllpn: X 1P14iyllg;

’ ’
Cu g™ llgallgzs/ -+ enllzs/™ W™ = C.

IN

e



202 Chapter 8. Interpolating linear operators

for all y € R. Hence, by Hadamard’s three-line theorem (Theorem 8.1),

|F(t):‘/A(cp1,<p2,...,<pn)w dv SCéftC’f.
Y

Taking the supremum with respect to ¢ with [|¢[,, = 1 gives

1

(/YAwl,%...,mw du) <ciict,

which is equivalent to the required result.
Case 2: Any of p1; = 00, pat = 00, ..., Pt = 00, OF ¢z = 1 happens.
If, for example, p;; = oo, then we necessarily have p1; = p1o = p1,1 = oo.

Similarly, ¢ = 1 implies ¢; = g0 = g1 = 1. If any of these possibilities happens,
in the definition of F(z) remove z from the corresponding function, e.g.

F(z) = / A(<p1,<p272, .. -,<Pn,z)1/) dv
Y

corresponds to the case p1¢ = oo, ¢ = 1 and pay,...,pp < 00. Then follow
the same procedure as in Case 1.
It remains to show that if pi+, pay,...,pn,+ are all finite, then A can be

extended by continuity to
Pt (,ul) X Lp2”'(/,62) X oo X Ll)n,t(un)7
preserving the inequality

||A(f17f27 .. '7fn)||¢h < Céit Cf ||f1||P1,t ||f2||172,t e ||fn||17nt

The proof is based on the following simple observation. Let ¢; and ¢; be simple
functions on X;. Let

A= A(¢17¢2)"')¢n) _A((;D175027"'790n)-

To estimate A, write

A = A(¢17¢27"‘7¢n)_A(Soh(b?w”vasn)
+ A(‘Plad)%"'aqﬁn)7A(§013§027~~~;¢n)

+ A(@h-«-,@nflv(bn)—A(@1;<P2»~~~180n)~

Hence,

I A =

n—1 n
pi,t}) (Z¢l<pl pm)'
i=1

Therefore, by continuity, A can be extended to LP't(uy) X LP2t(pug) X -+ X
LPrt (pup,).
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The Riesz—Thorin interpolation theorem (Theorem 8.2) shows that linear
operators between Lebesgue spaces can be interpolated. Using Lemma 8.5, we
show that linear operators on Hardy spaces enjoy a similar property.

Theorem 8.6 Let (Y,M,v) be a measure space. Suppose that
A: H? (D) — L(Y) and A HP*(D) — LT (Y),

where py,p1 € (0,00) and qo,q1 € [1,00], are bounded with constants Cy and
Cy. Let t € [0,1] and define

1 1—1t t 1 1-—1t t
— = + — and — = +
Pt Po P1 at do q1

Then
A HP* (D) — L% (Y)

18 bounded and
IAF) g < CCo™* CLIIF . (F € H™(D)),
where C = C(po,p1) s an absolute constant.
Proof. Without loss of generality, assume that pg < p;. By assumption,

IAE) g < CollFllpo, (F' € H (D)), (8.7)
AE) g < CLlIFlpys (F' € H?'(D)). (8.8)

For a function ¢ € LP(T), 1 < p < oo, define

B(z) = — / "EHE tya,  (zeD). (8.9)

2 J_, et —z

Then, by Corollary 6.7, ® € H?(D) and
2], < Ap ll#llp, (8.10)

where A, is a constant just depending on p. Fix an integer n such that npy > 1.
Let ©1,¢2, ..., ¢y be functions in L™ (T). By (8.10), ®; € H"°(D) and thus,
by Holder’s inequality, 1P - -- ®,, € HP°(D). Hence, we can define

T(@l;@?v"')@n):A(q)l(bZ"'(bn) (811)

on L™ (T) x -+ x L™Po(T).
Clearly, T is linear with respect to each argument. Moreover, by (8.7)—(8.8)
and by Holder’s inequality,

HT(S"lv P2y @n)||qo <Co ||<I)1(I)2 T (I)nllpo < Co H‘blllnpoH(I)?ano T H(I)n”npo

and

1T (1, 02,5 n)llar < Crl|@1Pa -+ - Prlp, < Cul| Py 1D2llnp, - [P llnp: -
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Hence, by (8.10),

Co Anpy 91 llnpo l02]lnpo - - llonllnpo,
Ch Aﬁpl ”‘Plnnpl ”902“”1)1 T H‘:On”n;m-

”T(Sph P2,y (Pn)”qo
||T(3017 P25 @n)“lh

INIA

Therefore, by Lemma 8.5,

IT(o1, s on)llg < Co™"Cl (Anpy A0p )" 01 llnp, - @0l (8.12)

Let F € HP*(D). Without loss of generality, assume that F(0) > 0. Since
otherwise, either multiply F' by a constant of modulus one or replace it by F 4«
if F(0) = 0. By Theorem 7.7, FF = B®"™, where B is a Blaschke product and
® € H™(D) with || BO|pbe = || ®][7Pe = || F||5t and B(0) > 0, ®(0) > 0. Let

(I)lqu) and @22@3::(I)n:q)

Since np; > 1, each ®; has a representation of the form (8.9) with ¢; = R®;.
Hence, by (8.11) and (8.12),

HA(F)HQt < Céitcf (Al_tAt )" ”‘PIHnPt ”SDanm'

npo~ Mmp1
But
illnpe < 19illnp, = [1F]13/™
Therefore,
IA(F) g < CCo™ CLIIF [, (F € H" (D)),
where C' = (A, FAL )™ O

Using the well-known isometry between H? (D) and HP(T), we can replace
D by T in the preceding theorem.

Exercises

Exercise 8.5.1 Let P be an analytic polynomial. Show that there is a finite
Blaschke product B and an analytic polynomial Q with no zeros in the open
unit disc D such that

P=BQ.

Exercise 8.5.2 Let (Y,91,v) be a measure space, let V be the space of mea-
surable functions on Y, and let P denote the space of analytic polynomials on
T. Suppose that

A:P—V

is a linear operator of types (po,qo) and (p1,q1), where pg,p1 € (0,00) and
qo0,q1 € [1,00], with constants Cy and C;. Let t € [0,1] and define

1 1—1t t 1 1—1 t
— = + — and — = +
Y43 Po P1 qt qo q1
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Show that A is of type (pt, q:) and
IA(P)llq, < C Co™" CLIIP |l (P eP),

where C' = C(pg, p1) is an absolute constant. Moreover, A can be extended to
HP+(T), preserving the last inequality.

Hint: Modify the proof of Theorem 8.6. Moreover, the ideas used at the end of
the proof of Lemma 8.5 and the factorization given in Exercise 8.5.1 might be
useful.

8.6 The Hardy-Littlewood inequality

The Riemann-Lebesgue lemma (Corollary 2.17) says that the Fourier coeffi-
cients of a function in L*(T) tend to zero as |n| grows. Parseval’s identity
(Corollary 2.22) and Hardy’s inequality (Theorem 7.16) provide further infor-
mation if we consider smaller classes of functions. An easy argument based on
Theorem 8.6 enables us to generalize these two results.

Let Y ={0,1,2,...} be equipped with the measure

1
p(n) = m,

Hence, LP(Y'), 0 < p < o0, consists of all complex sequences (a,)n>0 such that

(n>0).

o0

|mm@uu—(;%fﬂ;>;<m

According to Hardy’s inequality, the operator
A:HYT) — LY(Y)

f — ((n+1)f(n) )nzo

is of type (1,1) with [[Af|(1,1) < 7.
On the other hand, by Parseval’s identity, the operator

A:HXT) — L2(Y)

f — ((n+1)f(n))nz0
is of type (2,2) with ||A[|(2,2) = 1. To apply Theorem 8.6, note that

Po=4qo =1, P1=q =2,
and thus p = p; = ¢, € [1,2], and that

nAmpz(EIVWW))p, (f € HP(T)).

2
n=0 (Tl+ 1) !

Hence we immediately obtain the following result.
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Theorem 8.7 (Hardy-Littlewood) Let f € HP(T), 1 <p < 2. Then
~ 1
o |f(m) >
Yo 5= ) <GS
2 p 2
( Z 1
where Cy, is a constant just depending on p.

The Hardy—Littlewood inequality is valid even if 0 < p < 1. But we do not
discuss this case here.

Exercises

Exercise 8.6.1 Let 2 < ¢ < oo and let (a,)n>0 be a sequence of complex
numbers such that

Z(n +1)7 2 a,]? < co.
n=0
Show that F(z) =Y ° ja, 2" is in H%(D) and

17l < C, ( S (04 1)1 w) ,

n=0

Q=

where () is a constant just depending on q.
Hint: Use duality and Theorem 8.7.

Exercise 8.6.2 Let f € LP(T), 1 < p < 2. Show that

= )P N7
< Z (|7’L|+1)2_p) SCP”f”;Dv

n—=—oo

where (), is a constant just depending on p.
Hint: Use Theorem 8.7 and Exercise 6.3.4.

Exercise 8.6.3 Let 2 < ¢ < oco. Let (an)nez be a sequence of complex
numbers such that

3 (Il + 1)972 Jan]? < oo.

Show that there is an f € L?(T) such that f(n) = ay,, n € Z, and

o0

151, <cq( ) <|n+1>q-2anq) |

n=—oo

<=

where (), is a constant just depending on q.
Hint: Use Exercise 8.6.2 and duality.
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The Fourier transform

9.1 Lebesgue spaces on the real line

From now on we study upper half plane analogues of the results obtained before
for the unit disc. Since the real line R is not compact and the Lebesgue measure
is not finite on R, we face several difficulties. Using a conformal mapping be-
tween the upper half plane C; and the open unit disc D, which also establishes
a correspondence between R and T\ {—1}, some of the preceding representation
theorems can be rewritten for the upper half plane. Nevertheless, working with
the Poisson kernel for C4 is somehow easier than its counterpart for . That is
why we mostly provide direct proofs in the following.
Let f be a measurable function on R and let

= ([ wera) o<p<oo)
and
Flle = jnf {M <[22 |F0)] > M} =0},
The Lebesgue spaces LP(R), 0 < p < oo, are defined by
LPR) ={f : [Ifllp <oo}.

For 1 < p < oo, LP(R) is a Banach space and L?(R) equipped with the inner
product

. 9) :/fo £(t) 90 dt

is a Hilbert space. It is important to note that, contrary to the case of the unit
circle, the Lebesgue spaces on R do not form a chain. In other words, for each
p:q € (0,00], p # ¢, we have

LP(R)\ LU(R) # 0.

207
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We will have to cope with this fact later on.

The space of all continuous functions on R is denoted by C(R). An element
of C(R) is not necessarily bounded or uniformly continuous on R. For most
applications it is enough to consider the smaller space

Co(R) ={f : f continuous on R and lim f(¢)=0}.

|t]—o0

Elements of Cy(R) are certainly bounded and uniformly continuous on R. How-
ever, the simple example f(¢) = sint shows that the inverse is not true. Since
elements of Cy(R) are bounded, Co(R) can be considered as a subspace of L>(R).
Indeed, in this case, we have

£l = max 1£(2)

and the maximum is attained. Another important subclass of Co(R) is C.(R),
which consists of all continuous functions of compact support, i.e. there is an
M = M(f) such that

ft)=0
for all |t| > M. The smooth subspaces C"(R), C*(R), C>°(R) and C°(R) are
defined similarly. In spectral analysis of Hardy spaces, we will also need
LP(RT) ={f € LP(R) : f(t) =0 for almost all t <0}
and
CoRT)={f€C(R): f(t)=0forallt <0}

The space of all Borel measures on R is denoted by M(R). This class
equipped with the norm

[l = 1pl(R),

where || is the total variation of y, is a Banach space. Each function f € L'(R)
corresponds uniquely to the measure

and thus we can consider L' (R) as a subspace of M(R). Note that ||u| = || f]1-
By a celebrated theorem of F. Riesz, the dual of Co(R) is M(R).

Exercises
Exercise 9.1.1 Let f: R — C and define its translations by
@)= ft—1), (t € R).

Show that
tim [|f, — fllx =0
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if fe X with X =LP(R), 1 <p < oo, or X = Cy(R). Provide an example to
show that this property does not hold if X = L°°(R). However, show that

£ llx = [Ifllx, (T €R),

in all spaces mentioned above.

Exercise 9.1.2 Show that Co(R) is closed in L>°(R).

Exercise 9.1.3 Show that each element of Cy(R) is uniformly continuous on
R. More generally, suppose that f € C(R) and that

Ly = lim f(t)
and

exist (we do not assume that Ly = Ls). Show that f is uniformly continuous
on R.

Exercise 9.1.4 Show that C.(R) is dense in LP(R), 1 < p < co. Can you
show that C2°(R) is dense in LP(R), 1 < p < 00?

Exercise 9.1.5 Show that C.(R) is dense in Cp(R). Can you show that C°(R)
is dense in Cy(R)?

Remark: We will develop certain techniques later on which might be useful for
the second part of this question and the previous one. See Sections 9.4 and 10.4.

Exercise 9.1.6 Show that LP(R™) is a closed subspace of LP(R). Similarly,
show that Co(R™) is a closed subspace of Co(R).

9.2 The Fourier transform on L!(R)

The Fourier transform of f € L*(R) is defined by

ft) = / f(r)e " dr, (t €R).
The Fourier integral of f is given formally by

/ i) e ar, (teR).
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One of our tasks is to study the convergence of this integral. The Fourier
transform of a measure p € M(R) is defined similarly by

i) = [, e

However, if we consider L*(R) as a subspace of M(R), the two definitions of
Fourier transform are consistent.

No wonder our most important example is the Poisson kernel for the upper
half plane, which is defined by

(y > 0). (9.1)

(See Figure 9.1.)

Fig. 9.1. The Poisson kernel P,(t) for y = 0.8, 0.5, 0.2.

For a fixed = + iy € C4, let us find the Fourier transform of
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Since Py(x) is an even function of =, we have
flt) = / Py(x —7)e 2™ dr

_ / Py(T) e—ith(m—‘r) dr
_ efiQﬂ'zt / Py(’r) ei27r15‘r dr

[eS)
= et 2t / Py(T) et 2tT dr
—00

and thus

oo

f(t) — o i2mat / Py(T) 6i27r\t|'r dr.

Let R >y, and let I'g be the positively oriented curve formed with the interval
[~ R, R] and the semicircle { Re?® : 0 < 6 < 7 }. (See Figure 9.2.)

Fig. 9.2. The curve I'g.

Then
R
f(t) —  ei2mmt iy Y ei27r|t\7 dr
R—oo J_p (T2 4+ y?)
— e—i27rxt lim Y ei27r|t\w dw.

R—co I'r 7T(’LU2 +y2)

The only pole of our integrand
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inside I'g is iy. Moreover, the residue of F' at this point is ﬁ e~ 2mltl There-
fore, by the residue theorem,

f(t) _ 67i 2nxt—2mylt| )

In particular, the Fourier transform of the Poisson kernel

is

(See Figure 9.3.)

Fig. 9.3. The spectrum of P,.

Note that, for each fixed ¢ € R, we have ﬁy (t) — 1 as y — 0. We will see other
families of functions having this behavior. This phenomenon will lead us to the
definition of an approximate identity on R.

We need the Fourier transform of four functions, which are gathered in Table
9.1. Since in each case our function is exponential, it is easy to calculate its
Fourier transform. In all cases, z = x + iy € C;. Let us also remember that

1 if t>0,
sgn(t) = 0 if t=0,
-1 if t<o0.

In Table 9.1, it is enough to verify the first and second lines. The third and last
lines are linear combinations of the first two lines.
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Table 9.1. Examples of the Fourier transform.

f(t) f(t)

el2mrt—2my [t]

3=
—
8
!
-~
S~—
(v}
+
N
[\v]

—i Sgl’l(t) el2mrt—2my [t]

2™t if t>0 11
0 if t<0 omi t—z
0 if t>0 IR

e?mEt if <0 o0 t—Z

Lemma 9.1 Let uy € M(R). Then ji € C(R) N L>®(R) and
[illoo < llaell-

In particular, for each f € L'(R),
1 £llse < 1£1Ix-

Proof. For all t € R, we have

a0l = | [ autn
< / =277 d|p|(7)
- / dlpl(7) = [l (R) = [l

which is equivalent to || /i [[c < || p¢]]. The second inequality is a special case of
the first one if we consider du(t) = f(t) dt and note that ||u| = ||f|l1-
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To show that & is (uniformly) continuous on R, let ¢, € R. Then

’/ —z27rt7'_ —7,27rt7'> d/”‘( )
\/]R‘efi%rt‘r 76722ﬂt ‘r| d|u\(7)
[ = e dr).

|(t) — at)]

IN

The integrand is bounded,
|1 _ eiQTr(t—t/)T‘ S 27

and || is a finite positive Borel measure on R. The required result now follows
from the dominated convergence theorem. O

Exercises

Exercise 9.2.1 Let z =2 + iy € C4. Show that
1 y i1
Plr—t)=— —— =R| — .
y(@ =) 7w (x—1)? +y? <7T zt)

Exercise 9.2.2 Let f € L}(R) and let g(t) = €??™™! f(t — 1), where 19, 71 are
fixed real constants. Evaluate ¢ in terms of f.

Exercise 9.2.3 Let u € M(R) and let
A(E) = W(=F).
Evaluate \ in terms of s
Exercise 9.2.4 Let f € L'(R) and let g(t) = —2mitf(t). Suppose that g €
L'(R). Show that f € C'(R) and

df
dt

What can we say if ¢ f(t) € L*(R)?

=9

Exercise 9.2.5 Let f € L'(R) and define

Ft):[ f(F)dr,  (teR).

Suppose that F € L!(R). Evaluate F in terms of f.
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Exercise 9.2.6 [Gauss—Weierstrass kernel] Let € > 0 and let
G.(t) = e ™", (t €R).

Show that

1 2
G.(t) = \fe_”t /e, (t € R).

Remark: Fix x € R and € > 0. A small modification of the preceding result
shows that the Fourier transform of

f(t) — ol 27rwt—7rst2’ (t c R),

ft) = % e @0 /e, (t €R).

(See Figure 9.4.)

Fig. 9.4. The spectrum of G, for e = 0.8, 0.5, 0.2.

Exercise 9.2.7 [Fejér’s kernel] Fix A > 0 and let

Ki(t) =X (W)Q, (t € R).

(See Figure 9.5.) Show that

IA{A(t):max{ —“Al,o}, (t € R).
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(See Figure 9.6.)

Fig. 9.5. The Fejér kernel K, (t) for A =4, 7, 10.

Fig. 9.6. The spectrum of K.

Exercise 9.2.8 Fixxz € R and A > 0. Let

(1 Lyezmet 8t < A,
O
0 it |t >\

Show that

. 2
ﬂw=A<$ﬁZf§;»>, (t € R).

Hint: Use Exercises 9.2.2 and 9.2.7.



9.2. The Fourier transform on L*(R) 217

Exercise 9.2.9 Let f € C!(R) and suppose that f, f' € L'(R). Show that
F(t) = 2mitf(t), (t € R).
What can we say if f € C*(R) and f, f/,..., f™ € L'(R)?

Exercise 9.2.10 [de la Vallée Poussin’s kernel] Fix A > 0 and let
Va(t) = 2Kax (1) — Ka(2), (teR).
(See Figure 9.7.) Show that
1 if [t] < A,

Vat) =< 21 if < <2n,

0 if |t =2
(See Figure 9.8.)

Fig. 9.7. The de la Vallée Poussin kernel V(t) for A = 4, 7, 10.

\
/

-2 -2 A 22

Fig. 9.8. The spectrum of V.
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9.3 The multiplication formula on L!(R)

The multiplication formula is an easy consequence of Fubini’s theorem. How-
ever, it has profound implications in the spectral synthesis of harmonic functions
in the upper half plane and also in extending the definition of the Fourier trans-
form to other LP(R) spaces.

Lemma 9.2 (Multiplication formula) Let f € L*(R) and let p € M(R). Then
[i®aun = [ s a.
In particular, for f,g € L*(R),

/ " ft)a(t) di = / T A0t d.

Proof. By Fubini’s theorem, we have

[iayan = [ ([ sorermar) aue
[ s ( [errtaun ) ar

/ Z F(r) ) dr.

Exercises

Exercise 9.3.1 Let ¢ > 0 and let f € L}(R). Show that

> 1 2 o0 2 A .
/;OO %e_ﬂ(z_t) /e f(t) dt = [m e—rrst f(t) 6227rrt dt

for all z € R.
Hint: Use the multiplication formula and Exercise 9.2.6.

Exercise 9.3.2 Let A > 0 and let f € L*(R). Show that
/OO A sin(w)\(:zrft)) 2f(t)dt_//\ (1—|t‘/)\)f(t) i27rmtdt
— 00 7T)\(.T — t) - Y c

for all z € R.
Hint: Use the multiplication formula and Exercise 9.2.8.
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9.4 Convolution on R

As in the unit circle, we define the convolution of two functions f,g € L'(R) by

(f )t / f(7) g(t =) dr

By Fubini’s theorem, we see that

[ ([ w@ae-niar )i = [ 1o ([ o )or
([ wenar) ([ 1atonar)

£l llglly < oo

Hence, (f *g)(t) is well-defined for almost all ¢ € R, and moreover fxg € L*(R)
with

1f > glle < ([ £l Mlgllz- (9-2)
Lemma 9.3 Let f,g € L*(R). Then
fxg=Fq

Proof. By Fubini’s theorem, for each ¢ € R, we have

| ramerar

[ ([ oseom)eon
f(s) (/_OO g(r—s)e” Z%”dT) ds
N (s)< /_ O:O g(r) e i2miirts) dT) ds
/_O:o f(s)e 2mts ds) </_Z g(r)e 27 d7>

frg(t)

(R
|\|\
83

~

O

Using Riesz’s theorem, we can also define the convolution of two measures
w, v € M(R) by the relation

[ [ett+m) autyavtn) = [ o0 dies o, 0.3
where ¢ € Co(R). It is rather easy to see that

[l vl < lpell [l
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—1i2mat

But, since the exponential functions ¢, (t) = e are not in Co(R), it is

slightly more difficult to show that

— A~

nxv=pu.

However, we do not need this result in the following.
If p € M(R) and v is absolutely continuous with respect to the Lebesgue
measure, i.e. dv(t) = f(t)dt, where f € L'(R), then, for each ¢ € Cy(R), we

have
/R / o+ 8) du(r) du(s)

/R(/RSO(T—FS)J‘(S) d8>du(7)
/R(/Rw(t) ft—r1) dt) du(r)
/ch(t) </Rf(t‘7> dﬂ(ﬂ) dt.

Therefore, p * v is also absolutely continuous with respect to the Lebesgue
measure, and according to the previous calculation we may write

A v)(t) = (u* S)(8) dt,

/ o (t) d(ju % v)(1)
R

where
(o F)(t) = / £t~ 7)d(r) (9.4)

for almost all ¢t € R.

Exercises

Exercise 9.4.1 Let f,g € L*(R). Show that

/jo /jo p(t+71) f(t)g(r)dtdr = /Oo o(t) (f*g)(t)dt

— 00

for all p € Co(R).

Remark: This exercise shows that the generalized definition (9.3) is consistent
with the old one whenever both measures are absolutely continuous with respect
to the Lebesgue measure.

Exercise 9.4.2 Let
1 if |t <1,

0 if |t > 1.
Evaluate f x f.
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9.5 Young’s inequality

On the unit circle the space L'(T) contains all Lebesgue spaces LP(T), 1 <
p < 0o. As a simple consequence, after defining f * g over L!(T), it was used
even if f and g were from different subclasses LP(T). Due to the fact that dt
is not a finite measure on R, Lebesgue spaces LP(R), 1 < p < oo, do not form
a chain and thus f * ¢ is not yet defined if either f or g does not belong to
L'(R). However, Young’s theorem assures us that if f € L"(R) and g € L*(R),
for certain values of r and s, then f * g is a well-defined measurable function
on R. We start with a special case of this result and then use the Riesz—Thorin
interpolation theorem (Theorem 8.2) to prove the general case.

Lemma 9.4 Let f € LP(R), 1 < p < oo, and let g € L*(R). Then (f * g)(t) is
well-defined for almost allt € R, fx g € LP(R) and

L glle < 1 fllp llglls-

Proof. The case p = 1 was studied at the beginning of Section 9.4. If p = 0o
the result is an immediate consequence of Holder’s inequality. As a matter of
fact, in this case (f * g)(t) is well-defined for all ¢ € R.

Hence, suppose that 1 < p < co. Let ¢ be the conjugate exponent of p.
Then, by Hélder’s inequality,

/OO () gt —7)|dr = ) lg(t = 1)} ) gt — )|} dr

— 00 o0

/ 1
(/ nF 'gt—ﬂldT)p (/_Z|g<t—7>|d7)q
(

P 1
e late = niar )" i
Hence, by Fubini’s theorem,

/Z(/Zuv)guvw)pdt < dalf [ ([ 1ot niar ) a
ot [ s ([ late i) ar

yz
= lglly < A5 gl = NS5 gl

NN 9(t7>|d7>p dt}; < 11£ly Nl

and this inequality ensures that (f * ¢)(¢) is well-defined for almost all ¢ € R,
f*g¢€ LP(R) and that

IN

-

A

IN

Hence

1F gl < 1 fllp llglls-
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Lemma 9.5 Let 1 < p < oo and let q be its conjugate exponent. Let f € LP(R)
and let g € LY(R). Then f g is well-defined at all points of R and f g is a
bounded uniformly continuous function on the real line with

1f gl < [1£1lp g llq-

Proof. First, suppose that 1 < p < co. Then, by Holder’s inequality, we have

/_O;If(f) gt —7)|dr < (/_O;f(T)'p d7>;’ (/_Zlg(t—7)|qd7);,

and thus -
/ |f(7) gt —7)ldm < [|fllp llgll

— 00

for all £ € R. Hence, f * g is well-defined at all points of R and
1 * glloe < [Ifllp llgllq-

To show that f * ¢ is uniformly continuous on the real line, note that

[(f*9)(®) = (f=g))] < /Oo [F(D)] gt —7) = g(t' = 7)| dr

— 00

I e R

— 0o

I1£1lp lge = gellq,

IA

where ¢,(7) = g(7 + t). But the translation operator is continuous on L9(R),
1 < g < oco. The verification of this fact is similar to the one given for L(T)
classes, except that on R we should exploit continuous functions of compact
support. Fix € > 0 and pick ¢ € C.(R) such that

g —llq <e.
Let supp ¢ C [—M, M]. Hence, for all ¢,#' € R with |t — /| < 1,
lge —gelle < Nlge —ellg + lloe — prllq + llor — gvllq
< 2llg = @llg + M +2)Y o = 1)l oo

Since ¢ is uniformly continuous on R, there is a § < 1 such that |s — s'| < §
implies |¢(s) — p(s')| < £/(2M + 2)'/4. Therefore,

lge — gvllq < 3e

provided that |t — /| < . Hence, we have

[(f x9)(®) = (f x ) ()] < 32 (| f]lp

if [t —t| < 6. A small modification of this proof also works for p = 1 and
p = 00. U
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Now we have all the necessary ingredients to apply the Riesz—Thorin inter-
polation theorem (Theorem 8.2) in order to prove Young’s inequality on the real
line.

Theorem 9.6 (Young’s inequality) Let f € L"(R) and let g € L*(R) with

1<r,s<o0
and
1 1
-+->1
TS
Then f * g is well-defined almost everywhere on R and f * g € LP(R), where
11 1
—_—= =4 - = 1
p r s

and
1f = gllp < 11~ llglls-

Proof. Fix f € L"(R). By Lemma 9.4, the convolution operator
A:LYR) — L"(R)
g — [xyg
is of type (1,7) with
Al < If ]l
On the other hand, Lemma 9.5 implies that

A:L"(R) — L*(R)
g —  fxg
is of type (1, 00) with
Al 00y < (Lf 1l

where 1/r+1/r' = 1. Hence, by the Riesz—Thorin interpolation theorem (The-
orem 8.2) with

Po = 17 qo =T, p1 = T/7 q1 = 00,

we conclude that
A:LPt(R) — L% (R)

g — [y
is well-defined and has type (p¢, g:) with

1Al grao < HAIEE 1A ey < 1
Hence,
1S * glla. < [1f1l+ llgllp.-
To find the relation between p; and ¢;, note that

1 1—t ¢ t
(Rl I
2 1 i r
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and
11—t t 1
@ T o r r
Hence,
1 1 1
7:,_'_7_1
qt T Pt
O
Exercises

Exercise 9.5.1 Write
) ate =1 = (lote =05 ) (17005 ) (1#01F late=01# ).

Now, modify the proof of Theorem 1.4 to give another proof of Young’s inequal-
ity on the real line.

Exercise 9.5.2 Let 1 < p < oo and let ¢ be its conjugate exponent. Let
f € LP(R) and let g € L9(R). Show that

fxgeCo(R).
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Poisson integrals

10.1 An application of the multiplication for-
mula on L!(R)

Given a family of functions {F},},~o on the real line R, we define
F(z +iy) = Fy(x), (z +iy € Cy),

and thus deal with one function defined in the upper half plane C . On the other
hand, if F" as a function on C; is given, we can use the preceding identity as the
definition of the family {F,},~o. This dual interpretation will be encountered
many times in what follows. The Poisson kernel

) 1 Y
Py(x):P(ff‘Hy):;m

is a prototype of this phenomenon.

According to Lemma 9.4, if u € LP(R), 1 < p < oo, then P, *u is well-defined
almost everywhere on R and

1Py ullp < [lullp-

Looking at (P, * u)(x) as a function defined in the upper half plane, we show
that it represents a harmonic function there. Moreover, using the multiplication
formula, we obtain another integral representation for (P, * u)(x) in terms of
the Fourier transform of u. We also consider some other convolutions K xu, e.g.
when K is the conjugate Poisson kernel. Let us start with a general case.

225
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Theorem 10.1 Let yp € M(R). Then we have

1 y <, ) ,
- du(t _ Tyt t z27ra;tdt
ﬂ-/R(x_t)z_Hﬁ p() /_Ooe fi(t) e ;
1 x—t o ,
- dult _ oz t =27y |t| A t i2mat dt
| e e = [ s e
1 du(t & .
: /J( ) _ / ﬂ(t) ezszt dt,
2mi Jp t— % 0
1 du(t 0 N
: /‘(? _ 7/ ﬂ(t) 6127rzt dt,
2 Jp t—Z oo

for all z = z + iy € CL. FEach integral is absolutely convergent on compact
subsets of C;.. Moreover, each line represents a harmonic function on C. The
third line gives an analytic function.

Proof. All the required identities are special cases of the multiplication formula
(Lemma 9.2) applied to the Fourier transforms given in Table 9.1.

In Theorem 2.1, by applying the Laplace operator directly, we showed that
the given function U is harmonic on the unit disc. This method applies here
too. However, we provide a more instructive proof. Without loss of generality,
assume that p is real. Hence,

0 = 5 | o

[ {5}
- %{;/}Rzitdu(t)}.

So U is the real part of an analytic function and thus it is harmonic in the upper
half plane. Since

A=A e

|€—27ry\t| ﬂ(t) 6i27ract| < ”NH e—27ry|t\7

by the dominated convergence theorem, the integral is absolutely and uniformly
convergent on compact subsets of C, .

The second integral is the imaginary part of the preceding analytic function
and thus it is harmonic too. The last two lines are linear combinations of the
first two and, moreover, the third integral represents an analytic function. [

In Theorem 10.1, if the measure p is absolutely continuous with respect to

the Lebesgue measure, i.e.
dp(t) = u(t) dt,

where u € L'(R), then we obtain the following corollary. One of our main goals
is to show that this result also holds even if u € LP(R), 1 < p < 2. The great
task is to define @ whenever 1 < p < 2.
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Corollary 10.2 Let u € L'(R). Then we have

>~ Y > -2 ~ 12T
[OO 7(.’17—t)2+y2 u(t)dt = [m62y|t‘u(t)62 tdt,

o0 r—t < —2my |t| pop\ i 2mat
——— u(t)dt = —isgn(t)e =™ 4(t) e dt,

SR

—o0 (1’ - t)Q + yQ —00
1 > t o0 ,
— u(t) dt = / a(t) e 2™t dt,
2m o t— 2 0
[ u(t 0 R
— ult) gy = —/ a(t) ¢ dt,
2mt J_ o t—Z oo

for all z = x + 11y € C,. FEach integral is absolutely convergent on compact
subsets of C;.. Moreover, each line represents a harmonic function on C. The
third line gives an analytic function.

10.2 The conjugate Poisson kernel

Let z =z + iy € C4. Since

e oW

as |t| — oo, the function

_1 ¥
U(Z) - T /IR(t_x)2+y2 d/j’(t)

is well-defined whenever p is a Borel measure on R such that

/ del®) . (10.1)

142

Clearly, (10.1) is fulfilled whenever p € M(R). Moreover, U represents a har-
monic function in the upper half plane. The verification of this fact is exactly
as given in the proof of Theorem 10.1. In particular, if du(t) = u(t) dt, where
u e LP(R), 1 <p < oo, then

Ulz) =+ /OC Y @y

T Jooo (= 1)? +y?

is well-defined and represents a harmonic function in C,.. Moreover, by Lemma
9.4,
10yl < llullp

for all y > 0.
We already saw that
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and since )
~ 0 x—1

St (x — )2 +y2’

we are tempted to say that the harmonic conjugate of U is given by

1 r—1t
However, since
r—1
(RN

as [t| — oo, (10.2) is well-defined whenever

oo
d
[
oo L]

For example, if u € LP(R), 1 < p < oo, then

/ lu(t)| dt < oo,
oo L

and thus the harmonic conjugate of

Uz) =+ /Oo . —

T ) (@ =12+ 92
is given by

Viz) =1 / Tt Lwa (10.3)

™ 7oo(x_t)2+y2u
For the general case, where pu satisfies (10.1), simply note that

i it Y
% =
<z—t+1+t2) (x—1t)2+y?

S 7 " it _ r—1 " t
z—t 1+t2)  (z—t)2+y2  14+12

and that, as [t| — oo,

r—t t

_ 2

Therefore, assuming (10.1), the harmonic conjugate of

1 Y
U(z) = — ——— du(t
=3 T
is well-defined by the formula

V(z)zl/OO(( et ! )d,u(t). (10.4)

T J_oo \(x—1)2+y?  1+1¢2
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The family
1t

t)=———— > 10.
Qy() 7Tt2+y2’ (y70)7 (05)
is called the conjugate Poisson kernel for the upper half plane. (See Figure
10.1.) However, as we will see, this kernel is more difficult to handle than the

Poisson kernel.

Fig. 10.1. The conjugate Poisson kernel Q,(¢) for y = 0.8, 0.5, 0.2.

10.3 Approximate identities on R

Let {®,} be a family of integrable functions on R. In our examples below, we
will use y, € and A instead of ¢ and in all cases they range over the interval
(0,00). However, it should be noted that y and e tend to zero while X\ tends
to infinity. Therefore, depending on the example, in the following lim, means
limy .0, lim._. or limy_.. Similarly, ¢ > 1o means y < yo, € < €9 or A > Ag.

The family {®,} of integrable functions is an approzimate identity on R if it
satisfies the following properties:

(a) for all ¢,
Cg = sup / |D, ()| dt < o005

L —00

(b) for all ¢,
/ O, (t)dt = 1;

— 00
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(¢c) for each fixed § > 0,

lim |®,(t)|dt = 0.
L [t|>6

If, for all ¢+ and for all t € R,
®,(t) > 0,

we say that {®,} is a positive approximate identity on R. In this case, (a) follows
from (b) with
Cp = 1.

Our main example is of course the Poisson kernel

1y
Py(t):;ma (t € R),

which is a positive approximate identity.

Given f € LP(R), 1 < p < o0, or f € Cp(R), and an approximate identity
{®,} on R, we form the new family {®, * f}. With a measure u € M(R) we can
also consider the family {®, * u}. Then, similar to the case of the unit circle,
we will explore the way ®, x f and ®, * u approach, respectively, f and u as ¢
grows. In particular, we are interested in the families P, * f and P, * p, which
also represent harmonic functions in the upper half plane. By Theorem 10.1
and Corollary 10.2, the Fourier integrals of these two families are respectively

/ e—271'y\t| f(t) eierzt dt

— 00

and
© .
/ e—27ry|t| ﬂ(t) ol 2t dt,
— 00

which are weighted Fourier integrals of f and pu.

Exercises
Exercise 10.3.1 Let f € L*(R) and define
A(t) = A f(A), (t € R),
where A > 0. Evaluate 6,\ in terms of f . For each fixed t € R, what is the

behavior of @ (t) if A — 0o?

Exercise 10.3.2 Let f € L'(R) with

/_O:O Ftydt = 1.
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Let A > 0 and define
OA() = AFOM),  (teR).
Show that @, is an approximate identity on R. Under what condition is ®) a

positive approximate identity?

Exercise 10.3.3 [Gauss—Weierstrass kernel] Let ¢ > 0 and let

1 2
G.(t) = \fe_”t /e, (t € R).

Show that {G.} is a positive approximate identity on R.

Exercise 10.3.4 Let p be a polynomial of degree n, and let f(t) = p(t) e t/2,
Show that f(t) = q¢(t) e‘t2/2, where ¢ is a polynomial of degree n. Moreover,
show that ¢ is odd (even) if p is odd (even).

Exercise 10.3.5 [Fejér kernel] Let A > 0 and let

K (t) = A (bm(“”f (t€R).

TAt

Show that K is a positive approximate identity on R.

Exercise 10.3.6 [de la Vallée Poussin’s kernel] Let A > 0 and let
V)\(t):2K2)\(t)7K)\(t), (tER).

Show that V) is an approximate identity on R.

Exercise 10.3.7 Show that

> 2
/ K3 (t)dt = ?

Exercise 10.3.8 [Jackson’s kernel] Let A > 0 and let

CK3(t)  3A [sin(nAt)
no-men=5 (M52) . wewn.

(See Figure 10.2.) Show that J, is a positive approximate identity on R.
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Fig. 10.2. The Jackson kernel J(t) for A =4, 7, 10.

10.4 Uniform convergence and pointwise con-
vergence

To study the convergence of ®, % f toward f, we start with the simple case
f € Co(R). Let us recall that the elements of Co(R) are uniformly continuous
and bounded on R.

Theorem 10.3 Let ®, be an approzimate identity on R, and let f € Co(R).
Then, for all v, @, x f € Co(R) with

[®.* flloo < Co || f|lo0-
Moreover, ®, x f converges uniformly to f on R, i.e.

lim || ®, * f — f]loo = 0.

Proof. Fix 1. By Lemma 9.5, ®, * f is continuous on R. Since lim;_ f(t) = 0,
there is an M > 0 such that

If(B) <e
for all |t| > M. Choose M’ = M’(¢) such that

/ P, (t)] dt < e.
[t]> M
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Hence, for |t| > M + M’,

(@5 1) = \/ (=) f(r) dr

: ( /r|<M+/|T>M ) @t =7)|[f(7)] dT
< [ flleo /S|ZMI¢>L(s>|ds+e/_ooq>t(s)|d8
< e([lflloe + Ca).

The previous two facts show that @, x f € Co(R). Moreover, by Lemma 9.5,

1@, flloo < NPel[1 [[flloe < Ca [|floo-
To show that ®, x f converges uniformly to f on R, given ¢ > 0, take

0 = 6(e) > 0 such that |f(t —7) — f(t)] < e, for all |[7] < § and for all t € R.
Therefore, we have

(@, % F)(1) |\/ Ft—7)— F(t)) dr

([ oo
< 2 il /_Oo\ (r >\d7+a/_5\ a2l [0 ar
<

2||f||oo/ ®, ()| dr + £ Ca.
|7|>d8

Pick «(g,d) = t(e) so large that

/ |, (T)]dT < e,
|7]>68

whenever ¢ > ¢(¢). Thus, for all ¢ > ¢(¢) and for all t € R,

(@ f)(E) = F(O) | < Cllflloc + Ca) e
O

As a special case, by using the Poisson kernel we can extend an element of Co(R)
to the upper half plane C,. The outcome is a function which is continuous on the
closed upper half plane C, and harmonic on the open half plane C . Moreover,
due to special properties of the Poisson kernel, our function tends uniformly to
zero as the argument goes to infinity in C .
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Corollary 10.4 Let u € Co(R), and let

1 /°° Yy ,
Uz +iy) = T Jooo (@ =1 +y

u(x) if y=0.

Then
(a) U is harmonic on C,
(b) U is continuous on C,
(¢c) for eachy >0, Uy, € Co(R) and ||Uyl|c < ||t]|oo,
(d) asy — 0, U, converges uniformly to u on R,
(e) given € > 0, there is R > 0 such that

Uz +iy)| <e,

whenever |z +iy| > R, y > 0.

Proof. In Theorem 10.1 we show that U is a harmonic function on C,. Knowing
that the Poisson kernel is an approximate identity on R, properties (b), (¢) and
(d) are a direct consequence of Theorem 10.3.

To prove (e), first suppose that u has a compact support, say [—M, M]. Fix

e > 0. Then
1 [ y
— —— u(t) dt
T /_OO (z —t)% + 32 u(t)

S L

T Jom (@ —1)2+y?

Uz +iy)l =

2M ||ul| o .
< ﬂ7 (z+iy € Cy).
Ty
Hence, pick yo > 0 such that
Ul +iy)| <e

for all y > yo (no restriction on z). On the other hand, for 0 < y < yo and
2] > M + 290 [ull oo /(7=), we have

. 1 Y
< - — t)| dt
Uil < o[ e o)

< bl g Yogee
& [7I=2yollullec /(we) T

Hence it is enough to take

2y [|ull o
me
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For the general case, take v € C.(R) such that ||u — v||ec < & (remember that
Cc(R) is dense in Cy(R)). Then, by part (c),

Uz +iy)l = [Byx(u—0v)(x)+ (Py*v)(z)]
< lu=vlloe +[(By xv)(z)]
< e+ |(Py xv)(z)], (x +iy € Cy).

As we saw in the previous paragraph, there is an R such that |(Py *v)(z)| < €
if |x 4+ 4y| > R and y > 0. Hence

|U(z +iy)| < 2¢
for all |z +iy| > R and y > 0. O

A small modification of the proof of Theorem 10.3 provides a local version
for functions which are continuous at a fixed point.

Theorem 10.5 Let ®, be an approzimate identity on R, and let f € L>(R).
Suppose that f is continuous at tg € R. Then, given ¢ > 0, there exist v(e,tg)
and § = d(e, to) > 0 such that

[(®.# f)(t) = f(to) | <&,

whenever 1 = 1(e,tg) and |t — to| < . In particular,
lim (@, * f)(to) = f(to)-
Proof. Given ¢ > 0, there exists § = d(g,tg9) > 0 such that

[f(n) — f(to)l <&
if |n —to] < 26. Therefore, for all ¢ with |t — o] < 9,

(@, () — [(to)] = \ | @) (e=n - o) ar

- (/_:+/_2+/;O)I<I>L(T)I}f(t—T)—f(to)\dT
< /T|>6|<1>L<T>| (15—l + £t} dr =+« [ Z@L(ﬂw
<

20fll [ |B]dr +<Co.
|7|>6
Pick u(e, tg) so large that

/ 1@,(7)] dr < ¢
|T‘>5

whenever ¢ > (g, ). Thus, for ¢ = (e, to) and for |t — to| < 0,

(@05 £)(E) = f(to)] < 2l flloc + Ca) e
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If w € L>®(R) then the following result is a special case of Theorem 10.5.
However, due to special properties of the Poisson kernel, we are able to relax
the condition v € L>(R) slightly.

Corollary 10.6 Suppose that u € L*(dt/(1 +1?), i.e.

< Ju(t
/ 1|“i 2‘2 dt < oo, (10.6)

and that u is continuous at tg € R. Let
Uz +1iy) 1/00 J (t) dt (x+iyeCy)
T+ iy) = — — T+ .

Then U is harmonic on Cy and besides

lintl U(z) = u(to).
zecCy

Remark: The condition (10.6) is satisfied if uw € LP(R), 1 < p < 0.

Proof. Without loss of generality, suppose that ¢ty = 0. Since u is continuous
at the origin, it is necessarily bounded in a neighborhood of the origin, say
[—26,26]. Let

1 if [t] <o,

oty =19 21 it 5 < <24,

0 if |t > 26

Now we write u = uj + ug, where u; = u and ugs = u (1 — ¢). The function u,
is bounded on R and continuous at the origin. Hence, by Theorem 10.5,

zli—»I?O (P*uy)(z) = u1(0) = u(0).

Z€C+
Since U = P xuj + P * us, it is enough to show that
lim (P xug)(z) = 0.

Z—>t0
zeCy

But, for |z| < §/2 and y > 0, we have

(P us)(z +iy)| = ‘/Itlzé(x_wwuz(t) dt'

Y
/|t>5 (= o7z M@l dt

4y /t|2§ lut(gt” dt
(4(1+1/52) /Oo |“@)'dt)y,

— 00

IA

IN
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which shows that (P xug)(z) — 0, as z — 0.

Exercises

Exercise 10.4.1 Let f € Cy(R), and let
[ (sin(mA(t 1))\
f,\(t)—)\/_oo <7r)\(tT)) f(r)dr,

Show that, for each A\ > 0,
r € (R)

with
[ £xlloo < [1flloo

and
Jim [y~ flle = 0.

Hint: Use Exercise 10.3.5 and Theorem 10.3.

Exercise 10.4.2 Let f € Co(R), and let

= [ e
Show that, for each € > 0,
fe € C3°(R)
with
[ felloo < 1 flloo
and

lim ||f: = flloo = 0.
e—0

Hint: Use Exercise 10.3.3 and Theorem 10.3.

(t € R).

(t € R).
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Exercise 10.4.3 Let ®, be an approximate identity on R, and let f be uni-
formly continuous and bounded on R. Show that, for each ¢, ®, x f is also
uniformly continuous and bounded on R, and moreover ®, x f converges uni-

formly to f on R.

Remark: If f(z) = sinx, then (P, * f)(z) = e ¥ sinz. Clearly, for each y > 0,
P, x f is uniformly continuous and bounded on R, and P, * f converges uniformly
to f on R, as y — 0. However, for all y > 0, P, * f & Co(R). Compare with

Corollary 10.4.
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10.5 Weak* convergence of measures

According to (9.4), ¢, the convolution of an integrable function ¢ and a Borel
measure i, is a well-defined integrable function. We now explore the relation
between ¢+ and p where ¢ ranges over the elements of an approximate identity.

Theorem 10.7 Let ®, be an approzimate identity on R, and let p € M(R).
Then, for all v, ®, x u € L*(R) with

[P, * pl|1 < Co ||l

and
il < sup ||, * pulf1.
L

Moreover, the measures du,(t) = (®, * p)(t) dt converge to du(t) in the weak*
topology, 1i.e.

i [ p(0) @ )0 dt = | p(0)dutt

for all ¢ € Co(R).

Proof. The verification of the first and second assertions is similar to the proof
of Lemma 9.5. Indeed, according to (9.4), for each ¢, we have

(@, p)(t)] < / 1, (t — 7| d]ul ()

almost everywhere on R, and thus, by Fubini’s theorem,

[ @wena < [ ([l ) d
. A(/_Z@(t_fwt) dlul(7)

Co / dll(r) = Cs 1]l

To show the weak* convergence, let ¢ € Co(R), and let ¢ (t) = ¢(—t). Then,
¥ € Co(R) and by Fubini’s theorem,

/_O; () (2, % p)(1) di - = /_ Z o(8) ( /R o dw)) )
/R (/_O; . (t —7) p(t) dt> du()

/R (/_O; B (—7 — 1) (1) dt) e
L[ wir-nvwa) ac

/ (B, )(~7) dy().
R

A

IA
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Theorem 10.3 ensures that (®, x ¢))(—7) converges uniformly to ¥(—7) on R.
Since || is a finite Borel measure on R, we thus have

hm/ Y (@, % p)(t) dt = 1i{n/R(<I>L*w)(—T) du(r)

/R (-
/R o (7) du(r).

‘/ * ) () dt’ (sup [[@, # pll1) [ elloe,

and (P, x pu)(t) dt converges to du(t) in the weak* topology, we thus have

‘ /R‘”@ du(®) ’ < (sup 1@, % 1) e,

Since

for all ¢ € Co(R). Hence, by the Riesz representation theorem,

[l < sup ([ @, % pil] 1.
L

O
If {®,} is a positive approximate identity on R, then C'y = 1 and we obtain
[l = sup |, pl]1.
L

We can even show that sup can be replaced by lim in the preceding identity.

As a special case, by Theorem 10.1, the Poisson kernel extends p to a har-
monic function U on C; such that the measures U(t + iy)dt are uniformly
bounded and converge to du(t), as y — 0, in the weak™ topology. This observa-
tion leads us to the uniqueness theorem, which is an essential result in harmonic
analysis.

Corollary 10.8 Let pn € M(R), and let

. 1 y .
_1 y_ . 10.
Uz +1iy) - /_ CEDEESY du(t), (x+iy e Cy) (10.7)
Then U is harmonic on Cy, and

[l = sup |Uylx = lim [|Uy [
y>0 y—0

Moreover, the measures dj,(t) = U(t + iy) dt converge to du(t), asy — 0, in
the weak™* topology, i.e.

im [ ol6)diy () = [ (0 autt

y—0 Jp

for all ¢ € Co(R).



240 Chapter 10. Poisson integrals

We give two versions of the uniqueness theorem. However, both results are
a direct consequence of the relation [|u|| = sup,~q [|Uy |1, where U is given by
(10.7).

Corollary 10.9 (Uniqueness theorem) Let p € M(R). Suppose that

e R LR

T ) (= 1)2 + 32
for allx +iy € C4. Then u = 0.
Corollary 10.10 (Uniqueness theorem) Let € M(R). Suppose that
alt) =0

for allt € R. Then pn = 0. In particular, if f € L*(R) and f(t) = 0, for all
t € R, then we have f = 0.

Proof. Define U by (10.7) and note that, by Theorem 10.1,

U(x +1y) = / el i(t) et 2™t dt = 0

for all x + iy € Cy. O

The uniqueness theorem combined with Lemma 9.1 says that the map

M(R) — C(R)NL>(R)
I f

is one-to-one.

Exercises

Exercise 10.5.1 Let p € M(R) and let yo > 0. Suppose that

E/MLdu(ﬂ:O

T ) oo (x—1)2+ 9}

for all x € R. Show that p = 0.

Exercise 10.5.2 Let p € M(R). Suppose that

l/ooxi_tdﬂ(t)zo

T Jooo (= 1) +y?

for all z +1iy € C,. Can we conclude that = 0?7 What if our assumption only
holds on the horizontal line y = yo?
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Exercise 10.5.3 Let € M(R), and let

h@)/X/Z(ﬁﬁﬁfﬂ;D)zMﬂ, (t € R).

Show that, for each A\ > 0,
fr € L'(R)
with
A2l < [lwedls
and the measures f)(t) dt converge to du(t) in the weak™ topology, i.e.

lim w@ﬁ@ﬁZ/ﬂWMﬂ

A—=00 ) oo R

for all ¢ € Cy(R).
Hint: Use Exercise 10.3.5 and Theorem 10.7.

Exercise 10.5.4 Let p € M(R), and let

ﬁ@%=;g[%6”“”wﬂmv» (teR).

Show that, for each € > 0,
fe € L'(R)
with
1 felle < llgells
and the measures f.(t) dt converge to du(t) in the weak* topology, i.e.

lim w@ﬂwﬁ=4ﬂﬂww

—
Eofoo

for all ¢ € Co(R).
Hint: Use Exercise 10.3.3 and Theorem 10.7.

10.6 Convergence in norm

In this section we use the fact that C.(R), the space of continuous functions of
compact support, is dense in LP(R), 1 < p < co. This assertion is not true if
p = oo and that is why the following result does not hold for the elements of
L>(R).
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Theorem 10.11 Let ®, be an approximate identity on R, and let f € LP(R),
1 <p<oc. Then, for all, ®, x f € LP(R) and

12, * fllp < Ca (| F1]p-

Moreover,
li]L[n||Q>L «f—fllp,=0.

Proof. The first two assertions are proved in Lemma 9.4. To prove the last
identity, we have

(@, f)(E) — f(t) =/_ ®.(7) (f(t —7) = f(t) dr, (t € R).
Hence, by Minkowki’s inequality (see Section A.6),
@55 =l [ @I - Flpdr

where f.(t) = f(t — 7). It is enough to show that
B [, — fll, =0,

since then we use the same technique applied in the proof of Theorem 10.5 to
deduce that ||®, * f — f||, — 0. To do so, given € > 0, pick ¢ € C.(R) such that
Il f —ll, < e. Hence,

||f'r - f”p < ||f7— - SOTHP + HQPT - SDHP + H‘P - f“p

2l = fllp + +ler —ellp
< 24 [lor — @llp-

A

As we saw in the proof of Lemma 9.5, || — ¢||, — 0, as 7 — 0. Hence, there
is 0 > 0 such that, for |7| < 4,

1 = fllp < 3e.
O

As in the preceding cases, we use the Poisson kernel, to extend u € LP(R) to the
harmonic function U = P % u on C; whose integral means |U, ||, are uniformly
bounded and, y — 0, U, converges to u in L”(R).

Corollary 10.12 Let u € LP(R), 1 < p < o0, and let

. L[ Y .

Then U is harmonic on C,,

sup [|Uy|[p = lim [[Uy [, = [ull
y>0 y—0

and
lim |, = ull, = 0.
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Exercises

Exercise 10.6.1 Let f € LP(R), 1 < p < oo, and let
o in(mA(t—1)) \?
no=x [~ (PEEDY foyan wew.

Show that, for each A > 0,
f)\ S LP(R)
with
£l < £l
and
Jim [y~ fll, = 0.
Hint: Use Exercise 10.3.5 and Theorem 10.11.

Exercise 10.6.2 Let f € LP(R), 1 < p < oo, and let

1 oo
f-(t) = NG [ N e m=/E § (7Y dr, (t €R).

Show that, for each € > 0,

fe € LP(R)
with

I fellp < If 1l
and

tim [|f. — fll, = 0.

Hint: Use Exercise 10.3.3 and Theorem 10.11.

10.7 Weak* convergence of bounded functions
Since C.(R) is not dense in L>°(R), the results of Section 10.6 are not entirely
valid if p = co. Nevertheless, a slightly weaker version also holds in this case.

Theorem 10.13 Let ®, be an approximate identity on R, and let f € L>°(R).
Then, for all v, ®, x f € L= (R) NC(R) with

1@, * flloo < Cs || flloo

and
[ flloo < sup @, * flloo-
L

Moreover, ®, x f converges to [ in the weak™ topology, i.e.

i [ e @0 d= [ o070 @

— 00

for all p € L*(R).
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Proof. The first two assertions are proved in Lemma 9.5. Let ¢ € L*(R), and
let ¥ (t) = ¢(—t). Then, by Fubini’s theorem,

| ewesnma = [ so<t>(/oo (0= 7) f(r)dr ) at

— 00 — 00

_ /i (/Z ®,(t— 7) <p(t)dt> £(r) dr

h (/m B, (—r — 1) ga(—t)dt) £() dr

[
-
-

88

(/m S w(t)dt) £() dr

—00

88

(@, x)(=7) f(T) dr.

Theorem 10.11 ensures that (®, * 1)(—7) converges in L'(R) to 1(—7). Since
f is a bounded function, we thus have

in [ e @O d = tim [ @00 1) dar
- [T weniear
= [ e ) am

Since

[ e @) | < Gl sl o,

— 00

and ®, * f converges to f in the weak* topology,

[ et o ar| < Gl Al

for all ¢ € L'(R). Hence, by Riesz’s theorem,

[ flloe < sup [|®, * floo-

L

If {®,} is a positive approximate identity, then Cy = 1 and we have
[flloe = sup [[®, * flloo = lim | @, % f|oo.
L

Corollary 10.14 Let u € L*>°(R), and let

oo

) 1 Y ;
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Then U is bounded and harmonic on C, and

sup [|Uy[loc = lim [|Uy [loc = [ulloo-
y>0 y—0

Moreover, as y — 0, U, converges to u in the weak™® topology, i.e.
o0 o0

lim ) U(t+iy) dt = / o(t)u(t) dt

=0/ —o0
for all p € L*(R).

Corollary 10.15 Let ® be continuous and bounded on C, and subharmonic
on Cy. Then

. [~ Y .
P < - ————®(t)dt Cy).
orwss [ G Grwecy
Proof. Let
U(+')—1/oo y o(t) dt (z +iy € Cy)
x zy—ﬂ_ ey , T+ 1y +)-

By Corollaries 10.6 and 10.14, U is continuous and bounded on C,. and harmonic
on C, with
lim U(z) = ®(1), (t € R).

z—t
zeCy

Let ¥ = ® — U. Then V¥ is bounded and subharmonic on C,, and

lim () =0, (t €R).
ZZEE+
Hence, by Corollary 4.5, ¥(z) <0 for all z € C. O

Exercises

Exercise 10.7.1 Let f € L>®(R), and let
< Csin(rA(t—1))\°
t) = —_— d t € R).
no=x [~ () soan aew)
Show that, for each A > 0,
fr € L=(R)

with
[ Axlloo < [1flloo
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and, as A — oo, f) converges to f in the weak* topology, i.e.
o0 o0

tm [ o p0 di= [ e (0 d

A—oo ) o PN

for all p € L'(R).
Hint: Use Exercise 10.3.5 and Theorem 10.13.

Exercise 10.7.2 Let f € L°°(R), and let

fe(t) = \% /Z e~ m(t=")*/e f(r)dr, (t € R).

Show that, for each € > 0,
fe € L*(R)
with
[ felloo < 1 flloo
and, as ¢ — 0, f. converges to f in the weak™ topology, i.e.

g%[zw®ﬁ@ﬁ=/mwwﬂﬂﬁ

—00

for all p € L'(R).
Hint: Use Exercise 10.3.3 and Theorem 10.13.



Chapter 11

Harmonic functions in the
upper half plane

11.1 Hardy spaces on C,

The family of all complex harmonic functions in the upper half plane is denoted
by h(C,), and H(C,) is its subset containing all analytic functions on C,. Let
U € h(C,), and write

ey P
Ul = sup (/ |U<w+z'y>ﬁdx) . (0<p<oo),

0<y<oo —00

and
| U lloo = sup [U(2) .

zeCy

Then, for 0 < p < oo, we define the harmonic family
W(Cy) = {UenCy) : U], < oo}
and the analytic subfamily
HP(Cy) = {F e H(Cy) : |[Fll,<oo}.

These are Hardy spaces of the upper half plane. We will also need h(C,),
the family of all functions U such that U is harmonic in some open half plane
containing C, .

It is straightforward to see that h?(Cy) and HP(Cy), 1 < p < oo, are
normed vector spaces. We will see that h'(C,) and h?(C), 1 < p < oo, are
actually Banach spaces respectively isomorphic to M(R) and LP(R), 1 < p < oo.
Similarly, H?(C,), 1 < p < oo, is a Banach space isomorphic to a closed
subspace of LP(R) denoted by HP(R).

247
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Using these new notations, Corollaries 10.8, 10.12 and 10.14 can be rewritten

as follows:
u€ LP(R) = Pxuech?(Cy),

for each 1 < p < o0, and
peMR)= Pxpch'(C,).

In this chapter, we start with a harmonic function in A?(Cy), 1 < p < oo, and
show that it is representable as P u or P * p.

11.2 Poisson representation for semidiscs

To obtain the Poisson representation for h?(C,) classes, we need the Poisson
integral formula for semidiscs. This formula recovers a harmonic function inside
the open semidisc

Sp={z+iy:y>0and 2> +y> <R}
from its boundary values on the semicircle

Cr={x+iy:y>0and 2> +y* =R}
and on the line segment [—R, R).

Lemma 11.1 Let U be harmonic on a domain containing the closed semidisc

Sr. Then

Uiz) =

! Y _ayt+y(R? +at)
[ o) 0

+

A A e

s R2 o T2
/0 ( R2 + 172 —2rR cos(6 — ©)
R2 _ T2
" R2+12—2rR cos(0 + ©)

) U(Re'©) de,

for all z = x + iy = re'® € Sg.

Proof. Without loss of generality, assume that U is real. Let V' be a harmonic
conjugate of U, and let F' = U +4V. Then, by the Cauchy integral formula, for
each z € Sg, we have

_ 1 FQ) .

I, = m/aSRcde—F(z),
_ 1 P
b= oo asRC—ch_O’
_ 1 F(¢) _
YT i s, e T
no= 2 [ Y o,

% E)S’RC_RQ/’Z
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where 0Sp represents the boundary of Sr. Hence,
F(Z) :Il —12—13+I4.

Taking the real part of both sides gives the desired formula. O

Exercises

Exercise 11.2.1 Let © be a domain in C and fix zg € Q. A function G(z, 2g)
defined on Q \ {20} and satisfying the following four properties is called the
Green function for Q corresponding to the point zg:

(i) G(z,20) >0, for all z € Q\ {z0};
(ii) G is harmonic on 2\ {z0};

(i) G(z,20)+log|z — zo| has a removable singularity at zy (and thus it repre-
sents a harmonic function on §2);

(iv) G(z,20) — 0 as z tends to any boundary point of Q.

First, verify that if G exists then it is unique. Then show that the Green function
of the disc Q2 = Dpg is

RQ—E()Z

G(Z,ZO)ZIOg m y

and for the semidisc Sgr, the Green function is given by

RZ—Z()Z R(Z—Zo)
R(z—z0) R?—2z2 |

G(z,20) = log (11.1)

Hint: To prove uniqueness, use the maximum principle.

Exercise 11.2.2 [Green’s formula] Let © be a domain in C. Suppose that U
is harmonic on a domain containing 2. Show that, for all zg € €,

1 oG

Ulzo) = U(¢) afn(ﬁzo) ds(C).

21 Joo

Remark: OG/0On represents the derivative of G in the direction of the outward
normal vector n.

Exercise 11.2.3 Use Exercise 11.2.2 and (11.1) to provide another proof for
Theorem 11.1.
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11.3 Poisson representation of h(C,) functions

In studying the boundary values of harmonic functions in the upper half plane
C,., the best possible assumption for the behavior on R is to assume that our
function is actually defined on a half plane containing C,. This class was already
denoted by h(C, ).

Theorem 11.2 Let U € h(C,) and suppose that U is bounded on C,.. Then

Ul + iy) = % /O; Mﬁ Ut) dt, (wtiyeCy).  (11.2)

Proof. Since U € h(C.), by definition, there exists Y < 0 such that U is
harmonic on the half plane {Jz > Y'}. Fix z = v +iy = re’? € C,. By Lemma
11.1, for each R > r, we have

_L v (Ry/r?)
U(z) = T /R{ (x —t)2+y?2  ((R2z/r?) — )% + (R?*y/r?)? }U(t) dt

- 2 2) win g o ,
B l/ { 2rR(R* — r )512119 sin © . i }U(Re’@)d@.
T Jo U ((R?*+r?) cos©® —2Rrcosf)” + ((R?>—r?)sin®)

But, as R — oo,

(R%*y/r?)
(R2x/r?) —t)? + (R?y/r?)

; =O0(1/R?)

and
2rR(R? —r?) sinf sin ©
((R?+12) cos© — 2chos<9)2 + ((R?=r?) sin®)

2 = O(1/R).
Let R — oco. Hence, by the dominated convergence theorem, we obtain
1= y .
Uz) = - s U(t) dt, (z =z +iy € Cy).

O

To extend the previous representation theorem for other classes, we need to
show that each element of h?(C. ) is bounded if we stay away from the real
line. Since the disc {|z| < r < 1} is compact and continuous functions are
automatically bounded on compact sets, the need for such a result was not felt
in studying hP(D) spaces.

Lemma 11.3 Let U € h?(Cy), 1 <p < co. Then

) U .
Ui <@ B @riyecy.
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Proof. Fix z = ¢ +iy € Cy and let 0 < p < y. Then, for each r < p, by
Theorem 3.4, we have

1 4 .
U(z) = > /_7T Uz +re) dt.
Hence, by Hoélder’s inequality,
1 T -
[U(2)]P < 2 |U(z +re™)|P dt. (11.3)
™

—T

(As a matter of fact, we just showed that |U|P is subharmonic.) Integrating
both sides with respect to rdr from 0 to p gives

p ,
|U(2)|P p?/2 < % / / |U(z + re™)|P rdrdt.
0 -7

Since the disc D(z, p) is a subset of the strip (—o0,0) X [y — p,y + p|, we thus

have
p 2 1 vre > / - IN|P / !
VP22 < 5 U@ +iy) P da’ ) dy
y—p —00
1 [vte U
= — Uyl dy < —L.
5w | Wty <P
Therefore,
U(2)|P SM-
mp
Now, let p — . O

The following result is obvious if p = co. For other values of p, it is a direct
consequence of the preceding lemma.

Corollary 11.4 Let U € h?(C), 1 <p < o0o. Let 8 > 0 and define
Us(z) =U(z +1ip).
Then Ug € h(Cy) and Ug is bounded on C.

The main ingredient in the proof of Lemma 11.3 is the inequality (11.3), i.e.
the fact that |U|P, 1 < p < 0o, is a subharmonic function. If F' is analytic then
|F|P is subharmonic for each 0 < p < co. In other words, the inequality

1 & .
[EE)IP < 5 |F(z +re™)|P dt
™

holds for all 0 < p < co. Therefore, Lemma 11.3 can be generalized slightly for
analytic functions.
Lemma 11.5 Let F € HP(C,), 0 < p < 0. Then

) F )
Fati) <@me Lk @rivecy.
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11.4 Poisson representation of h?(C.) functions
(1 <p<o0)
Using Theorem 11.2 and Corollary 11.4 we are now able to obtain the Poisson

representation for h?(C) classes, 1 < p < 0.

Theorem 11.6 Let U € hP(C4),1 < p < oo. Then there exists a unique
u € LP(R) such that

. 1 [ y :
U == ————u(t) dt C
(I+Zy) W/oo(x_t)Q‘i‘yQU() ) (I+2y€ +)7
and

1U1p = llullp-
Remark: Compare with Corollaries 10.6 and 10.14.

Proof. The uniqueness is a consequence of Corollary 10.9. Let § > 0 and define
Us(z) =U(z +1ip).

Then, by Corollary 11.4, Us is bounded on C; and Ug € h(C,). Hence, by
Theorem 11.2,

1 [ y
U i i0) = — —————U(t+1p) dt
(x +iy +iB) w/_oo(xft)Qer? (t+18)
for all x + iy € C4. Let 8 — 0. The rest of the proof is exactly like that given
for Theorem 3.5. U

A small modification of the preceding proof, as explained similarly before
Theorem 3.7 for the case of the open unit disc, yields the Poisson representation
for h!'(C,) functions.

Theorem 11.7 Let U € h'(Cy). Then there exists a unique p € M(R) such
that

1 [ Yy
U jy) = — —— du(t ) C
= [ G w0 @rwecy
and
1Tl = Nl

Remark: Compare with Corollary 10.8.
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Exercises

Exercise 11.4.1 Let U € h?(C4), 1 < p < oo. Show that the subharmonic
function |U|P has a harmonic majorant.
Hint: Apply Theorem 11.7.

Exercise 11.4.2 Find U € h(C,) such that the subharmonic function |U|?
has a harmonic majorant, but U ¢ h?(C,.).

Hint: Consider U(z +iy) =y € h'(Cy).

Remark: Compare with Exercises 4.1.7 and 11.4.1.

11.5 A correspondence between C, and D

The conformal mapping

i—z
itz
or equivalently
1—w
z2=1—"),
14+w
gives the correspondence
(C+ — D

z — w

between the points z = x + iy of the upper half plane and w = re*? of the unit
disc. Moreover, on the boundary, the formulas

1—1
1+t

eiT _

and .
) 1 — et

2 -
1+ ei™

provide the correspondence

R o T\{-1)
t — e’i‘r

between R and T \ {—1}. The fact that —1 is not included is essential. Using
the last two relations, we are able to establish the correspondence

B(R) «— B(T\{-1})
A — B

between the Borel subsets of R and the Borel subsets of T\ {—1} by defining

A:{t: l‘_tEB},
1+t
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. 1— T
B:{e”:i e' EA}.
1+62T

Based on this observation, we make a connection between Borel measures de-
fined on R and Borel measures defined on T \ {—1}.

Let v be a positive Borel measure on T \ {—1}. Define its pullback A on R
by

or equivalently

AMA) =v(B), (11.4)
where A is an arbitrary Borel subset of R, and B is related to A as explained

above. Then A is a positive Borel measure on R, and the identity A(A) = v(B)
can be rewritten as

1 — e )
td/\t=/ (i.)due”,
[ xaaxe i) aen

/T\{_l} xB(e') dv(e'™) = /R XB(j_T_i) dA(t).

Taking positive linear combinations shows that both identities are valid for
positive measurable step functions. Hence, by a standard limiting process, we

obtain
1 — €™ .
t) dX(t :/ (z . )du e’ 11.5
fewaw= [ e(ifr) wen (1L5)

or

and

/T\{l} () du(em—/Rw(eri) (1) (11.6)

for all positive measurable functions ¢ and .

We started with a measure v on T\ {—1} and then defined A on R. Clearly,
the procedure is symmetric and we can start with A and then define v. The
relations (11.5) and (11.6) still remain valid.

A very special, but important, case is the Lebesgue measure dr on T. Using
differential calculus techniques, the relation 7 = (i —t)/(i + t) immediately
implies that

dr — 2dt

- 11.
1+ ¢2 (11.7)

and thus (11.6) is written as

T ©  /i—t\ 2d
" v dT:/,oo w(ii) 1+tt?' (11.8)
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11.6 Poisson representation of positive harmonic
functions

In Section 3.5, we saw that positive harmonic functions in the unit disc are
those elements of h'(DD) which are generated by positive Borel measures. As the
elementary example

Ulx+iy) =y (11.9)

shows, in the upper half plane, positive harmonic functions are not necessarily
in h'(C4). Another observation is based on the contents of Section 10.2. If u
is a positive Borel measure on R such that

du(t)
/R 112 < 00,

Y
Uz) = ——— du(t 11.10
) = [ e (11.10)
is a well-defined positive harmonic function on C,. In this section, we show
that any positive harmonic function in the upper half plane is a positive linear
combination of (11.9) and (11.10).

then

Theorem 11.8 (Herglotz) Let U be a positive harmonic function on C4. Then

the limit Ui
o= lim (iy)

Yy—00 y

exists and o € [0,00). Moreover, there exists a positive Borel measure 1 on R

satisfying ;
/ p) _ o
R 1+t2

. 1 Y
U = — - J
(z +iy) ay+7T /R TR

such that
dp(t), (z+1iy € Cy).

Proof. Let

U(w)—U<z';IwU>, (w € D).

Then U is a positive harmonic function on . Hence, by Theorem 3.8, there is
a finite positive Borel measure v on T such that

; 1—1r2 ; ;
U 0 — d T 20 D).
(re®) /ﬂ- 14+7r2—2rcos(d —7) v(e), (re” € D)
Thus,
- 1—12 11— ;
Urey = — -~ -1 du (™).
(re™) 1472+ 2rcosf v({ })+/T\{1}1—|—r2—27“cos(9—7') v(e')
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To apply (11.6), we need two elementary identities which are easy to verify. If
z=x+iy € Cy,t € R, w=re"? € Dand e™ €T, and they are related as
explained in the preceding section, then we have

1—72

1+72+2rcosf Y
and )
L—r ] 2
= 1+1t9).
1472 —2rcos(d —7) (m—t)2+y2( +t)

Therefore, by (11.6),

U +iy) = v({~1})y + / (1+2) dA(1),

N
R (2 —1)%+y°
where X is defined by (11.4). Let a = v({—1}) and let

du(t) =7 (1 + %) dA(t).

Then clearly « € [0,00) and p is a positive Borel measure on R such that

L[ @) = 1 <o
R

T 1+¢2
and
Uz + iy) +1/7y du(t) (x+1yeCy)
p— - Z .
THiy) =ay+ - =12 1 ¢ u(t), x4y +

Finally, since

U(iy) /t2+1
=a+ [ 5— dA\(),
y O ety 2

and A\(R) < oo, by the dominated convergence theorem, we see that

lim Ul(iy)

Yy—00 y

Let p be a Borel measure satisfying
d
/ M
r 1+1%2

. 1 Y .

and let aw € C. Let

Then U is a harmonic function on the upper half plane. As we saw in Theorem
11.8, a positive harmonic function on C; is a special case obtained by a positive
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constant a and a positive measure pu. The family discussed in Corollary 10.8 is
an even smaller subclass. Nevertheless, we expect the horizontal sections U, to
somehow converge to p as y — 0. Since p satisfies a weaker condition in this
case, we have to consider a more restrictive type of convergence. This is done
by considering C.(R), the class of continuous functions of compact support.

Theorem 11.9 Let o € C and let p be a Borel measure on R satisfying
d
[ o
r 1412

. 1 Y )
U(x+zy):ay+; /R e dp(t), (z+iy € Cy).

Let

Then

i [ () Ut +iy) di = / (1) du(2)

for all p € C.(R).

Proof. Since ¢ has compact support,

A= /Rm) do

is finite. Hence,

A@(m)U(x+iy)dm = aAy—i—/Rap(x)(/RPy(x—t)du(t))dx

= ady+ [ (B e @O dul)

By Corollary 10.4, P,*¢ converges uniformly and boundedly to ¢. Let supp ¢ C
[-M, M]. Then, for |x| > 2M and 0 <y < 1,

M
@l < =

 lele [
o ™ v (x—1)?
lelloo  2M

T x?— M2

Hence, forall t e Rand all 0 <y < 1,

<

c
By 9)(a)| < 155

where C' = C(yp) is an absolute constant. Therefore, by the dominated conver-
gence theorem,

/ (B, % 0)(£) duu(t) — / o(t) du(t)
R R
asy — 0. [
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Exercises

Exercise 11.6.1 Let U be a real harmonic function in h'(C,). Show that U
is the difference of two positive harmonic functions.

Exercise 11.6.2 Let U; and Us be two positive harmonic functions on C,.
Let U = U; — Uy. Can we conclude that U € h'(C,)?
Remark: Compare with Exercises 3.5.2 and 11.6.1.

11.7 Vertical limits of h?(C, ) functions (1 < p <
o)

Using the conformal mapping given in Section 11.5, we are able to exploit Fatou’s
theorem (Theorem 3.12) and obtain a similar result about the vertical limits of
harmonic functions defined in the upper half plane. The following result is
rather general and applies for the elements of h?(C,.), 1 < p < oo, as a special
case.

Theorem 11.10 Let p be a Borel measure on R such that

dlp|(t)
/R L <% (11.11)

and let

U(x—|—iy):% /R(x_t)w du(t), (x +iy € Cy).

Let o € R. Suppose that

A — Jig 20 = 8,20 + 5])
s—0 2s

exists and is finite. Then

lim U +iy) = A. (11.12)
y*)

Proof. Without loss of generality, assume that p > 0, since otherwise, using
Hahn’s decomposition theorem, we can write u = (p1 — p2) + i(us — pa) where
each py, is a positive Borel measure satisfying (11.11).

Without loss of generality, assume that x = 0. Let

Z/{(w)U<i1+Z), (w € D).

Then, on the one hand,
lin% Uliy) = lim1 U(r) (11.13)
y— r—
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and, on the other hand, since

J = Lo cos?(1/2)
(x—t)24+y2  1+72—2rcos(d —17) ’
we have
: 1 1—r? :
0 2 T
= — 2)d
Utre™) T /I[‘\{—l} 1+72—2rcos(0 —7) cos™(7/2) dv(e™),

where v corresponds to p as explained in (11.4). Let

d\(e'™) = 2cos*(1/2) dv(e'™).

Hence,
: 1 1—7r2 .
0 T
= — X
Uire®) 27 /T 1+7r2—2rcos(6 —71) (™)
and
! /S d\(e™) ! /S cos?(7/2) dv(e'™)
all - = -
2s J_g s J s
1 /[° , 1 [® .
= = / (cos?(T/2) = 1) dv(e'™) + = / dv(e')
S J_g S J—s
1 ° 2 iT 1 ¢
= - (cos*(1/2) — 1) dv(e'") + - du(t),
s J_g s J_ o
where _
;o 1 — eis
S =i

Since cos?(7/2) — 1 = O(7?) and s'/s — 1/2, as s — 0, we thus have

1 [ : I
lim — dA(e'T) = limo — / du(t) = A.

the relation (11.13) implies that lim, .o U(iy) = A. O

For each Borel measure p satisfying (11.11), we know that, for almost all

x € R,
oz —s,x+s])
lg% 2s =)

exists and /() is finite. Hence, by Theorem 11.10,

1 Yy o
lim — /]Rm dp(t) = p'(z)

for almost all x € R. A special case of this fact is mentioned below.
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Corollary 11.11 Let

/jo l”le dt < o0 (11.14)
and let
U(xr+1iy) = 1 /OO y u(t) dt, (x 41y € Cy).
O N A AR T
Then

for almost all x € R.

Note that (11.14) is fulfilled if u € LP(R), 1 < p < 0.

Exercises

Exercise 11.7.1 Let p be a real signed Borel measure on R such that
d
/ M
r 1+12

U(eriy):% /R(x—t)y2+y2 du(t), (z+iy € Cy).

and let

Let 9 € R and suppose that
1 (zo) = +o00.
Show that
lir% Uz + iy) = +o0.
y*)

Exercise 11.7.2 Let u be a Borel measure on R such that
d
/ ) _
r 1+1?

U(eriy):% /R(JC—t)yQ‘*‘yQ dp(t), (x+iy € Cy).

and let

Show that, for almost all 2y € R,

lim U(z) = ' (a0)
z€Sq (o)



11.7. Vertical limits of h?(C.) functions (1 < p < o0)

where S, (29), 0 < o < 7/2, is the Stoltz domain
Sa(xo) ={z+iy e Cy : |x — x| < (tana)y }.

(See Figure 11.1.)

261

Remark: We say that p/(xg) is the nontangential limit of U at the point .

Fig. 11.1. The Stoltz domain S, (zo).

Exercise 11.7.3 Let u be a positive Borel measure on R such that

dp(t)
/R 1+ =%

Ulz +iy) = % /R(x_t)%?f du(t), (z+iy € Cy).

and let

Let 9 € R and suppose that
1 (o) = +oo.
Show that, for any o > 0,

zli}rgo U(z) = +o0.

z€8a (QC())

Exercise 11.7.4 Construct a real signed Borel measure p such that

d|p|(t)
/R 1+¢2 =
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and
1 (0) = +o0
But
%in(l) U(t + it) # +oo,
where
Uz + iy) 1/ Y au) (z +iy € C4)
== [ ——— T+ .

Remark: Compare with Exercises 11.7.1 and 11.7.3.
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The Plancherel transform

12.1 The inversion formula

The representation formulas given in Theorem 10.1 and Corollary 10.2 represent
a harmonic function in A'(C,) in terms of the Fourier transform of a boundary
measure or function on R. Our goal is to generalize these results for other h?(C,.)
classes. Of course, the first and most important step would be to generalize the
definition of Fourier transform for other L?(R) spaces. Then we will be able to
obtain further representations of elements of h?(C.).

The case p = 1 of Corollary 10.12 is of particular interest and helps us to
say a bit more about the Fourier transform of functions in L!(R).

Theorem 12.1 (Inversion formula) Let f € L*(R) and suppose that f € L*(R).
Then, for almost allt € R,

0= [ jmeran
Proof. Let

1 [ Y )
Fy(@:;/_wmﬂﬂdta (z+iy e Cy).

By Corollary 10.12, for each y > 0, F, € L*(R) and moreover
lim ||, — ]l = 0.
y—0

A convergent sequence in L!(R) has a subsequence converging at almost all
points of R. Hence, there is y,, > 0, y,, — 0, such that

lim F,, (x) = f(z)

for almost all z € R. On the other hand, by Corollary 10.2, the identity
Fy(x) :/ e—27ry\t| f(t) el2mat gy

263
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holds for all z € R and y > 0. Now, the assumption f € L (R) together with
the dominated convergence theorem imply that

oo
lirr%) Fy(z) = / f(t) et dt
y— oo

for all x € R. Therefore, we immediately obtain the inversion formula. O

Writing the inversion formula as
0 ~ .
o= [ fmerran
— 00
the last integral can be interpreted as the Fourier transform of f , and we obtain

f6)=f(—),  (teR), (12.1)

provided that f, f € L'(R).
Suppose that f € L(R), fix y > 0, and consider

Fa)= [ e ) e,

By Corollary 10.12, F, € L'(R). Hence, according to (12.1), we have
Fy(t) = e (1),

Clearly F, € Cy(R), for all y > 0. On the other hand, ||F, — f||; — 0 and thus,
by Lemma 9.1, R X
Jim |5 = fllee = 0.

Therefore, X
f S CO (R)
This is the Riemann—Lebesgue lemma on the real line. The Riemann—Lebesgue
lemma combined with the uniqueness theorem (Corollary 10.10) say that the
mapping
L'R) — Co(R)
o=

is well-defined and one-to-one.

The following result is a simple consequence of Corollaries 10.2, 10.6 and
(11.11). However, this simple observation has an important application in ex-
tending the definition of Fourier transform to LP(R), 1 < p < 2, spaces.

Corollary 12.2 Let f € LY(R). Suppose that f > 0 and that f is continuous
at 0. Then f € LY(R) and

0= [ j@erar
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for almost all t € R. In particular,
o) = [ fa)ar
Proof. By Corollary 10.2,

! h OO —aTY ¢ i 27T
e foas [ miaetaaz)

for all y > 0 and all x € R. As a special case, on the imaginary axis we have

1 /oo 0 dt:/oo e 2l f(t) at

T e t2 + y2
for all y > 0. Let y — 0. Then the monotone convergence theorem ensures that

the right side tends to
| i a

and Corollary 10.6 says that the left side converges to f(0). Hence
fo)= [ i

which incidentally also implies that f € L'(R). Knowing that f € L*(R), the
inversion formula (Theorem 12.1) applies and ensures that the first identity
holds for almost all ¢ € R. O

Exercises

Exercise 12.1.1 Let f € L'(R), and let

>\ ~ .
A = /_A (1— Jrl/A) f(r) €27 dr, (t €R).

Show that, for each A > 0,

fr € L'(R)
with
[ £xll < (£,
R (L—[tl/X) ft) if [t <A
() =
0 it |t > A
and

Jim |y~ = 0.

Hint: Use Exercises 9.3.2 and 10.6.1.
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Exercise 12.1.2 Let f € L'(R), and let
£06) = / e () 27T gy, (t € R).

Show that, for each ¢ > 0,

fo € L'(R)
with
Il < N fl,
fo(t) = e f(t)
and

lim [|£. — £l = 0.
e—0

Hint: Use Exercises 9.3.1 and 10.6.2.

Exercise 12.1.3 We saw that the map

LNR) — Co(R)
Foo— f

is injective. However, show that it is not surjective.

12.2 The Fourier—Plancherel transform

Using Corollary 12.2, we show that the Fourier transform maps L'(R) N L?(R)
into L?(R). This is the first step in generalizing the definition of Fourier trans-
form.

Theorem 12.3 (Plancherel) Let f € L'(R) N L2(R). Then f € L2(R) and
moreover

1ll2 = 1£112-
Proof. Let g(x) = f(—z) and let h = fxg. By Young’s inequality (Lemma 9.5),
h e L*(R)NC(R)

and, by Lemma 9.3,

=fa=1f1*>0.
Hence, by Corollary 12.2, h € L'(R), which is equivalent to fe L?(R), and

moreover
/OO
o
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Let us calculate both sides according to their definitions. On the one hand, we

have I )
[ mwﬁ:[ F@P dt = |12

and, on the other hand,
no)= [ sy -nae= [ s Fode= |13

Comparing the last three identities implies || f||2 = || f|2. O

Theorem 12.3 is a valuable result. Since C.(R) C L*(R) N L?(R), the latter
is also dense in L?(R). This fact enables us to extend the definition of Fourier
transform to L2(R). Indeed, let f € L?(R). Pick any sequence f, € L*(R) N
L?(R), n > 1, such that

Tim [1fo — £l =0.

Then (f,)n>1 is a Cauchy sequence in L?(R) and, by Theorem 12.3, we have

U fn = Fnlls = 11 fn = Fonllz = Il fn = fonllas

and thus (fn)n21 is also a Cauchy sequence in L*(R). Since L?(R) is complete,

lim fn

n—oo
exists in L2(R). If (gn)n>1 is another sequence in L'(R) N L*(R) satisfying
similar properties, then lim,, .., g, also exists in L?(R). However, again by
Theorem 12.3, we have

—

1o =anllz = fn—gnlla=11fn — gnll
> ||fn_f||2+||gn_f||2 — 0,

N

and thus X
lim g, = lim f,.

n—oo

Therefore, as an element of L2(R), the limit of f, is independent of the choice
of sequence as long as the sequence is in L*(R) N L?(R) and converges to f in
L?(R). Hence, we define the Fourier—Plancherel transform of f € L*(R) by

Ff = lim fo,
where f,, is any sequence in L'(R) N L?(R) satisfying
T (|f — fllo =0.
In particular, if f € L'(R) N L?(R), we can take f,, = f, and thus we have

Ff=/ (12.3)
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In other words, the two definitions coincide on L!(R) N L?(R). Therefore, with-

out any ambiguity we can also use the notation f for the Fourier—Plancherel
transform of functions in L?(R). Finally, by Theorem 12.3,

1flle = Tim [[fulla = lim [l fullz = 7] (12.4)
for all f € L?(R). Thus, the Fourier—Plancherel transformation
F:L*R) — L*R)
f —  f

is an operator on L?(R) which preserves the norm.
For an arbitrary function f € L?(R) we usually take

f) it [t <n,
fn(t) =
0 if |t >n.
Hence, we have

fy=Ltim [ f(r)e ™" dr,
where Li.m. stands for limit in mean and implies that the limit is taken in L?(R).

Let us discuss a relevant example. The conjugate Poisson kernel is in L?(RR).
We evaluate its Fourier-Plancherel transform. Fix z + iy € C4, and let

1 T —t

ey R R

ft) =

To obtain the Fourier—Plancherel transform of f, we first calculate the Fourier
transform of

1 T—T i |t <
- i —z| <n,
faly =34 T
0 if |t -z >n.
Hence,
A 1 atn T—T ot
nt = — A ﬂTd
O N e R
1 " )
- - / T e—zth(m—‘r) dr
O B T

—i2mat n

e’ T ;

- - ez27rt7' dr.
s —n T +y
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Suppose that ¢t > 0 and n > y. Hence, by Cauchy’s integral formula,

. —i2mat C iom
fn(t) 67_( </F’_‘/C)<2_~_y262t<d<

) efi 27t C .
= 4 672ﬂ'yt71 2t / S - el 2mt¢ dC
c, ¢Cty

™

Fig. 12.1. The curve I',.

The curve C,, is the semicircle in T',,. (See Figures 12.1 and 12.2.) To estimate
the last integral, note that

n Cont
e 2mt \s(7

C i 27t¢
- nQ _ y2

€
¢ty

for all ¢ € C},, and write

/Cn /Cm{%oﬁ} CnN{S¢<v/n}
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Fig. 12.2. The curve C,,.

Therefore,
‘ /C" 2 j—yQ eI qe | < n;TnyQ e~ 2mtVn — ﬁ2y2 arcsin%,
which implies
Fult) = i e 2mut=iznat | (1), (t>0),
as n — o0o. A similar argument shows that
Jult) = =i 2T 4 (1), (t <0).

We know that fn converges to f in L?(R). Hence a subsequence of fn converges
almost everywhere to f. But, as the last two identities show,

fn (t) — 'LSgn(t) 6_279‘t|—i27rrt

at all t € R\ {0}. Hence

f(t) — zsgn(t) e—2‘n’y|t\—i27rwt’ (t c R)

In particular, the Fourier—Plancherel transform of

is

(See Figure 12.3.)
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iy
—sgn(t)e e

Fig. 12.3. The spectrum of %Qy

Exercises

Exercise 12.2.1 Let f € L*(R) and suppose that f € L2(R). Show that we
also have f € L*(R).

Exercise 12.2.2 Let f € L'(R) and g € L*(R). Show that

— A~

frxg=1Ff

Na)Y

12.3 The multiplication formula on LP(R) (1 <
p<2)
The identity ||f|l2 = |f||> implies that the Fourier-Plancherel transform is

injective on L2(IR). To show that it is also surjective, and thus a unitary operator
on L?(R), we need the following generalization of the multiplication formula.

Lemma 12.4 (Multiplication formula) Let f,g € L*(R). Then

/ T a0 dr = / T ) gl
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Proof. Pick two sequences f,,, g, € L*(R) N L?*(R), n > 1, such that
Jim [ fn = fll2 = lim [lgn —gll2 =0
According to the definition of the Fourier—Plancherel transform, we also have
Jim [1fo = fll = lim_[|g, — gll2 = 0.
Thus, by Hélder’s inequality,
i || fagn = folli = lm || fugn — Fol =0.

But f,.,g, € L*(R). Hence, by Lemma 9.2,

| rwiwa = i [ w0
= lim h fn(t) In (t) dt

n—oo J_

[mMMwﬁ

O

We are now able to show that the Fourier—Plancherel transform F is sur-
jective on L?(R). As a matter of fact, if g is orthogonal to the range of F,
i.e.

| iws@a=o

for all f € L3(R), then, by the multiplication formula, we have
o0 A
| fwiwd=o
— 0o

which immediately implies g = 0. Hence, by (12.4), g = 0. Thus F is surjective.
Using (12.1), we can also provide an inversion formula for the Fourier—
Plancherel transform. Let 7 denote the unitary operator

T:L*R) — L3R)
f@ = f(=).

Hence 7 o F o F is also a unitary operator on L?(R), and moreover, by (12.1),
the identity

ToFoF=id
holds at least on a dense subset of L?(R), e.g. on C°(R). Note that if f €
C>(R), then certainly f € L'(R). Therefore, the identity holds on L?(R) and

thus
Fl=ToF. (12.5)
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Exercises
Exercise 12.3.1 Let f € C°(R). Show that
feC®R)NLP(R)

for all 0 < p < 0.
Hint: Use Exercise 9.2.9.

Exercise 12.3.2 Let f,g € L?(R). Show that

/ T di = / T 09— dr.

Hint: Use Lemma 12.4 and (12.5).

12.4 The Fourier transform on L/(R) (1 <p < 2)
Let
feL'R)+ L*R).

Then for each f = f1 + fo, where f; € L'(R) and f» € L?(R), define its Fourier
transform by

f=h+Ff.
If f has another representation, say f = g1 + go, where g1 € L*(R) and g, €
L?(R), then
fi—g1 =92~ fa € L'(R) N L*(R),
and thus, by (12.3),
fi—g1=Flg2— fo).

Therefore,
Hh+Ffa=ag1+Fgo,

which implies that f is well-defined. Since, for all p with 1 <p <2,
LP(R) C L'(R) + L*(R),
the Fourier transforms of elements of LP(R), 1 < p < 2, are well-defined now.

Theorem 12.5 (Hausdorff-Young theorem) Let f € LP(R), 1 < p < 2. Then
f € LY(R), where q is the conjugate exponent of p, and

1 £llg < 117 1lp-
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Proof. By Lemma 9.1,

F:L'R) — L>*(R)
f —  f
is of type (1, 00) with
IFll1,00) <1

and, by Plancherel’s theorem (see (12.4)),

F:L*R) — L*R)

ro— 7
is of type (2,2) with
[Fll2,2) < 1.
The rest is exactly as in the proof of Theorem 8.3. O

Exercises

Exercise 12.4.1 Let f € L'(R) and g € LP(R), 1 < p < 2. Show that

— A

fxg=1rg.

Hint: Use Exercise 12.2.2.

Exercise 12.4.2 Let 1 < p < 2, and let ¢ be the conjugate exponent of p. Let
g € LP(R). Show that there is an f € LI(R) such that

=y
and that
I fllq < N fllp-

Hint 1: Use duality and Theorem 12.5.
Hint 2: Give a direct proof using the Riesz—Thorin interpolation theorem.

12.5 An application of the multiplication for-
mula on LP(R) (1 <p<2)

The contents of this chapter are designed to obtain the following result, which
reveals the spectral properties of elements in h?(C,), 1 < p < 2.
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Theorem 12.6 Let u € LP(R), 1 < p < 2. Then we have

1 [ Y <, ) )
- Hdt = Ty|t| t i2mat dt
P L o oa = [t e
1 > r—t > . =27y |t| ~ i2maxt
1 o t e .
—/ ul) g / a(t) e =t dt,
2 J_ t—z 0
1 () o
— dt = — t) e TP dt
2771'/_00 t—z /_Oou()e ’

for all z = x +1iy € Cy. The integrals are absolutely convergent on compact
subsets of C4.. Moreover, each line represents a harmonic function on Cy. The
third line gives an analytic function.

Proof. The case p = 1 was considered in Corollary 10.2. We start by proving
the first identity for p = 2. If u € L?(R), pick a sequence u,, € L*(R) N L?(R),
n > 1, such that

nlirréo lttr, — ull2 = 0.

Then, again by Corollary 10.2,

1 o0 o0 .
—/ Y u(t) dt:/ e~2mV It G (1) 27t gt

T J—oc0 (il? - t)2 + y2 —00

Let n — oo. The Cauchy—Schwarz inequality ensures that the left side converges

to L o
= / Y ) dt,

T J—oco (Cﬂ*t)2+y2
and the right side to

9
/ e—27ry|t\ ﬁ(t) ei27rmt dt,
— 00

as n — oo. Hence, we obtain the required equality. Other identities are proved
similarly if p = 2.

If u € LP(R) C LY(R) + L?(R), write u = uj + ug, where u; € L'(R) and
us € L?*(R). Each identity holds for u; and us. Hence, taking their linear
combination, each identity also holds for w.

Since

@ = 1 + 0z C Co(R) + L*(R),

the presence of e 2™ !l ensures that the right-side integral converges absolutely
and uniformly on compact subsets of C;. Finally, the same method used in
Theorem 10.1 shows that each row represents a harmonic function. O

Corollary 12.7 (Uniqueness theorem) Let f € LP(R), 1 < p < 2. Suppose that

ft)=0
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for almost all t € R. Then
ft)=0

for almost all t € R.

Proof. By Theorem 12.6, we have

L[~ Y * on p i2mx
—/ 7+y2f(t)dt:/_me It f(t) eP2m et dt = 0

T J-c (SU - t)2

for all  + iy € C,. Hence, by Corollary 11.11, f = 0. O

Exercises

Exercise 12.5.1 [Multiplication formula] Let f,g € LP(R), 1 < p < 2. Show
that

/ T f0) () di = / T i) 9l d.

Exercise 12.5.2 Let 1 < p < 2 and let ¢ be the conjugate exponent of p. By
Theorem 12.5 and Corollary 12.7, the map

LP(R) — Li(R)

o= 7

is well-defined and injective. However, show that it is not surjective.

12.6 A complete characterization of h?(C. ) spaces

Similar to what we did in Section 4.7, we summarize the results of preceding
sections to demonstrate a complete characterization of h?(C,) spaces. In the
following, U is harmonic in the upper half plane C,..

Case 1: p=1.

U € h'(Cy) if and only if there exists u € M(R) such that
U(+')—1/ Y dul(t) (¢ +iy € Cy)
T Zy—ﬂ_ R(x_t)2+y2 H ) T Y +/-

The measure p is unique and

o0

Uz +iy) = / fu(t) e PrvltteEmet gp, (x +iy € Cy),

— 00
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where /i € C(R) N L*>°(R) and
itlloo < [lull-

The measures du,(t) = U(t + iy) dt converge to du(t) in the weak™® topology, as
y — 0, ie.

tim [ o(t)duy(0) = [ olt) du(t)

y—0 T

for all p € Cy(R), and we have

1Ol = [l = |pl (R).

Case 2: 1 <p<2.

U € h?(C,) if and only if there exists u € LP(R) such that

. 1 Y .
The function v is unique and
Uz +iy) = / a(t) eyl gy, (x+iy € Cy),

where @ € LY(R), with 1/p+1/g =1, and
lallg < llullp-

Moreover,
lim [|[Uy — ull, =0,
y—0

and thus
1U1lp = llullp-

Case 3: 2 < p < 0.

U € hP(C,) if and only if there exists u € LP(R) such that

. 1 Y .
U =— ————u(t)dt Cy).
(‘T+7’y) W/R(a:—t)2—|—y2u() ) (I+Zy€ +)
The function wu is unique,

lir% Uy —ull, =0,

y—)

and thus
Uy = llullp-
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Case 4: p = .

U € h>*(C4) if and only if there exists u € L*(R) such that
U(—&-')—l/#(t)dt (z+iy € Cy)
vtay)=— R(:cft)2+y2u , x4y +)-
The function v is unique and

[Ulloe = llulloo-

Moreover, U, converges to u in the weak™® topology, as y — 0, i.e.

tim [ o0 U(e+ i) dt:/R@(t) u(t) dt

for all ¢ € L'(R).

The first case shows that h*(C,) and M(R) are isometrically isomorphic
Banach spaces. Similarly, by the other three cases, h?(C,) and LP(R), 1 <p <
00, are isometrically isomorphic.

Exercises

Exercise 12.6.1 We saw that h'(C,) and M(R) are isometrically isomorphic
Banach spaces. Consider L!(R) as a subspace of M(R). What is the image of
LY(R) in h'(Cy) under this correspondence? What is the image of positive
measures? Do they give all the positive harmonic functions in the upper half
plane?

Exercise 12.6.2 We know that h*°(C) and L (R) are isometrically isomor-
phic Banach spaces. Consider Cy(R) as a subspace of L (R). What is the image
of Co(R) in h*°(C) under this correspondence? What is the image of C.(R)?
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Analytic functions in the
upper half plane

13.1 Representation of H?(C,) functions (1 <
p < o)

Since HP(C4) C hP(Cy), the representation theorems that we have obtained

for harmonic functions apply to analytic functions too. Some of these results

have been gathered in Section 12.6. In this chapter we study the analytic Hardy

spaces HP(C,) in more detail.

Lemma 13.1 Let 8> 0. If F € HP(C,), 1 < p < oo, then

[R ey

— 00

If F e H*(C.), then
| e aee Gecy

Proof. Fix z € C4 and > 0. Let R > §+|z| and let I'g g be the curve shown
in Figure 13.1. Therefore, i3 + Z is not in the interior of I'r g, and thus, by

Cauchy’s integral formula,
F
[ FO e
P, C—iB—2

279



280 Chapter 13. Analytic functions in the upper half plane

Fig. 13.1. The curve I'g g.

Hence,

/RCOSQR F(t+lﬂ) iy /TrQR F(RGZH)
—Rcosfg t—2z Or Rew—iﬁ—é

where, according to triangle Ag 3, we have 6 = arcsin(8/R).

13.2.)

iRedo,

(See Figure

R
B
Oy
Fig. 13.2. The triangle Ag g.
By Lemma 11.3, we now have
F(Re' R(2/m)'/? | F T On 1
[ ) | < RGP
on Re? —iff —z R—|if+ Z| o (Rsing)l/p
T (R-iB+E)RYP Jo,  (20/m)1P
1/p 71'/2
S Ly
(R—|iB+z))RVP Jp, 20/m
TR (2/m) /P | F |y

(R

— [iB + 2[) RM/P

og(m/20R).
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But 0r > sinfr = §/R, and thus

F(Re™) 0 TR (2/m)V/P || F|
Re?do | < | R/243).
‘/GR Rei? —if—z Fre = (R—[iB +z|) R'/» og(mR/20)

Hence,
/RCOSOR M dt = O(log R/Rl/”).
—Rcosfpg t—2

Now let R — oo.
The proof for the case p = oo is even simpler. The reason we add the extra
factor (¢ 4+ i) in the denominator is that, for an arbitrary bounded analytic

function F,
F(t+1i0)
t—2z
is not necessarily integrable over R. O
No wonder we want to let 5 — 0 in the preceding lemma to obtain a repre-
sentation theorem based on the boundary values of F' on the real line R. Let us

see what happens. If F' € HP(C,), 1 < p < oo, then, by Theorem 11.6, there is
a unique f € LP(R) such that

‘ [~ Yy .
Moreover, by Corollary 10.12, we have

lim || F5 — =0.
tim |y — £}, =0

Hence, by Lemma 13.1,

/°° Ji0] =t /°° Fs®) g — o (13.2)

oo t—Z o t—Z

for all z € C. Since

y @2 )2
(x—t)2+y2 t—2 t—z (13.3)

and
(x—1) _—1/2 -1/2

(x—t)24+y2 t—2z t—%

the representation (13.1) along with the property (13.2) imply

F(z) = L/Ooﬂdt
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for all z =a +iy € C;.
On the other hand, if f € LP(R), 1 < p < oo, satisfying

/Oo IO g, (€Cy),

t—2z

— 00

is given, we can define

F(gc—i—iy):%/_oomf(t)dt, (x +iy € Cy).

Then, on the one hand, by Corollary 10.12, F' € h?(C,.), and on the other hand,
by (13.3) and our assumption on f, we obtain

SRR L ()

_% t—2z

dt, (Z S C+)

— 00

Thus F' indeed represents an element of HP(C.).
Finally, since F), converges to f in LP(R), we have

1Elp = [1F1lp-

The preceding discussion shows that H?(C,), 1 < p < oo, is isomorphically
isometric to

HP(R) = {feLP(R) : /00 tf(it)_ dt =0, for allze@+}, (13.4)

—00 -
which is a closed subspace of L?(R).
Theorem 13.2 Let F be analytic in the upper half plane C,. Then F €
HP(Cy), 1 < p < oo, if and only if there is f € HP(R) such that

Flx +iy) = % /_OO M%yzf(t) dt, (z +iy € Cy).

If so, [ is unique and we also have

F(z) = 3'/0o Tty

T ) (2 —1)2 + 12

1 < f(t) .
= — dt = .
omi ) 1=z (z=ax+iyeCy)
Moreover,
lim [[Fy — fllp =0
y—0
and

£l = 11 f1lp-
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A slight modification of the argument provided above for HP(C1), 1 <p <
00, gives a representation for H*(Cy). If F € H*(C,), then, by Theorem
11.6, there is a unique f € L°°(R) such that

-t [ v :
Fatin =+ [ o=l fa  @rieCy) (133
and - .
[1313%) - o(t) F(t+iP) dt = /700 p(t) f(t) dt
for all ¢ € L'(R). In particular, with
1
o(t) = G-+ (teR, zeCy),
we obtain - o
/_OO m dt =0, (Z S C+). (13.6)
Since
Yy (z41)/2i (241)/2i

(—02+y2  (t—2)(t+i) (E—2)t+i) (13.7)

the representation (13.5) along with the properties (13.6) and (13.7) imply

1 o[> 1 1
Fz) = 5 Oo<t_z—t+i)f(t)dt, (ze Cy).

On the other hand, if f € L*>°(R) satisfying

= f@®) _
/Oo mdt—(x (ZE(C+),

is given, we can define

Then, on the one hand, by Corollary 10.14, F' € h*(C,), and on the other
hand, by (13.7) and our assumption on f, we obtain

1 & 1 1
Fz) = 5 _Oo<t_z—t+i)f(t)dt, (z € Cq).

Thus F represents an element of H°°(C,.). Finally, by Corollary 10.14, we have

[Ello0 = Il flloo-
The preceding discussion shows that H°°(C_.) is isomorphically isometric to
= f(t)

H®(R) = {f e L°(R) : /

—————— dt =0, for all C
[ = Hay @0 ralze s |

which is a closed subspace of L (R).
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Theorem 13.3 Let F be analytic in the upper half plane C.. Then F €
H°(Cy) if and only if there is an f € H>®(R) such that

1 oo

If so, [ is unique and we also have

Fiz) = ;/Z<(x—xt)_2:y2+tii>f(t)dt

1 o 1 1 .
i [ (- )ioa Gesrivecy)

Moreover,
[Flloo = [1f]loo-

Exercises

Exercise 13.1.1 Show that

HOO(R){fGLoo(R) : /O:O (zt_j)(é)_wdt(), forallz,w€C+}.

Exercise 13.1.2 Let f € L°°(R) be such that

/°° & 4y

oo (t—2)?

for all z € C;. Can we conclude that f € H*(R)?

13.2 Analytic measures on R

One of our main goals in this chapter is to show that Theorem 13.2 remains
valid even if p = 1. To prove this result, we need to study a special class of
Borel measures. A measure p € M(R) is called analytic if

at) =0 (13.8)

for all t < 0. We use Riesz’s theorem (Theorem 5.10) to characterize these
measures.

Lemma 13.4 Let u € M(R). Then the following are equivalent:

(a) 1 is analytic;
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(b) for all z € Cy,

/ dnlt) _, (13.9)
R

(¢c) du(t) = u(t) dt where u € L*(R) and a(t) =0 for all t <O0.

Proof. (a) = (b) : According to Theorem 10.1, for any p € M(R), we have

1 du(t) _ /0 Q) e27=t g, (zeCy).

27'('2 R t—Z — 00

Hence, (a) clearly implies (b).
(b) = (c) : Taking the successive derivative of (13.9) with respect to Z

gives au(t)
pE)
Lot

for all n > 1 and z € C4.. Since

e S e,

k=0

we thus have

(t+2)n71 _ .
| G =0 w=w.

In particular, for z = 7, we obtain

/R (Zi)n ?i(tt)Z(” (n>1).

Now we make the change of variable '™ = +t to write the preceding integral
over T. Therefore, by (11.6), we have

/ e dy(e'T) = 0, (n>1),
T

where dv(e'™) is the pullback of du(t)/(i —t) and we assume that v({—1}) = 0.
The celebrated theorem of F. and M. Riesz (Theorem 5.10) implies that dv(e‘")
is absolutely continuous with respect to the Lebesgue measure dr. Hence, by
(11.4) and (11.7), du(t) is absolutely continuous with respect to the Lebesgue
measure dt, i.e.

dp(t) = u(t) dt,
where u € L'(R). Moreover, based on the assumption, u satisfies

/oo CLOR— (zeC,).

t—z

— 00
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Thus, by Corollary 10.2, we have

~

0 o oo t
—/ at) e”““dt:/ “E)Z dt =0, (zeCy).

In particular, with z = x + 4, € R, we obtain
o .
/ <’l](t) e—27rt X(=00,0) (t)) el 2nxt dt =0
—o0
for all x € R. Hence, by the uniqueness theorem (Corollary 12.7),
w(t) =0

for almost all £ < 0. Since 4 is a continuous function, the last identity holds for
all t <0.
(¢) = (a) : This part is obvious. O

13.3 Representation of H!(C,) functions

The definition (13.4) is valid even if p = 1. Now, using Lemma 13.4, we show
that H1(R) also deserves attention. If F € H(C,), then, by Theorem 11.7,
there is a unique p € M(R) such that

lim m<ﬂﬂF@+¢@dt=/nﬂﬂdmw

=0 J R

for all ¢ € Co(R). In particular, if ¢(t) = 1/(t — z), then, by Lemma 13.1,

[ o0 ecy

Ce -

IS]

Hence, i is an analytic measure and, by Lemma 13.4, there is an f € L'(R)
such that

and

/Oo AOR— (z€Cy).

o t—z

The big step is now taken and the rest of the discussion is exactly like the one
given for the case 1 < p < oo in Section 13.1.

Theorem 13.5 Let F be analytic in the upper half plane C.. Then F €
HY(Cy) if and only if there is an f € H'(R) such that

F(x—l—z'y):% /Oc $f(t)dt, (x +1iy € Cy).
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If so, [ is unique and we also have

VR e T —t
F = — — = f(t) dt
N B =210
1 [ f() .
= dt = Cy).
2mi f_ o t—2z (z=z+iyeCy)
Moreover,
lim ||[F, — fl[1 =0,
y—0
and

[El = (L1

13.4 Spectral analysis of H?(R) (1 < p < 2)

In the preceding sections we defined H?(R), 1 < p < o0, as a closed subspace of
LP(R), and showed that it is isomorphically isometric to H?(C,). If 1 < p < 2,
the Fourier transforms of elements of HP(R) are well-defined. In this section we
study the Fourier transform of these elements.

Theorem 13.6 Let f € HP(R), 1 <p <2, and let

/ mf(t) dt, (z+iy € Cy).

3=

F(x+1y) =
Then f(t) =0, for almost all t <0, and moreover
P) = / F(t) €27t t, (2 €Cy).
0

Proof. By Theorem 12.6, we have

L[> f) dt:—/o F(t) et ay,

i ) o t—z _

forall z=x+iy € C; and all f € LP(R), 1 <p < 2. If f € HP(R), then, by
definition,
L= ft)

27i t—z

dt:O, (Z S (CJ,.)

— 00

Hence,

0
/ ft) e?™tdt = o, (z € Cy).

Thus, by the uniqueness theorem (Corollary 12.7), we necessarily have f(t) =0
for almost all ¢t < 0.
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Finally, by Theorem 12.6, we have

Flz) = 1/0o Y rwyar

T Joos (=12 +y°
o0
/ e—2ﬂy\t| f(t) ei?rr:ct dt

— 00

/ 6727ryt j?(t) ei 2mat dt

0
; f(t) et at, (z=z+1iy e Cy).

O

The case p = 1 of Theorem 13.6 is more interesting, since in this case f is
continuous on R and we thus have

ft)=0
for all t < 0. In particular, for t = 0, we obtain the following result.

Corollary 13.7 Let f € HY(R). Then

/_Zf(T)dT:o.

Theorem 13.6 has a converse which enables us to give another characteri-
zation of HP(R), 1 < p < 2. Suppose that f € LP(R), 1 < p < 2, satisfying
f(t) = 0, for almost all ¢ < 0, is given. Hence, by Theorem 12.6, we immediately

have .
1 OO f(t) _ r i2mzt _
= t—zdt_ C>Of(t)e dt =0

—00 —

for all z = + iy € C;. Therefore, f € HP(R). Based on this observation and
Theorem 13.6, we can say

HP(R)={fe€ LP(R) : f(t) =0 for almost all t <0}

for 1 < p < 2. Hence, by the Hausdorff-Young theorem (Theorem 12.5), the
Hardy space HP(R), 1 < p < 2, is mapped into LY(R™), where ¢ is the conju-
gate exponent of p, under the Fourier transform. According to the uniqueness
theorem (Corollary 12.7), the map is injective. Hence, we naturally ask if it is
surjective too. Using Plancherel’s theorem we prove this assertion for p = 2. In
other cases the map is not surjective.

Theorem 13.8 Let p € L2(RT). Then there is an f € H*(R) such that

f=¢
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Proof. Let
f(t) = ¢(=1).
By Plancherel’s theorem we certainly have f € L?(R). Moreover, by (12.5),

ft) = (=) = o(b).

Hence f € L2(RT), which is equivalent to f € H2(R). O

Exercises

Exercise 13.4.1 By Theorem 13.6 and the uniqueness theorem (Corollary
12.7), the map
HYR) — Co(RT)
o= f
is injective. However, show that it is not surjective.
Hint: Use Exercise 12.1.3.

Exercise 13.4.2 Let 1 < p < 2 and let ¢ be the conjugate exponent of p. By
Theorem 13.6 and the uniqueness theorem (Corollary 12.7), the map

HP(R) — L9(RY)
Foo—

is injective. However, show that it is not surjective.
Hint: See Exercise 12.5.2.

13.5 A contraction from H?(C,) into H?(D)

The following result gives a contraction from HP(C.) into HP(D). This is a
valuable tool which enables us to easily establish some properties of Hardy
spaces of the upper half plane from the known results on the unit disc.

Lemma 13.9 Let F € HP(Cy), 0 < p < oo, and let

G(w) :wl/pF(im), (w € D).

Then G € HP(D) and
|Gl e @) < 1|0 (cy)-
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Proof. The result is obvious if p = oco. Hence, suppose that 0 < p < oo.
Fix § > 0. By Lemma 11.5, [F(z +i3)|?, as a function of z, is a bounded
subharmonic function on C which is also continuous on C . Thus, by Corollary
10.15,

oo

o 1 Y ‘ .
F P — —— |F(t P dt e Cy).
| (:U+ly+lﬂ)| 777,/_00(33_t)2+y2| (+'Lﬁ)| ’ (x-l—ly +)
By assumption, (|F3|P)ss0 is a uniformly bounded family in L (R). Hence, there
is a measure A € M(R) and a subsequence (| F, |P),>1 such that |F(t+i06,)? dt
converges to dA(t) in the weak™ topology. Hence,

AR) = [IA] < lim inf || Fg, [|7 = [ F[5. (13.10)
Moreover, by letting 3, — 0, we obtain
. 1 Y .
F P<— | ——————= d\¢ Cy).
Fatipp<s [ ——Fm e, @+ivecy)
Now we apply the change of variable z = ziT as discussed in Section 11.5, to
get
|G(re?)|P < / 1= cos?(1/2) dv(t) (re’® € D)
“ Jr 14712 —2rcos(6 — 1) ’ ’

where v is the pullback of A with the extra assumption v({—1}) = 0. The
identity
Y 1—72
(x—t)24+y2  1+72—2rcos(d —7)
was also used implicitly in the preceding calculation. Therefore, by Fubini’s
theorem and (13.10),

cos?(7/2)

1 4 ;
o |G (re?)|P db < /cos (1/2)dv(r /du = AMR) < ||F|P.
™ T

O

—T

Lemma 13.9 says that the mapping

HY(C.) —  HP(D)
Fz) ~— aPF(ik2)

is a contraction. Even though this map is one-to-one, it is not onto. More
precisely, if we start with G € H?(D), 0 < p < oo, and define

F@)G(jlz), ec,),

then F' is not necessarily in H?(Cy). A simple counterexample is G(w) = w €

H'(D), for which F(z) = =% ¢ H'(C,).



13.5. A contraction from HP(C,) into H?(D) 291

Theorem 13.10 Let F € HP(Cy), 0 <p < oo, F #0. Then

(a)
f(@) = lim F(a + i)

exists for almost all x € R.

(b)
° dt
[ Jeelsen| 15 <.

(c)

hm/oo log™ |F(t +iy)| — log™ | f(1)] dt =0

y—0 J_ 1+1¢2 ’
(d)

. L[~ Yy :

log |[F(z +iy)| < p /_OO R log | f(t)] dt, (z+iy € Cq).

Proof. Define

1—w
Gw)=F|1 , e D).
w=r(ire).  wen)
By Lemma 13.9, G € H?(D). Hence, by Fatou’s theorem (Theorem 3.12), G
has boundary values almost everywhere on T. Moreover, the results gathered
in Theorem 7.9 hold for G. Applying again the change of variable z = i%jﬁ,
which was discussed in Section 11.5, implies all the parts. Note that dr =

2dt/(1 + t2). O
The following result was partially obtained in the proof of Lemma 13.9.

Knowing that F' has boundary values almost everywhere on the real line, we
obtain a candidate for the measure A appearing there.

Corollary 13.11 Let FF € HP(C,), 0 < p < 00, and let
f(z) = lim F(x + iy)
y—0

wherever the limit exists. Then f € LP(R),

1l = IF ]
and
Fla+ g < 1 /Oo Y _f@Pd, (e t+iyeCy).
T 7oo(x_t)2+y2 ’
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Proof. The first assertion is a direct consequence of Fatou’s lemma, which also
implies || f|l, < ||F|lp- By Theorem 13.10,

) 1 [ y )
og|F+in) < - [ o f el @+iyeCy)
Hence
. 1 [ Yy .
Fetil seo{ [T Mol al,  @rivec.)

Now apply Jensen’s inequality to obtain the last result. Moreover, by Fubini’s
theorem, we have

| erwras [T isora. w0,

Hence, || F|l, < ||fllp- -

Exercises
Exercise 13.5.1 Let ¢, ¢, € L?(R), 0 < p < 00, n > 1. Suppose that
en(r) — o(x)
for almost all z € R, and that
Jim flenll, = llels-

Show that
Jim [jon — ¢, = 0.

Hint: Apply Egorov’s theorem [5, page 21].
Exercise 13.5.2 Let '€ HP(C,), 0 < p < oo, and let
f(z) = lir% F(x +1y)
y%
wherever the limit exists. Show that
lim |, £, =0,

Hint: Use Corollary 13.11 and Exercise 13.5.1.
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13.6 Blaschke products for the upper half plane

In Section 7.1, we called

wo —w

bwo (w) (w S D)v

1—1170’[1)7

a Blaschke factor for the open unit disc. If we apply the change of variables
given in Section 11.5, we obtain

jwol wo—w _ [iF52] 2 -2
o 1@ = i_zz —, (13.11)
wWo — Wo w i—z0 zZ— 20
where z € C1 and w € D are related by
1 —Z . 1l—w
w = or equivalently z=

itz Trw

The points zg € C; and wy € D are related by the same equations. As usual,
we assume that

=
1—Zz0 — 1
1—Zz0
1—Z0
if zo = 7. Moreover, we also have
4%20
1 —|wol® = T 22 (13.12)
Therefore, for each zg € C, we call
Z— 20
bz (2) = — 7

a Blaschke factor for the upper half plane. Either by direct verification or by
(13.11) and our knowledge of the Blaschke factors for the open unit disc, it is
easy to verify that

|bzo(z)| < ]-v (Z € (C+),

and that
b, ()] =1, (t € R).

In the light of (13.12), a sequence (zy,)n,>1 C C is called a Blaschke sequence
for the upper half plane if

© x
S (13.13)
= i+ 2

Hence, Theorem 7.1 is rewritten as follows for C,.
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Theorem 13.12 Let {z,}n>1 be a sequence in the upper half plane with no
accumulation point in Cy. Let o0 = oy, 3, ., denote the set of all accumulation
points of {zp tn>1 which are necessarily on the real line R, and let @ = C\ (O’U
{2z, : n>1}). Then the partial products

1—Zn

H !z li—zn |
1—2Zn Z—Zn

i—Zp

are uniformly convergent on compact subsets of Q) if and only if

= Sz,
>
= i+ 2

The limit of these partial products is called an infinite Blaschke product for
the upper half plane and is denoted by

Qe
z— Z

n=1 n

where the real number «,, is chosen such that

I=A
iy, _ 11 —Zp

T di—zn
1—Zp

e

Equivalently, we can say that «,, is a real number such that
giont "2 5 g,
1 — Zn
Clearly B € H*(C,) and || B||loc < 1. However, in the same manner, Theorem
7.4 is written as follows for the upper half plane. This result implies that
[Blloo = 1.

Theorem 13.13 Let B be a Blaschke product for the upper half plane. Let
b(x) = lim B(z + iy)
y—0
wherever the limit exists. Then
[b(x)| =1

for almost all x € R.

13.7 The canonical factorization in H?(C,) (0 <
p < 00)

In this section we show that the zeros of a function in HP(C.) satisfy the
Blaschke condition. Hence we form a Blaschke product to extract these zeros.

This technique was discussed for Hardy spaces of the open unit disc in Section
74.
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Lemma 13.14 Let F € HP(C4), 0 <p < oo, F #0. Let (z,) be the sequence
of zeros of F, counting multiplicities, in C4. Then (z,) is a Blaschke sequence
for the upper half plane, i.e.

Sz
I
— i + zn|?

Proof. Let

G(w):F('l_w), (w € D).

! 1+w
By Lemma 13.9, G € H?(D). Let

i — Zn
Wy = —.
1+ zZn

The sequence (w,,) represents the set of zeros of G in D. Hence, by Lemma 7.6,

But

which implies that (z,) satisfies the Blaschke condition for the upper half plane.
O]

Knowing that the zeros of a function F' in the Hardy class H?(C_.) fulfil the
Blaschke condition, we are able to construct a Blaschke product, say B. Then
clearly G = F/B is a well-defined analytic function in the upper half plane. To
be more precise, we should say that G has removable singularities at the zeros
of F. Moreover, as we discussed similarly in Theorem 7.7, G stays in the same
class and has the same norm. However, we go further and provide the complete
canonical factorization for elements of HP(C_.).

A function F € H>°(C,) is called inner for the upper half plane if

[F(0)] = Tim F(t+iy)] =1

for almost all t € R. According to Theorem 13.13, any Blaschke product B is
an inner function for the upper half plane. Let o be a positive singular Borel

measure on R satisfying
do(t)
5 < 00
rR1+1
Then direct verification shows that

S’U(z):S(z):eXp{—i/R< L ! >da(t)}, (:€Cy),

T z—1 1+1t2
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is an inner function for C,. For obvious reasons, S is called a singular inner
function. Finally,

Eo(z) = E(z) = ¢,  (z€Cy),

where av > 0, is also an inner function for C. The product of two inner functions
is clearly inner. Hence, I = EBS is inner. A part of the canonical factorization
theorem says that each inner function has such a decomposition.

Let h > 0 and let
> |log h(t)]
/ T dt < oo.

— 00

Then

oh(z)ZO(z)zeXp{i /OO (,zl—1§+1—i—t152> log h(#) dt}, (zeCy),

T J-—co

is called an outer function for the upper half plane. According to Theorem 13.10,
if e HP(Cy),0<p < oo, FF# 0 and f(x) = limy_o F (2 + iy) wherever the
limit exists, then

Hence, we can define the outer part of F' by

Op(z):exp{jr/oo< L ¢ >log|f(t)|dt}, (z€Cy).

Ceo \z—t 141t

dt

Theorem 13.15 Let F' € HP(C4), 0 < p < oo, F #0. Let B be the Blaschke
product formed with zeros of F' in Cy. Then there is a positive singular Borel

measure o satisfying
/ do(t)
< o0
r 1+¢2

and a constant o« > 0 such that

F=1IrOp,
where the inner part of F' is given by
Ir =FE,BS,.

Proof. Let

G(w)=F<'1_“’>, (w € D).

Z1—|—w

By Lemma 13.9, G € H?(D). Hence, according to the canonical factorization
theorem for Hardy spaces on the open unit disc, we have

G =DBS,0¢,
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where B is the Blaschke product formed with the zeros of G, v is a finite positive
singular Borel measure on T,

Sy(w)exp{ ! /Te”*w du(e”)}

2 e —w

and

Octw) e { o [ S5 togle)ar |
e

2 w

is the outer part of G. Write

B Cv({-1phl-w 1 / e+ w ir
Sy (w) = exp{ “or 17w } exp{ o7 o1y o —w dv(e'™) ».

Let a = v({—1})/(27), and let A be the pullback of v to the real line. Now we

apply again the change of variables z =1 }_T_—Z and t =1 %;—2: Note that
eT+w 1 t 9
- = + 1+t9).
e —w Z(z:—t 1+t2>( )

Finally, let do(t) = (1 + t?)d\(t). The canonical decomposition for the upper
half plane follows immediately from the corresponding decomposition on the
open unit disc. O

Exactly the same technique that was applied in the proof of Theorem 7.8 can
be utilized again to obtain a similar result for the upper half plane. A different
proof of this result was sketched in Exercise 13.5.2. Moreover, the result has
already been proved when 1 < p < oo.

Corollary 13.16 Let '€ HP(C), 0 < p < 00, and let
F(t) = lim F(t + iy)
y—0
wherever the limit exists. Then [ € LP(R) and

liny ||, — £, = 0.

Exercises

Exercise 13.7.1 Let h > 0, and let

/ Hogh®)] 5,
oo 1412

Show that Oy, € HP(C4), 0 < p < oo, if and only if h € LP(R). Moreover,
1Onllp = [1A]],-
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Exercise 13.7.2 Let o be a nonzero positive singular Borel measure on R

satisfying
d
/ o) < 00
g 1+12

S(z)zexp{—i/ﬂ{(zl_t—kl_iﬂ)da(t)}, (zeC,).

Show that there is an g € R such that

Let

lim S(zo +iy) = 0.
y*)O

Remark: Remember that lim,_ [S(z + iy)| = 1 for almost all z € R.

13.8 A correspondence between H?(C.) and H?(D)

In Section 11.5 we introduced a conformal mapping between the open unit disc
and the upper half plane. However, if we apply this mapping, we do not obtain
a bijection between the Hardy spaces of the upper half plane and those of the
open unit disc. Nevertheless, these spaces are not completely irrelevant. Lemma
13.9 provides a contraction from HP(C, ) into HP(ID). However, the map is not
surjective. The following result gives an isometric isomorphism between these
two families of Hardy spaces.

Theorem 13.17 Let0 < p < oo. Let F' and G be analytic functions respectively
on C; and D which are related by the following equivalent equations:

F(z) = (\/7?(3«“))2/1)("(;;2)’ (z € Cy),
Glw) = (Qﬁi)pr(im), (w € D).

1+w

Then G € HP(D) if and only if F € HP(C.). Moreover,
I FN e cyy = Gl e )
Proof. The result is clear if p = co. Hence let 0 < p < co. First, suppose that

G € HP(D). Thus G has boundary values almost everywhere on T, which we
represent by G(e'7), and

1 ™ . 1/10
HWM@Z(%/IQWVM>.

™
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Hence, by the first relation, F' also has boundary values almost everywhere on
R, which we denote by F(t), and

1_|_6i'r 2/p ) 1_61'7'
F(t) = G(e'™ t=1 - R ).
®) < NGT ) (e7), ( Trer © )

We write this identity as

(Vr(i+1)" F(t) = G(e'™).
Thus, by (11.7),

/Z \F(0)[P dt = ;ﬂ/: G P dr. (13.14)
By Corollary 7.10, we have
™ 2 _
Glre)P < % o142 —127" 208(9 -7) (G dr-
Hence, making the change of variable w = Z;, we obtain
il <t [ T P ar
T ) oo (. —1)2 4+ 42

Therefore, by Fatou’s lemma,
/ |F(x + iy)|P de < / |E'(t)[P dt, (y > 0).

This inequality shows that F' € HP(C) and, by (13.14), || F||gr(c,) = |Gl zrmw)-
The reverse implication is similar, except that we need Corollary 13.11. O
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Chapter 14

The Hilbert transform on R

14.1 Various definitions of the Hilbert transform
Let F' be analytic and bounded on some half plane
Q={ax+iy:y>-Y},

with Y > 0. Suppose that

< F@)]
dt 14.1
[otrmeses (b
and
lim F(z) =0. (14.2)

200
I2>0

Fix z € R. Let 0 <e <Y and let I'. g be the curve shown in Figure 14.1.

X—& X x+¢&
x-R \>/ X+ R

Fig. 14.1. The curve I'. g.

301
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Then, by Cauchy’s theorem,

1 )
F = — d
(@) omi Jr C-a
1 F(t I :
= —/ ()dt—i——/ F(x + ee™) dt
2m Jocjp—gi<p t— 7 27 J.
1 [" ;
+ — F(z + Re™) dt.
2 0

Let R — oo. By (14.1) and (14.2) we obtain

1 F(t 1 [ .
F(x) —/ (*) dt + — F(x 4 ee™) dt.
|z—t|>e

= 2mi t—a or /.,
Thus F
) t
F(z) = lim ~ / © . (14.3)
e—0 7T lo—t|>e T —t
Let us write u = RF and v = SF on the real line. Hence, (14.3) is equivalent
to
1 t
v(z) = lim — / u(®) dt
e—0 T |$—t|2€ r—t
and

u(x) = — lim 1 /| v(t) dt.

z—t|>e L — L

Similar to the case of the unit circle, the preceding argument highlights the
importance of the transform

whenever ¢ is the real or the imaginary part of an analytic function satisfying
certain properties. However, this transform is also well-defined on other classes
of functions and has several interesting properties. To avoid any problem at
infinity, we impose the condition

[

P

Then the Hilbert transform of ¢ at the point x € R is defined by

Ho(x) = () = lim 1 /|—t> 4 dt (14.4)

e—0 T r—1

whenever the limit exists.
As we have seen before, in many cases we are faced with a function ¢ satis-

fying /OO (0] .
oo 1+ 122 ’
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In this case, the Hilbert transform is defined by

r—t 1412

H(b(x):q;(x):liml/“ m( ! +t)¢(t) dt. (14.5)

The presence of t/(1 + t2) ensures that for each fixed z € R and € > 0,

1 t
/:c—t|>e <l’ -t * 1+t2)¢(t) dt

is a well-defined Lebesgue integral. This fact is a consequence of

1 n t
r—t 1412

= 0(1/1?)

as [t| — oo. If ¢ is a measurable function such that

[0 e,
e T

for a certain integer n, we are still able to add a specific term to 1/(x — t) such
that the whole combination behaves like 1/[¢t|™, as |t| — oo, and thus obtain a
meaningful Lebesgue integral which depends on €. Then, by taking its limit as
e — 0, we define the Hilbert transform of ¢ at x.

14.2 The Hilbert transform of C!(R) functions

bt “ |o(t)
dt
/_Oo 112 < o0

Fix x € R and suppose that

/1 [¢(x —t) — ¢(z + 1)
0 t

dt < oo. (14.6)

1 t
/zt|>s (»T -1 - 1+t2>¢(t) dt

Vp(x —t) — p(z+1t) =L p(t) 1 t
/E : dt+/H e dt+/|xt|>1 (x_t+1+t2>¢(t) dt.

Hence, q~5( ), as defined in (14.5), exists and is given by

/ ¢x—t (x +1t) dt+/l+1 tp(t) U

1 1+t

1 t
+ /wt|>1 <.%‘ =3 + 1—|—752>¢(t) dt. (14.7)

We rewrite
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The condition (14.6) is fulfilled if ¢ is continuous on [z—1, z41] and differentiable
at x. Clearly, the interval [z—1, 2+1] can be replaced by any other finite interval
around z. Similarly, if ¢ € C!(R), the space of continuously differentiable
functions of compact support on R, then ¢, as defined by (14.4), exists for
all x € R and is given by

1% =) —ola+1)
= /0 ; dt. (14.8)
Theorem 14.1 Let ¢ € CL(R). Then ¢ € Co(R).
Proof. Let

1 i —

This formula can be rewritten as

V@) = [t e - ole 4 0)

T t2+y2
Hence
- 1 [
Vy(2) —o(@)] < — /0 t2+y ‘ |p(z —t) — pla+t)| di
< l/ 2 o(x —t) — p(x + t)| di.
However,

[¢(x —t) — ¢z + 1)

t <24/l < o0

which implies

~ 2 ¢/Do [ee} y2
Vo) - ol < 28 [ gy

for all € R. In other words, V,, converges uniformly to ¢ on R. Since, for each
y > 0, V,, is continuous, <;~S is also continuous on R.

It remains to show that ¢~> tends to zero at infinity. Let supp ¢ C [—-M, M].
Without loss of generality, suppose that > M. Hence

~ x+M T —
M@:E/" w0 g,

™ M t
and thus oM [0
b(z)| < — 0
o) = =12
Therefore, we indeed have R
¢(x) = O(1/|z|) (14.9)

as |z| — oo. O
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14.3 Almost everywhere existence of the Hilbert
transform

In this section we follow a similar path as in Section 5.7 to show that the Hilbert
transform is well-defined almost everywhere on R.

[0

Lemma 14.2 Let

o 1412
and let
. 1 [ x—t t _
V(a:—#zy)—; [m <(x—t)2+y2 + 1+t2)u(t) dt, (x 41y € Cy).

Then, for almost allt € R,

1 1 t
1' ‘/ ) —_ = _ = (.
yli%{ (z +1y) 0 /zt>y (m—t + 1+t2>u(t) dt} 0

Proof. By Lebegue’s theorem

1
%%g/o lu(z — 1) —u(z+1)| dt = 0

for almost all x € R. We show that at such a point the lemma is valid.

Let
A =V(x+iy) 1/ 1+ ! (t) dt
=V(z+iy) — — —_—t ——|u .
y ™ |w—t\>y xr — t 1 —|— t2
Hence,
A=1+ 1+ 13,
where ) .
T —
I :f/ () dt,
U S rr il
1 t
I = — ——u(t) dt
’ 7r/lsct|<y1+t2u()
and

1 x—t 1
I3 = — — t) dt.
’ 7r/z—t|>y<(x_t)2+y2 x—t)u()

The first two integrals are easier to estimate:

L < 1/yé|<7>7<+>|d

1 >~ p o 7'2—"—y2ux T u\xr T T
1 Y

< |u(x — 1) — u(x + 7)| dr = o(1)

™Y Jo
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and

o< 1 L fu(e)] dt = of1)

a—tl<y 1+ t2
as y — 0. To estimate the third integral, first note that

1 [ T 1
I; < 7r/y P ary lu(z — 7) —u(z + 7)| dr
2 [ee]
y lu(z — 1) —u(z + 7)|
< dr.
- 7T/y T3 T

Now, as was similarly shown in the proof of Lemma 5.16, the last expression
also tends to zero when y — 0. O

In the preceding lemma, we saw that the difference of two functions of y
tends to zero, as y — 0, at almost all points of the real line. Now, we show
that one of them has a finite limit almost everywhere. Hence, the other one
necessarily has the same finite limit at almost all points of the real line.

Lemma 14.3 Let -
[0,

o L4 t2
and let
, 1 [ x—t t )
V(x—l—zy)—; /_w<(x—t)2+y2 + 1+t2>u(t) dt, (x +iy € Cy).

Then, for almost all x € R,
lim V' (z + iy)
y—0

exists.

Proof. Without loss of generality assume that u > 0, u Z 0. Since otherwise we
can write u = (u1 — ug) + i(us — uy), where each wuy, is positive. Let

F(Z)_i/m< L ! >u(t)dt, (z€Cy).

T )\ 22—t 1412
Then
1 [~ Yy .
RF(z) = — ————u(t) dt >0 = Cy).
Oz | cfrmun @ esriecy

Hence, using a conformal mapping ¢ between the unit disc and the upper half
plane and considering F o ¢, Lemma 5.14 ensures that

lim F(x + iy)
y—0
exists and is finite for almost all x € R. Since V' = S F, then
lim V(z + iy)
y—0

also exists and is finite for almost all z € R. O
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A similar reasoning shows that if u satisfies the stronger condition

/ ®l 4 - o
oo Lt

and we define

) 1 [ x—t .

then lim, o V(x4 iy) exists and is finite for almost all z € R. Note that in this
case

V(az—f—iy):%(i/oo u(t) dt), (z =z +iy € Cy).

T J_o Z— 1

Theorem 14.4 Let ()|
< ult
t
/m ETER

Then, for almost all x € R,

1 1 t
i(x) = lim = o Ju(t) dt
() = ling = /|w—t>a (a:—t+1—|—t2)u()

and

lim 1 /OO vt ! (t) dt
m —
y—0 7 J_ o\ (z—t)2+y> 1+1¢2 "

ezxist and they are equal.

Proof. Apply Lemmas 14.2 and 14.3. O
If - .
/ Ol 4 - o
oo 1 [t]

and we define

_ 1 [ x—t .

then, for almost all z € R,

1 ¢
lim{V(x+iy)—/ u(®) dt}:O.
y—0 T Jio—t|>y T — 1

Therefore, we conclude that in this case,

i(z) = lim / ult) g lim V(2 + i)
| v=

z—t|>e T~ t

for almost all x € R.



308 Chapter 14. The Hilbert transform on R

14.4 Kolmogorov’s theorem

Similar to the case of the unit circle, the assumption

 Ju(t)]
dt
/,oo1+t2 =

is not enough to ensure that

< Ja)|
/_OO e dt < oo

Nevertheless, a slight modification of the Kolmogorov theorem for the unit circle
gives the following result for the Hilbert transform of functions defined on the
real line.

Theorem 14.5 (Kolmogorov) Let u be a real function satisfying

< u(?)]
dt .
/,oo 1+ W

Then, for each A > 0,

dt 4 o t
[ Lt [ by,
dalsay 1+t N

Proof. (Carleson) Fix A > 0. First suppose that u > 0 and u # 0. Therefore,
the analytic function

F(z):% /_O:C <Z1t+1+tt2)u(t) dt

maps the upper half plane into the right half plane, and moreover we have

>

F(i) =~ /OO 1“’422 dt > 0. (14.10)

— 00

Then, as y — 0, by Corollary 11.11,

RE(z + iy)) = % /O; Mﬁ u(t) dt — u(z)

and by Lemma 14.3,

%F(w—&—iy):i/w(( vt ! )u(t)dt—>ﬂ(m),

U Y PP R S e

for almost everywhere z € R. Now, we apply the conformal mapping used in
Theorem 6.1, and define
2F (2)

= Fex
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Since G € H*(C,.), g(t) = lim, .o G(t + 1y) exists and

_ 2(u(t) + i)
AUTOESTIOESY

for almost all ¢ € R. Hence

u? + a2 — N2
Rg=14 ————=2>1
g + (u+A)?2+a? —
provided that @ > A. On the other hand, by Theorem 11.6,

1 [ Rg(t) . 2F(i)
P /_oo Tz 0= FG0) = F(i) + A

and, by (14.10),

F@i)+A~ A

270 2 [ O],

oo 142

Therefore,

dt Rg(t 2 [ t
/ 725/ g(ldféf/ Ol g
flaj>ap L+t (ajsxy 1+t Ao 1+t

For an arbitrary real u € L'(R), write u = u; — uz, where ux > 0 and
urug = 0. The rest of the proof is similar to the one given for Theorem 6.1. [

Kolmogorov’s theorem says

dt
—— =0(1/))
/{|a|>A} 1+

as A — oo. However, using the fact that in L'(dt/(1 +t?)), u can be approxi-
mated by functions in C2°(R), the space of infinitely differentiable functions of
compact support, we slightly generalize this result.

Corollary 14.6 Let u be a real function satisfying

oo 122
Then &
5 =o(1/})
/{a|>A} L4
as A — 0.

Proof. Fix e > 0. There is a ¢ € C°(R) such that

/°° |u(t) = o()]

dt < e.
o 1+1¢2
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By Theorem 14.1, ¢ is bounded on R. Note that we used (14.5) as the definition
of ¢. If ~

then ~
{la] > A} c{fa—o] > A/2}.
Hence, by Theorem 14.5,

/ 72§/ ) 72§§/ Mdtﬁg—e.
{laj>xy 1+t {la—d|>xr/2y 1+t A ) 1+t A

Exercises

Exercise 14.4.1 Find a measurable function u such that

[T,

but

Exercise 14.4.2 Let

= @)
dt .
/_Oo 112 < o0

Suppose that there is an o > 0 such that
ax — a(x)

is increasing on R. Show that

<
—
N

. X
lim —= =0.
r—too X

Hint: Fix € > 0 and let v = 1 4 ¢. By Corollary 14.6,

dt
lim " / — =0,
noee s Napseyny 11

for all large integers n. Hence, there is an x,, € [y™,y" "] such that
|a(zn)] < ey™.
Note also that
oty — () < ax —a(r) < arpyr — W(Tn41)

for all x € [z, Tpi1].
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14.5 M. Riesz’s theorem

Let u € LP(R), 1 < p < oo, and let

. [ .
) 1 > r—t .

Then, by Corollary 10.12, U € h?(C,.),

?}ii% Uy —ullp =0
and, as y — 0, by Corollary 11.11,

Uls +iy) — u(x)

for almost everywhere x € R. For the conjugate function V', Theorem 14.4 says
that

lim V(z + iy) = u(x)

y—0
for almost all z € R. In this section our main goal is to show that V' € h?(C,.),
@ € LP(R) and lim,_.o ||V}, — @], = 0.
Theorem 14.7 (M. Riesz’s theorem) Let u € LP(R), 1 < p < o0, and let

_ 1 [~ x—t .

Then V € W (C4), a € LP(R) and there is a constant C,, just depending on p,
such that

VIp = llally < Cpllullp.
Moreover,

1 o Yy
\%4 jy) = — — () dt ) C
iy [ G s ervecn
and
lim ||V, — |, = 0.
y—0

Proof. Without loss of generality, assume that u is real. Let U = P % u. The
proof has several steps.

Case 1: u € LP(R), 1 <p <2, u >0, u##0 and u has compact support.

Let F =U +1iV. Clearly F is analytic and RF > 0 in the upper half plane. By
Corollary 10.12, for all y > 0,

1Uyllp < [lullp-
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On the other hand, if supp u C [—M, M|, then

|V (z +iy)| < % /OO & [u(t)| dt < (;ﬂ /M lu(t)| dt)

—oo (= 1)+ M

Q| =

and

1 o —t
Vi +iy) < / vl

M
ol 2 [l a

w(lz| = M

which implies

for all z € C4, |2| > 2M. Put

1 M

M lu(t)] dt.

f % iy
Fix 8 > 0. Therefore, for all z 4+ iy € C,

/°° V(@ + iy +ip)" do < 4M (M'/B)" +2(12M")" /Oo d _

—o00 2M xP

In other words, Vg € h?(C,). Define
G(z) = FP(z+1i0).
Clearly, G is analytic in C; and since
Gz +iy)| < 2°(|U(x + iy +iB)[" + |V (2 + iy + iB)["),

we have G € H*(C,). Thus, by Corollary 13.7,

/00 G(z) dz =0. (14.11)

Choose « € (7/2p,w/2). Since 1 < p < 2, such a selection is possible. Let
So={z+iy: x>0, ly/z| <tana}

and

Qo ={x+iy: <0, |y/z| < —tan(pa) }.

(See Figures 14.2 and 14.3.)
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Fig. 14.2. The domain S,.

pa

Fig. 14.3. The domain €.
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It is important to note that

|z 4+ iy| < 33 if T +iy € Sy
cos
and
—x > |x +iy| | cos(par)| if z+ iy € Qq.
Define

E={zeR: Flx+iB) € S, }.

(See Figure 14.4.)

Fig. 14.4. The set E + /3.

Taking the real part of (14.11) gives us

/ REP(z+iB)de+ | RFP(x + i) da = 0. (14.12)
E R\E

If x € E, then F(x +if) is in the sector S, and thus

. Uz +10)
However, if x ¢ E, then FP(z + i) will be in £, and thus

REP(x 4 if3)

|F(z +1i8)|" < — cos(pa)|

(See Figure 14.5.)
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pth power

Fig. 14.5. The image under the pth power.

The first inequality implies

/|F(x+zﬂ)|p dx < /Up(a:+zﬂ) dz
E E

cosP «

and the second one, along with (14.12), gives

. 1 .
/R\E |F(z+if)|P de < —W p REP(x + 1) dx
= \cos( /§RF (x +1ip) dx
1
S Toos(pa)] /|F x+iB3)|P dx
1

» .
cosP | cos(par)| UP(w +if) du

Hence,

>~ . 1 1 < _
/—oo (@ +iB)l" do < cosP v (1 i | cos(pa)| ) /—oo V(w+ih) de

Since

V(2 +iB)] < [F(x+ib)],

the desired result follows for this case with the constant
1 1 »
K, = 1+ ——— .
P cosa ( + | cos(pa)| )

Case 2: u € LP(R), 1 < p < 2, and u has compact support.
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We prove a weaker form of the required inequality. Write u = u; — uy where
u1,us > 0, ugue = 0 and they have compact support. Thus

ul” = fur [ + |ug|”.

Moreover, with obvious notations, V = V; — V5 and thus

/OO [V (z+iB)[" dm<2p(/w [Vi(z +iB)[P d:r,+/

— 00 — 00 — 00

oo

[Va(z +i0)P dx).
Hence, by the result of the preceding case, we obtain

/00 |[V(z+if)|P de < 2PK£(/Oo |Uz(z +i6)[P dm—&—/oo |Us(z + i5)[P dx)

—oo — —oo

e ( /_O:O g ()7 dw+/_o; |ua ()| dx)

— »K? / ()P da.

— 00

IA

Case 3: uec LP(R), 1 <p < 2.

First, we prove a weaker form of the required inequality. For an arbitrary
u € LP(R), 1 < p < 2, take a sequence u, € LP(R), u, of compact support,
such that

lim ||u,, —ul|[, = 0.

y—0

Let V,, = @Q * u,,. By Case 2, for each § > 0,

o0

/ [Vi(z +iB)|P dx < 2P K} / [t (2)|P da.

— 00 — 00

On the other hand, by Hélder’s inequality, for each z + i € C,
Vilx +i8) — V(z +1i0)

as n — oo. Hence, by Fatou’s lemma,

A

[ weriopa < i [T e sior e

n—oo
— 00 — 00

IN

lim 27 K / |tn ()P da

o]
_ ngg/ ()P da.

— 00
Second, we prove the general case. Fix xg +iyg € C4. Let

o — T
(o — )2+ (y +90)?’

oz +iy) = (x4 1y € Cy).
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Clearly, ¢ is a bounded harmonic function on the closed upper half plane, and
thus, by Theorem 11.2,

sarin = [ T
More explicitly, we have
To— T 1 /°° Y T —t
(ro =22+ (y+90)? 7 J o (@ —1)2+y? (z0— )2 +yp
for all x + iy € C,. Therefore, for all y > 0,

dt

) ) o To— T
V(zo +iyo +1y) = /_OO o x)20+ TESTE u(zx) dx

i
/.

o mo—t
—— Ut +1y) dt.
| e

A= A= = A

Hence, by the result of Case 2,

o0

/ |V (o + iyo + iy) | dxo < 2P KD / |U(t + iy)|P dt.

o0 — 00

Let yg — 0 and apply Fatou’s lemma to get the required inequality.
Case 4: u € LP(R), 2 < p < o0.

The proof is by duality. Let ¢ be the conjugate exponent of p. Hence 1 < ¢ < 2.
Let ¢ € L4(R) be of compact support and let

1 > —
wori) =1 [ oA (rineCy).

Hence, by Fubini’s theorem,
e . < /1 [~ T —t

LT s

= _/OO O(t +dy) u(t) dt.

— 00

Therefore, by Holder’s inequality and the result of Case 3,

[ v i etw) de| < oyl ul, < € ol
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Divide by ||¢]|, and then take the supremum with respect to all ¢ to obtain
Vyllp < Cq llullp-

Now, the passage from this inequality to
Vyllp < Cq 1U,lp

is exactly as explained in Case 3 for the case 1 < p < 2.
Case 5: Poisson representation.

Knowing that V' € h?(C,), 1 < p < oo, Theorem 11.6 ensures the existence of
v € LP(R) such that

: [~ y .

and
lim ||V — ][,
y—0

On the other hand, by Corollary 11.11,
lim V(z +iy) = v(z)
y—0
for almost all x € R. Moreover, by Corollary 14.4, we also have
lim V(z +iy) =
y—0
for almost all z € R. Hence, © = v and we are done. O

Corollary 14.8 Let u be real and let u € LP(R), 1 < p < co. Let

F(z):i /00 wdt, (z € Cy).

M J_ oo t—2

Then F € HP(C4) and
1Elp < Kp [[ullp,

where the constant K, just depends on p. Moreover,
fi) = lin% F(t+iy) = u(t) + ia(t)
y%

for almost all t € R.

Proof. Write FF=U+iV. Hence U = Pxu and V = @Q *u. By Corollary 10.12,
U € h?(C4). Moreover, the M. Riesz theorem ensures that V € h?(C.) and
Vyllp < CpllUy|lp- Hence,

Iyl < 10 llp + 1Vyllp < (L+ Cp) Uy llp < (14 Cp) lullp.

Since U — u and V' — @, almost everywhere on R, the last assertion imme-
diately follows. O
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Let u be real, u € LP(R), 1 < p < oo and let

Plz)= L /Oo ) g (z €Cy).

T ) no t— %

By the preceding result, F' € HP(C,), whose boundary values on the real line
are given by f = u 4+ 4u. Thus, by Theorem 13.2, we also have

F(z) = —— /OO ult) i) o, (z€Cy).

Comi ) t—2z

Therefore,

F(z)= ! /OO () dt, (z € Cy),

F(z)= - /ﬂo [CEnEEr (t)dt+7r [m ey (t)dt.

Hence, for almost all £ € R,
lim F(t + iy) = —a(t) +ia(t).
y‘)
But, we also know that
limo F(t+ iy) = u(t) + ia(t)
y—)

for almost all ¢ € R. Therefore, we obtain the following result.

Corollary 14.9 Let u € LP(R), 1 < p < oo. Then

=0

= —U.

Combining this result with M. Riesz’s theorem immediately implies the follow-
ing.

Corollary 14.10 Let u € LP(R), 1 <p < oo. Then
ep llullp < llally < Cp lullp,

where ¢, and C,, are constants just depending on p.

Corollaries 14.9 and 14.10 show that the map

LP(R) — LP(R)

u — U

is an automorphism of the Banach space LP(R), 1 < p < oo. In the following
we show that if p = 2, then this map is an isometry.
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Corollary 14.11 Let 1 < p < oo, u € LP(R) and v € L1(R), where q is the
conjugate exponent of p. Then

and

In particular, if u € L*(R), then

| wwpa = [ jawpd,

/OO u(z)u(r)de = 0.

— 00

Proof. Without loss of generality, assume that u and v are real-valued. Let

Flz)= L /oo ut) g (zeC,),

T ) oo t— 2
and L )
v
G(z)—ﬁ/_oot_zdt, (€Cy).
By Corollary 14.8, F' € H?(C, ) and G € H?(C,). Hence

FG e H'(C,)

with boundary values

The real and imaginary parts of this equality are the required identities. O

Exercises

Exercise 14.5.1 Let u € L?(R), and let

. L[~ Yy :
Ulx+1iy) = - / CEDEST u(t) dt, (x +iy € Cy),
) 1 [ x—t )
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Show that, for all y > 0,

/ U?(x +iy) do = / V3(z +iy) du.

— 00 — 00

Exercise 14.5.2 Let u, 4 € L'(R). Show that 4 = —u.
Hint: f = u+ it € H'(R).

Exercise 14.5.3 Let f € HP’(R), 1 < p < oc. Show that f = —if and thus
f € HP(R).
Hint: Use Exercise 14.5.2 and Corollary 14.9.

Exercise 14.5.4 Let F € HP(R), 1 < p < oo, and let f denote its boundary
value function on R. Show that

Flz) = 2 /OO O (z€Cy).

T or o L= 2

Hint: Use Exercise 14.5.3.

14.6 The Hilbert transform of Lip,, functions

Let f: R — C be a continuous function. The modulus of continuity of f is, as
similarly defined in (6.6),
wr(t) = sup |f(z) — f(2)].
lo—a’|<t
Of course, the assumption wy(t) — 0, as ¢ — 0, implies that f is uniformly
continuous on R. However, even for a bounded continuous function f on R,

wy(t) does not necessarily tend to zero as t — 0.
As in the unit circle, f is called Lip,, for some o with 0 < o <1, if

wi(t) = O(1)

as t — 0F. In this section, our first goal is to replace t* by t*(!), where a(t) is
a function defined for small values of ¢, which properly tends to o as t — 0F.
Then we will study the Hilbert transform of these families. The contents of this
section are from [14].

A test function «(t) is a real continuous function defined in a right neigh-
borhood of zero, say (0,tg), such that, as ¢ — 07, we have

alt) = a+o(1), (v € R),
" a8 4 te-p (H)-p+1
a(r)- - ge(=5+1), <a+l),
[ et o ) (B<a+)

ta(t)fﬁJrl

to
a(r)-p - L a(t)—B+1 1
/t T dr ﬁ—a—1+0(t ), (B>a+1).
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The space of all continuous functions f : R — C satisfying
wy(t) = O(t*™), (t—07),

will be denoted by Lip, ). Clearly, the classical space Lip, is a special case
corresponding to the test function a(t) = a.
Given a test function «a(t), let

log ( tto relr)—a—1 dT>

logt

alt) =a+

We show that &(t) is also a test function. We call it the test function associated
with «(t). In the definition of a test function, we put two conditions dealing
with cases 8 < o+ 1 and 8 > a+ 1. The associated test function is introduced
to deal with the troublesome case § = a + 1. Note that the associated test
function is defined so that

to
td(t) — @ / Ta(T)fafl dr.
t

Lemma 14.12 Let a(t) be a test function. Then &(t) is also a test function.

Proof. Clearly, &(t) is a continuous function on (0, tp). Our first task is to show
that lim;_,o+ &(t) = . For each € > 0, we have

to to
td(t)—a — / Ta(-r)—a—l dr :/ Ta(‘r)—a—l—e 7€ dr
t t

to tat)—a—e
1€ / Ta(‘r)—a—l—e dr = t¢ ( + O(ta(t)—oz—a) ) )
t

g

v

Hence, liminf, o+ t&®—a®) > % Let € — 0 to get

lim, =) — o0, (14.13)
t—0
Let A € R and let A

pAlt) = 150

Then, we have A
QD/A(t) — t)\—l—oz—&-oz(t) ()\ta(t)—oc(t) . 1)

If A <0, then ¢} < 0 and thus ¢, is strictly decreasing. On the other hand,
if A > 0, by (14.13), ¢ (t) > 0 for small values of ¢ and thus ¢y is strictly
increasing.

Fix & > 0. For small enough 7, say 0 < 7 < 79 < min{1, ¢y}, we have

a—e<a(r)<a+e.

Hence
)
Tsfl < 7_oz('r)fozfl < 7_7571.
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For 0 < t < 79, we thus get

TE te To To To t*E 7_—5
0 = e ldr < L ¢l dr = -0
€ € P ¢ £ € €

Therefore, for 0 < t < 7,

log (t: — TO:) log ( ftm ro(r)—a—1 dr) log (TE — t;)
< <

logt - logt - logt

)

which implies

log ( ftto Ta(T)—a—l dT) log < ftto Ta(r)—oz—l dT)

—e& < liminf < lim sup <0.
t—0+ logt t—0+ logt
Now, let ¢ — 0 to get
log ( o re(r)-a-l dT)
lim =0.
t—0+ logt
Hence,
lim &(t) = a.
Ay a0 =a
Let 3 < a+ 1. Then
t t A
/ =B gr = / =B pan-e gr
0 0
R t a(t)—B+1
> at)-a / B dr = !
0 a—pF+1
On the other hand, for 0 < e < 1+ a — 3, we have
t t A
/ 7-0‘(7')_5 dT — / 7.04—[3—6 TOL(T)—OH-E dT
0 0
t a(t)—B+1
< td(t)—a—i—a / e’ B—e dr = t ®)
0 o — ﬂ + 1 — &

Hence,

t G(t)—p+1
N t N
)8 gr — $0()—=B+1
/0 7 " a—-3+1 * 0( )

Finally, let 3 > o+ 1. Then

to R tO N
/ =B qr = / ro=B pa(n)—a g
t t

R to a(t)—p+1
ta(t)fa / TOé*ﬁ dr < ¢ E—
¢ f—a—1

IN
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On the other hand, for each € > 0, we have

/To 8P gr = /TO romfme palnzete gr
t t

u G(t)—B+1
> téz(t)fohte /0 Tafﬂfe dr — ta()
t

s g Chal VAN

Hence,

to td(t)fﬂ%»l
CICORCRY S (o) =+
/t T T i a_1 + of )

O

In the following, the notion f(t) < g(t), as t — 0T, means that there are
constants ¢, C' > 0 such that

cg(t) < f(t) < Cyg(t)
in a right neighborhood of zero.

Corollary 14.13 Let a(t) be a test function with lim;_,o+ a(t) = . Let 38,7, C
be real constants such that C' >0, v >0 and a« > [ — 1. Then

teOFI=B=7 4f o<y 4+ [ -1,

to _a(r)—p A .

1 if a>y+06-1,
ast— 07.

Proof. We decompose the integral over two intervals (0,¢) and (¢,%o) and then
we use our assumptions on «(t). Hence,

to po(r)—p p ra(r)-p J
/0 ™+ CtY Tz (/ / )TW—i—CtV T

a(r)—p to ra(r)—p
/ T dT+/ T dr
0 tY t T

to(r)—=6+1
- a(r)=B—v+1
= o +1 .
The first estimate is true since @ > (§ — 1, and the second one holds since
a < B+~ — 1. Similarly, by (14.13), we have

to Ta('r)fafl%»'y a(T —a—1+7y
= d
/0 T+ CtY 4 (/ / ) ™+ Ctv g

o (1)—a—14~ to a(T) a—14y
/ T [ T
0 tY t T

ta(t)—a + t&(t)—a ~ to@(t)—a.

X

X

X

The last case is proved similarly. O
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Let
log, 1/t logs 1/t 1 1/t
at)=a—m 0g; 1/ — Qg 0gs 1/t _ = ap M, (14.14)
log 1/t log 1/t log 1/t
where a, aq, aa,...,a, € R and log,, = loglog---log (n times). For this func-

tion, we have
£ = ¢ (log 1/t )™ (logy 1/t)** -+ (log, 1/t)*".

We give a sufficient and simple criterion showing at least that the function
defined in (14.14) is a test function.

Theorem 14.14 Let o € R and let a(t) be a real continuously differentiable
function defined on (0,tg) with lim,_ g+ a(t) = . Suppose that
lim o/(t) tlogt = 0.

t—0t
Then «(t) is a test function.

Proof. Let
d(te®)—
% — (a(t) — 7 + /(1) tlogt ) t2*O=7-1,
and note that
Oé(t) - 7+O/(t)tlogt —a—7

as t — 0F. Hence, for 8 < a + 1, we have

t t
/ FoT)=B g = / ra(n—a a=p .
0 0

ta(t)*ﬁJrl 1 t , ) a(r)—B J
= a—ﬁ—i—l_a—ﬁ—i—l/o(Q(T)_Q+Q(T)TOgT)T T
fo(t)—B+1

t
= ——+o(1 7oM=8 dr.
a—pF3+1 ()/0

Therefore,
toz(t) —B+1

t
a(m)-Bgr 2
(1+0(1))A7‘ dr P

Thus the second required condition is satisfied. For § > a + 1, we have

to to
/ 7—0‘(7')*5 dr = / TQ(T)fa 7_047,8 dr
t t

For)—p+1 T=to

to
7a—ﬁ+1 —/t (a(T)—oz—l—o/(T)TlogT)TO‘(T)*'BdT

T=t
sa(t)—B+1 to

- o - joa (=B gr.

(1) a_ﬁ+1+o()/t7 T
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Hence,
to a(t)—B+1
t
1 1 anNBgr=—_
(1+o(1)) [ 7o = Fme
Thus the third condition is also fulfilled. O
Corollary 14.15 Let a, a1, a,. ..,y be real constants, and let
log, 1/t log, 1/t 1 1/t
alt) =a—a ogy 1/ ~ ogz 1/ i, 08ny11/
log1/t log1/t log1/t

Then «(t) is a test function. Moreover,

o) = e if ap < —1,
T t*(log1/t)1Ter (logy 1/t)22 -+ (log, 1/t)% if oy > —1.

Ifaor=ay =+ =ap_1 = —1, then

1a(t) o t if ap < —1,
Tt (logy, 1/t )% (logy g 1/t)%+1 -+ (log, 1/t)™ if oy > —1.

Finally, if oy = as =+ = a, = —1, then

9 < 1%log, , 1/t.

The following theorems are two celebrated results about the Hilbert transform
of bounded Lipschitz functions.

Theorem 14.16 (Privalov [16]) If u is a bounded Lip, (0 < a < 1) function
on R, then u(zx) exists for all x € R and besides u is also Lip,.

Theorem 14.17 (Titchmarsh [20]) If u is a bounded Lip, function on R, then
u(x) exists for all z € R and besides

|u(z +t) —a(xr)| <Ctlogl/t
forallz € R and 0 <t < 1/2.

We are now able to generalize both theorems. The following theorem is the
main result of this section.

Theorem 14.18 Let a(t) be a test function with

0< lim a(t) <1.
t—0+

Let u be a bounded Lip,y function on R. Then u(x) exists for all x € R, and

besides
Llpa(t) Zf 0< limt_,0+ Oé(t) < 17

wors { szd(t) 'Lf limt_,0+ a(t) = ].
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Proof. Let

. 1 [ T —t t .
V(x—i_zy):w/_oo((x—t)?—&-zﬂ + 1+t2>u(t) dtu (x+7’y€(c+)‘

To estimate | @(xz+1t) —a(z) |, instead of taking the real line as our straight path
to go from x to x + ¢, we go from x up to z + it, then to = + t + it and finally
down to x + t:

< Ja(z) = V(x+it)| (14.15)
+ |V(x+it)—V(z+t+it)|

+ |[V(e+t+it)—alx+1)|

lu(z) —a(z + 1) |

Hence we proceed to study each term of the right side.
By (14.5), we have

la(z) — V(e +it)| = 1m1/;¢%<1 T >wﬂm

r—7 1472

1/OO T —T n T u(r) d
- = T) dr
T Joso \(—T7)2 4+ 1472

1 1 —
= | lim — / < — x 27 2)’&(’7’) dr
e=0 T lz—7|>e r—=T (J? - T) +t

2 oo R
_ limt—/ uwlx—71)—u(zx+71) ir
=07 J, T (72 4 t?)
2 poo _ _
< L/ |u(z +7) — u(z T)|d7'.
T Jo T(T2 4+ t2)

Since u is bounded and Lip,,;), there is a constant C' such that
|u(z +7) —u(z — 7)| < C(27)*C7)

for all values of z € R, and small values of 7, say 0 < 7 < 1. Hence, by Corollary
14.13, we have

ﬁ 1 C(2T)a(27) J ﬁ S 2||u||oo

i(z) — Vi +it)| < A Mt d
() (w+it)| < m Jo T(T2+1?) T T3 g

4012 (% poln-t [l

< d = 2

- T /0 2y T * T

< o ta(t) + " 2.

Hence, for each = € R,
|a(z) — V(z+it) | = 0(t*D), (14.16)

By the mean value theorem,

oV
|V(z+it) = V(z+t+it)| <tsup|——
seR €T

(s 4+ it)

)
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where
ov , 1 [ 0 T—T T
(s+it) = W/_w(%((xr)2+t2+1+7'2> uln)dr
1 o] 2 _ _ 2
= 7/ Ll kP (s—7) u(r) dr
N R P
I R
= ;/_wi(tQ—FTz)z u(s+ 1) dr
1 [ 272
= ;/ m(u(s+7’)7u(s))dr.
Hence,
] . t [ Ju(s+7)—u(s)]
_ < Z
[V(z+it) = V(e+t+it)] < ilelﬂgﬁ/—oo PR dr

IN

1 a(r) [e’e)
T t 2| ullo
Ct d — dr.
/ot2+72 T+7r/1 7 7

1 ra(r)
/ T dr
0 t2 + T2

depends on lim; g+ a(t). According to Corollary 14.13, we have

The asymptotic behavior of

O(t*®)y if limy_ o+ aft) < 1,
|V(z+it) = V(z+t+it)| = (14.17)
O(t*®)Y if limy_ g+ aft) = 1.

Finally, (14.15), (14.16) and (14.17) give the required result. O

In the light of Corollary 14.15 and Theorem 14.18, we get the following
special result.

Corollary 14.19 Let aq,a,...,a, € R. Let u be a bounded function on R
with
wy(t) = O(t(log1/t)* (logy 1/t)*2 -+ (log, 1/t)*" ).
Then u(x) exists for all values of x € R and besides
w~(t) o O(t) Zf a; < —1,
ST O(t(log1/t) et (logy 1/¢)22 -+ (log, 1/t)* ) if g > —1.

If oy =as =+ =ap_1 = —1, then

A(t) = o(t) if ap < -1,
walt) = O(t(logy 1/t) e (logyyq 1/t)%+1 - (log, 1/t)* ) if ay > —1.
Finally, if oy = ag =+ = a,, = —1, then

wi(t) = O(tlog, 1 1/t).
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Exercises

Exercise 14.6.1 Let «(t) be a test function and let

log ( o palr)-a-l dr)
t) = ot .
B(t) = alt) + o

Show that 3(t) is also a test function.

Exercise 14.6.2 Let

[ o1/l i < 1/e,
M“{ Ve it |t >1/e

and let
log, 1/t

=1
a(t) log1/t’

(0<t<1/e),

or equivalently,
t*® = ¢ log1/t.

Show that u is a bounded Lip, ) function on R and that a(t) — (0) behaves
asymptotically like 1) < ¢ (log 1/t)?, as t — 0.
Hint: Write

a(t) — a(0) = (a(t) —V(t+ it)) + (V(t +it) — V(z’t)) + (V(it) - a(0)>
and show that
la(t) — V(t +it)] = O(t*®), [V (it) — a(0)] = O(t*®))

and
[V (t+it) — V(it)| = O@t*®).

Remark: This exercise shows that Corollary 14.19 gives a sharp result.

14.7 Maximal functions
Let u be a measurable function on R. Then the Hardy—Littlewood maximal
function of u is defined by
1 t+k
Mu(t) = k?;}go o /tflc’ |u(z)| dz, (teR).
If U is defined on the upper half plane, we define a family of maximal functions

related to U. Remember that a Stoltz domain anchored at t € R is of the form

To(t)={z4+iyeCi:|lz—t <ay}l, (a > 0).
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Then the nontangential maximal function of U is given by

M,U(t) = sup |U(z)], (teR),
z€D (1)

and its radial maximal function by

MoU(t) = sup |U (¢t + iy)], (t € R).

y>0

If u € L'(dt/(1 +t?)), we first apply the Poisson integral formula to extend u
to the upper half plane

1 o Y

U iy) = — —— u(t) dt, iy € Cy).
@rin) =+ [ o ) (e+iyeCy)
Then we will use M,u and Myu respectively instead of M,U and MyU. By
definition, we clearly have

Mou(t) < Myu(t), (t e R),

for all & > 0. Moreover, since at almost all points of R, U(t + iy) tends to u(t)
as y — 0 (Lemma 3.10), we also have

u(t)] < Mou(t)

for almost all t € R. We now obtain a more delicate relation between M,u and
Mu.

Lemma 14.20 Let u € L'(dt/(1 +t?)) and let o > 0. Then

2

Mau(t) < <1+ )Mu(t)

ra
for allt € R.

Proof. We give the proof for a > 0. The case a = 0 follows immediately.
Fix t € R. According to the definition of Mu

| et s < ( [ et ds>Mu<t>, (14.18)

— 00 — 00
where ¢ is the step function

1 if |t —s| <k,

p(s) =
0 if |t—s| >k

By considering the linear combination of such step functions (with positive coef-
ficients) we see that (14.18) still holds for any step function which is symmetric
with respect to the vertical axis s = ¢t and is decreasing on s > t. (See Figure
14.6.)
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Fig. 14.6. A symmetric step function.

Finally, if ¢ is any positive and integrable function with the preceding properties,
we can approximate it from below by a sequence of such step functions and thus
a simple application of Fatou’s lemma shows that (14.18) indeed holds for any
positive and integrable function which is symmetric with respect to the vertical
axis s =t and is decreasing on s > ¢.

Now let z = x + iy € T4 (¢). Then

oo

. 1 Y .
< = 7 .
|U(z +1y)| < - [m Ry |u(s)| ds, (r+iyeCy)

But, if = # t, the kernel Py(x — s) is not symmetric with respect to the axis
s =t. (See Figure 14.7.) Nevertheless, we can overcome this difficulty. Without
loss of generality assume that « > ¢. Let

1 Yy
-z 'f >
7w (x —5)? +y? ! s=%
w(s) = pa(s) = —1 if 2t—z<s<
B i r<s<ux,
§ i Y

Y

1
— if s <2t — .
T (2t —x—38)2+y?

(See Figure 14.8.) On the one hand, ¢ is positive and symmetric with respect to
the axis s = ¢, and on the other hand it majorizes the Poisson kernel. Moreover,

e 2lx —t 2
/ go(s)d(s:l—l-MSl—l——a.

—c0 y m
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t X s

Fig. 14.7. The kernel Py(z — s).

AL
]

|
|
|
|
|
|
/
|
|
|
|
|
!

X

20—x ¢t

Fig. 14.8. The graph of ¢.(s).

Hence, for each z = z + iy € T, (1),

oo

UG+ < [

— 00

o(6) ool ds < (1422 ) Mo

O

Considering the preceding chain of inequalities, we see that, for any function
u € LY (dt/(1+t2)),

2«
lu] < Mou < Myu < <1 + O/) Mu (14.19)
0

almost everywhere on R. Hence, Mu € LP(R) immediately implies that M,u,
Myu and w itself are also in LP(R). For the reverse implication (which holds for
1 < p < o0) we need the following celebrated result of Hardy-Littlewood. A
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measurable function v on R is locally integrable if it is integrable on each finite
interval, i.e.

b
/ F)]dt < oo

for all —oo < a < b < oco. For the definition of distribution function m,, see
Section A.5.

Theorem 14.21 (Hardy—Littlewood) Let u be locally integrable on R. Then,

for each A > 0,
2
mara(N) < 2 / lu(z)| de.
A J{Musa)

Proof. (F. Riesz) Since Mu = M |u|, we may assume that v > 0. Let

1 r+k
M,u(z) = sup — / u(t) dt
k>0 K Jo

and

1 xT
Myu(z) = sup — / u(t) dt.
k>0 k Jo i
The notations M,. and M, are temporary for this proof and they do not mean
M., as defined before, for a specific value of a.
Fix A > 0 and consider

E = {z:Mu(z)>\},
E, = {x:Mu(z)>\},
E, = {z:Mu(xz)>A}.

Since fj u is a continuous function of a and b we have F,. C E and E, C E. On
the other hand, the identity

1 z+h h 1 x+h k 1 x
=i u(t)dt:M<h/z u(t)dt>+h+k(k/zku(t)dt)

implies £ C E,. U Ey. Hence,
E=F.UFE,,

which yields
maru(A) < mMT-u()‘) + mazu(A)-

We show that

masu(A) = % /E |u(z)| dx (14.20)
and that )
maru(A) = — |u(x)| dz (14.21)

A g,
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and thus the theorem follows.
For each fixed k > 0, the function

z+k
o) =3 [ uwd  @ew)

is continuous on R, and thus M,u = supy~( ¢ is lower semicontinuous on R.
Hence, F, is an open set. Let

U(z) = /0 ult) dt, (z €R).

Thus ¥ is an increasing continuous function on R and the open set FE, is a
countable union of disjoint intervals I,. As F. Riesz observed, if one shines light
downward on the graph of ¥ with slope A, then the I}, are the parts of the z-axis
where the graph of ¥ remains in shadow. From this geometric observation we
immediately have

AL = W) = V() = [ ult)d,

Iy,

where Ij, = (a, by). Summing up over all Ij, gives (14.20). The proof of (14.21)
is similar. O

Theorem 14.21 has several interesting consequences. The first corollary im-
mediately follows from the theorem.

Corollary 14.22 Let u € L*(R). Then, for each X\ > 0,
2
mara(A) < 3 Jlull-
Corollary 14.23 Let u € LP(R), 1 < p < 0. Then Mu € LP and moreover
2p
[ Mull, < P [[ullp-

Remark: The corollary clearly holds for p = oo with | Mu|lec < ||]s-
Proof. Without loss of generality, assume that u > 0. Let

u(t) if |t] <nand |u(t)] <mn,
up(t) =
0 otherwise.

Hence,
0<u; <up<---<u

and, for each = € R, u,(z) — u(z) as n — oo. Therefore,

OSMulgMuQSSMu
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and, by the monotone convergence theorem, for each € R, Mu,(z) — Mu(z)
as n — oo. Thus, if the theorem holds for each w,, an application of Fatou’s
lemma immediately implies that it also holds for .

Based on the observation made in the last paragraph, we assume that u
is bounded and of compact support, say supp u C [—A, A]. Hence, the rough

estimate
1 otk 1 A 4Au) s
—— Hdt < ——— £ dt < 228
o |, @S gy [ a2

for |z| > 2A implies that
C
L+ 2|’

with an appropriate constant C. Hence, Mu € LP. Therefore, by Theorem
14.21 and by Fubini’s theorem,

Mu(z) <

(o9}
ruly = p [ man(3)dx
0

< 2p/ /\p‘2(/ |u(x)da:)d/\
0 { Mu>)}

= 2p/ </ NP2 d)\) |u(x)| dx
—o0 0

2p > p—1
= o1 _OO(Mu(x)) |u(z)| dx.

Finally, by Holder’s inequality,
p 2p p—1
[Mul[ < o1 [Mullg™" lullp-

Since || Mul|, < oo we can divide both sides by [|Mul5~". O

Exercises

Exercise 14.7.1 Let E C R with |E| < co. Suppose that

/OO lu(z)| log™ |u(xz)|dz < .

— 00

Show that

o0

/ Mu(z)dx < 2|E| + 4/ lu(z)| log™ |2u(z)| dz.
E

— 00
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Exercise 14.7.2 Let u € L'(R). Suppose that

/EMu(a:) dx < 00

for any measurable E with |E| < co. Show that

/_OO lu(x)| log™ |u(x)| dr < oco.

14.8 The maximal Hilbert transform

The mazimal Hilbert transform of a function u € L'(dt/(1 + |t])) is defined by

1 t
7/ u() dt’.
T Jiz—t|>e r—1

According to the M. Riesz theorem (Theorem 14.7), @ remains in LP(R) when-
ever u € LP(R), 1 < p < co. In this section, by showing that @ € LP(R) we
strengthen the M. Riesz result.

w(x) = sup
e>0

Lemma 14.24 Let w € L*(dt/(1+|t])), and let

N Ct))

1
Then
la(z)] < (14 1/7) Mu(x) + MoV ()
for all x € R.
Proof. Let o
1 u(t
e = - dt, R).
e () - /lx—t|>5 P t (x € R)

Fix y > 0 and write

Vix+iy) =

3|

( /|It|<y ’ /Imt>y ) m u(t) dt.

Hence,

2
i) Vel < [ et ol

o — 1]
_ t)| dt
* /,| e+ 0
1

Y
< Y u@)ldt+ — / la(t)| dt.
/zt|>y (J} - t)2 + y2 2y lz—t|<y
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Therefore, by Lemma 14.20,
|ty (z) — V(z +iy)| < mMolul(z) + Mu(z) < (14 m)Mu(z).

Thus,
liy(z)] < (1+1/m) Mu(z) + |V (2 + iy)].

Taking the supremum with respect to y > 0 gives the required result. O

Corollary 14.25 Let u € LP(R), 1 < p < co. Then
li(z)| < (1+1/7) Mu(z) + Ma(x)

for all x € R.
Proof. By Theorem 14.7 the conjugate harmonic function
V(I—&—iy):% [m mmt)dt, (x +iy € Cy),
is also the Poisson integral of a, i.e.
Viz+iy) = © /OO S —TOr (z +iy € Cy).
T oo (x—1)2 492

Hence MyV = Myu and, by Lemma 14.20, Myu < Mu. Now, apply Lemma
14.24. O

Corollary 14.26 Let u € LP(R), 1 < p < co. Then u € LP(R), and moreover
[allp < Cpllullp,

where C, is a constant just depending on p.

Proof. By Corollary 14.23

2p

M < —
|2l < -

flull,

and )
_ Do
[Mal, < o1 1@]lp-

However, by the M. Riesz theorem (Theorem 14.7),
allp < Kp [Jullp
where K, is a constant just depending on p. Hence, by Corollary 14.25,

(L+1/m) [[Mull, + [[Mall,

2p -
—— (A +1/7) flullp +lallp)
p

2p

o1 (L4 1/m) + Kp) [lullp-

IN

[

IN

IN
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Appendix A

Topics from real analysis

A.1 A very concise treatment of measure theory

A measure space has three components: the ambient space X, a family 9 of
subsets of X, and a measure pu. The family 90t satisfies the following properties:

(a) X €,
(b) if E € M, then E°, the complement of E with respect to X, is also in 91;
(¢) if E,, € M, n > 1, then US| E,, € M.

In technical terms, we say that 901 is a og-algebra and its elements are measurable
subsets of X. The measure p is a complex function defined on 91 such that

(a) p(0) =0,

(b) WU Ey) =507, u(Ey), for any sequence (E,),>1 in M whose elements
are pairwise disjoint.

If p is a positive measure, we usually allow +oc as a possible value in the range
of p. If p is a complex measure, the smallest positive measure \ satisfying

lW(E)] < ME), (B em,

is called the total variation p and is denoted by |u|.
A function f: X — C is measurable if f~1(V) € 901 for any open set V in
C. In particular, each simple function

N
SO = E an XE?L’
n=1

where a,, € C and FE,, € 9, is measurable. We define

N
/ pdp="> anp(Ey).
X n=1
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For a positive measurable function f, we define

/fdu:sup/wdu,
X » X

where the supremum is taken over all simple functions ¢ such that 0 < ¢ < f.
A measurable function f is called integrable provided that

/le\du<00~

For such a function, we define

/deu:(/xu*du—/xudu>+i</xv+du—/xvdu),

where f = w + v, and for a real function w, we put wt = max{w,0} and
w™ = max{—w,0}. The family of all integrable functions is denoted by L! ().
Sometimes we also use L (X) if the measure p is fixed throughout the discussion.

The great success of Lebesgue’s theory of integration is mainly based on the
following three convergence theorems.

Theorem A.1 (Monotone convergence theorem) Let f,, n > 1, be a sequence

of measurable functions on X such that 0 < f1 < fo < -+, and let
f(z) = lim f,(x), (x € X).
n—o0

Then f is measurable and

lim fndu = / fdu.
X X

n—oo

Proof. 1t f,, = xE,, where (E,),>1 is an increasing sequence of measurable sets
in X and E = U2, E,,, then the monotone convergence theorem reduces to

p(E) = lim p(Ey),

n—oo

which is rather obvious. This special case in turn implies that

lim xEnsodu=/ XE pdp,
X X

n—oo

for each simple function ¢.
Now we are able to prove the general case. Since f,, < fr+1 < f,

/anduS/anHduS/deu.

Thus a = lim, .o [y fn dp exists and

aS/deu.



A.1. A very concise treatment of measure theory 341

If @ = o0, we are done. Hence, suppose that @ < co. Let ¢ be any simple
function such that 0 < ¢ < f and fix the constant v € (0,1). Let

E,={ze X : fu(x) >~vp(zx)}.

Clearly, (E,,),>1 is an increasing sequence of measurable sets with U2, E,, = X.

Moreover,
/ fndu Z/ XE, [ndp Z’Y/ XE, ¥ dj.
X X b'e

Let n — oo to obtain

a>ry / e dp.
X
Taking the supremum with respect to ¢ gives
a>y / fdp.
X
Finally, let v — 1. O

Theorem A.2 (Fatou’s lemma) Let f,,, n > 1, be a sequence of positive mea-
surable functions on X. Then

n—oo

/ (liminf f,)dp < liminf/ fn dp.
X n—oo X
Proof. Let g = liminf, . f, and let
=i >1).
gk = Inf fn, (k=1)
Hence, 0 < g3 < g2 < -+ and
Jm gi () = g(), (x € X).

Therefore, by the monotone convergence theorem,

/gdu: lim/gkdu.
X k—oo [x

However, gi < f%, which implies

lim / Gk d,ugliminf/ frdp.
O

Theorem A.3 (Dominated convergence theorem) Let f,,, n > 1, be a sequence
of measurable functions on X such that

fl@)= lim f,(z)

n—oo
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exists for every x € X. Suppose that there is a g € L*(p) such that

|fu(@)] < g(2), (xeX,n>1).
Then f € L*(u) and
Jim [ 1= fldn =0, (A1)

Proof. Since |f| < g, we clearly have f € L'(u). Let g, = 29 — |fn — f|], n > 1.
Hence, by Fatou’s lemma,

/diu = /liminfgnd,u
X X n—oo
liminf/ gn dpt
n—oo X

[ 20du~timsup [ 17, - flan
X n— o0 X

Since g € L*(u), we conclude that

IN

iimsup [ 14, fldu < 0.
X

n—oo

and thus we obtain (A.1). O

Two more advanced results in measure theory are used in the text, which
we explain heuristically here. The first one that we have frequently applied is
Fubini’s theorem. Let (X,9, 1) and (Y,9,v) be two measure spaces and let
f: X xY — [0,00] be a measurable function. Then the Fubini theorem says

A(Kf@””@>ww=ﬁ(ﬂjmwwm)ww.

However, if we only assume that f is a complex measurable function, then some
extra assumption is needed. For example, the condition f € L'(u x v) is enough
to ensure that the preceding identity holds.

Suppose that A and p are two finite positive measures defined on the same
o-algebra 9 of an ambient space X. We say that \ is absolutely continuous
with respect to p and write A < p if A(E) = 0 for every E € 9 for which
w(E) = 0. At the other extreme, we say that A and p are mutually singular
and write A L p if there is a partition of X, say X = AU B, with A, B € M
and AN B = (), such that A(A) = p(B) = 0. Naively speaking, this means
that A and p are living on different territories; A is concentrated on B and u
is concentrated on A. If A\ and p are complex measures, then, by definition,
A is absolutely continuous with respect to p if |\| is absolutely continuous with
respect to |u|. Mutually singular complex measures are defined similarly.

Given two complex measures A and pu, the celebrated theorem of Lebesgue—
Radon—Nikodym says that there is a unique f € L'(u) and a unique measure
o L p such that

d\ = fdu+ do.
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This notation is a shorthand to say

A(E) = /X XE [ dp+o(E)

for all £ € M. In particular, A is absolutely continuous with respect to p if and
only if there is an f € L'(u) such that d\ = f du.

Exercises

Exercise A.1.1 Let (9M,),c; be any family of o-algebras on X. Put
m =) M.
el

Show that 901 is a o-algebra on X.

Exercise A.1.2 Let ¥ be any collection of subsets of X. Show that there is
a smallest o-algebra on X which contains ¥.

Hint: Use Exercise A.1.1.

Remark: If ¥ is a topology on X, the elements of the smallest o-algebra on X
which contains ¥ are called the Borel subsets of X.

Exercise A.1.3 Suppose that the simple function ¢ has two representations,

i.e.
N M
Y= ZanXE71 = Z meFm'
n=1 m=1
Show that
N M
Z Gnp ,U(En) = Z bm ,U(Fm)-
n=1 m=1

Hint: Without loss of generality, assume that (E),)1<n<n and (Fy,)i<m<m are
pairwise disjoint. Then

N N M
E Qn XEn, = z § Qn XEn NFEm,
n=1

n=1m=1
and similarly

M M N
D b Xr. =Y D b XFanE.-
m=1

m=1n=1

Remark: This fact shows that [ ¢ du is well-defined.
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A.2 Riesz representation theorems

Let X be a Banach space. The dual space X* consists of all continuous linear
functionals

A:X—C.
The norm of A is defined by

Az
Al = sup [Ao)]
z#0

For each Banach space X, an important question is to characterize its dual X*.
F. Riesz answered this question for certain spaces of functions. We discuss two
such theorems.

Let (X, 91, 1) be a measure space and consider X = LP(u), 1 < p < oo. Let
q be the conjugate exponent of p, i.e. 1/p+ 1/¢ = 1. Then the first theorem
says that

LP ()" = L ().

This identity means that given any A € LP(u)*, there is a unique g € L9(u)
such that

zufy:/Qfgdu, (f € L7 (),

and
Al = llgllq-

On the other hand, if g € L4(u) is given and we define A by the given formula,
then clearly A is a bounded linear functional on LP(u) and its norm is equal to
llgllq- Therefore, Riesz’s theorem actually provides an isometric correspondence
between LP(u)* and L?(p). This assertion is not valid if p = co. As a matter
of fact, using the above formula, L' (1) can be embedded in L% (u)*, but in the
general case, this is a proper inclusion.

For the second theorem, let X be a locally compact Hausdorff space. In our
applications, X was either the real line R or the unit circle T. Put X = Co(X),
the space of all continuous functions vanishing at infinity equipped with the
supremum norm. Note that if X is compact, then we have Co(X) = C(X).
Then we have

X = M(X),

where M(X) is the space of all complex regular Borel measures on X. Hence,
if A € Co(X)* is given, there is a unique p € M(X) such that

anéfw, (f € Co(X)),

and
A= [lpll-
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On the other hand, if u € M(X) is given and we define A as above, then A is
a bounded linear functional on Cy(X) whose norm is equal to ||u||. Therefore,
Riesz’s second theorem provides an isometric correspondence between Co(X)*

and M(X).

A.3 Weak* convergence of measures

Let X be a locally compact Hausdorff space. In the preceding section we saw
that M(X) is the dual of Cy(X). Hence if p and p,, n > 1, are measures in
M(X), we say that p, converges to p in the weak™ topology if

lim eﬁdunz/ pdp
X X

n—oo

for all ¢ € Co(X). For positive measures on separable spaces, there are several
equivalent ways to define the weak™ convergence.

The cumulative distribution function of the positive measure p € M(R) is
defined by

F(a) = p((~o0.a]),  (z€R).

Clearly, F' is an increasing right continuous function on R. Moreover,

/chduz /_O;w(:v)dF(:v)

for all ¢ € Cyp(R). In the last identity, the left side is a Lebesgue integral and
the right side is a Riemann—Stieltjes integral. We can also define the cumulative
distribution function for positive Borel measures on T and then obtain

[ean= [ o(2) dF (z)

Theorem A.4 Let X be a separable locally compact Hausdorff space. Let
[y 15 fi2, - - . be positive measures in M(X). Then the following are equivalent:

for all ¢ € C(T).

(i) pn converges to p in the weak* topology;
(1) pn(X) — pu(X) and, for all open subsets U of X,

lim inf 11, (U) = p(U);

n—oo

(iii) pn(X) — w(X) and, for all closed subsets F of X,

lim sup pun, (F) < p(F);

n—oo
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(iv) for all Borel subsets E of X with u(OF) = 0, where OF is the boundary of
E in X,
nh_{go pn(E) = p(E);
(v) in the case X = R (or X = T), if F,, and F respectively denote the
cumulative distribution functions of the measures i, and p, then
lim F,(z) = F(x)

n—o0

at all points x € R where F is continuous.

A.4 (C(T) is dense in LP(T) (0 < p < 00)

The space of continuous functions C(T) is dense in LP(T), 0 < p < oo. This
assertion is not true if p = oo, since the uniform limit of a sequence of continuous
functions has to be continuous and a typical element of L>°(T) is not necessarily
continuous. As a matter of fact, we implicitly proved that C(T) is closed in
Lo°(T). If we know that each f € LP(T) can be approximated by step functions

N
§ Un X1,
n=1

where I,, is an open interval, then we can approximate each x;, by a trapezoid-
shaped continuous function, and thus the result is immediate. Even though
approximation by step function is possible, it does not come from the first
principles of measure theory. Based on the definition of a Lebesgue integral,
each f € LP(T) can be approximated by simple functions

N
s = E Un XE,,>
n=1

where F,, is a Lebesgue measurable set. At this point, we need two deep results
from real analysis. First, given E, a Lebesgue measurable set on T, there is a
compact set K and an open set V such that K C E C V, and the Lebesgue
measure of V'\ K is as small as we want. Second, by Urysohn’s lemma, there is
a continuous function ¢ such that 0 < ¢ <1, p|x =1 and supp ¢ C V. Hence,

/w—mpdeg/ d0 = |V \ K.
T V\K

Given f € LP(T) and £ > 0, choose the simple function s = 27]:[:1 an XE,
such that ||f — s||, < e. Then, for each n, pick ¢, such that ||¢, — xg, |, <
e/(N(1+|an|)). Put

N
Y= Z Ap P -
n=1
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Therefore,
1f=ellp < [If=slp+I1s—elyp
N
< et ) lanl lon — xm.lp < 2.
n=1
Exercises

Exercise A.4.1 Show that C.(R) is dense in LP(R), 1 < p < cc.

Exercise A.4.2 Show that C2°(R) is dense in LP(R), 1 < p < oo.
Hint: Use Exercise A.4.1 and the convolution.

A.5 The distribution function

For a measurable set £ C T, let |E| denote its Lebesgue measure. Let ¢ be a
measurable function on T. Then the distribution function of ¢ is defined by

me(N) = [{e : [(e)] > A}, (A>0).

Clearly, m,, is a decreasing function on (0, 00). The space weak-L'(T) consists
of all measurable functions ¢ on T such that

C
A < =
mtp( ) — A’
where C' is a constant (not depending on A, but it may depend on ¢). Since,
for each ¢ € L'(T),

my(\) < ﬂ;@”l,

weak-L!(T) contains L!(T) as a subspace.
Let 0 < p < 0o. On the measure space T x [0, 00) equipped with the product
measure dt X d\, consider the measurable function

1 if 0< X< p(e)],
0 if  A>p(e)].

Now, using Fubini’s theorem, we evaluate the integral

I= / pAPTL ®(e ) dt x dX
Tx[0,00)
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in two ways. On the one hand, we have

7T le(e™)] ™ ]
1:/ (/ pAP- d)\) dtz/ ()P dt
—T 0 —T

and on the other hand,

I = / (/ dt) p P! d)\:/ PAP T mg(N) dA.
0 {lel>X} 0

Therefore, for all 0 < p < co and for all measurable functions ¢, we have

/7r lo(e™) [P dt = /Ooop)\p_lm@()\) dA. (A.2)

—T

Exercises

Exercise A.5.1 Let (X, 91, 1) be a measure space with 1 > 0. Let p : X —
C be a measurable function on X. Define the distribution function of ¢ by

m(N) = p({z € X : |p(a)] > A}).
Show that
E/i\w(x)w du(x):zjf PNy (\) dA
X 0

for all 0 < p < 0.

Exercise A.5.2 Let 0 < a < b < oo. Using the notation of Exercise A.5.1,
show that

b
/ min{ [o(2)[F — aP, B — a? } dp() :/ PAP U (A) dA.
{reX:p(z)>a}

a

A.6 Minkowski’s inequality

Let (Q, 1) and (€', v) be two measure spaces with positive measures p and v,
and let f(z,t) be a positive measurable function on Q' x . Define

H@=Af@ﬂww-
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Fix p, 1 < p < oo, and let 1/p + 1/¢ = 1. Then, by Fubini’s theorem, for all
positive measurable functions GG, we have

[ F@cae - [ ( /| f(x,t)dg(t))(;(x) e
/Q ( o f(z,t) G(x) dv(a:)) du(t)

/Q< Ll du(x)>; </Q/|G(:r)q du(m))q dp(t)

1

= 1el [ ([ eoran)) au,

In particular, for G = FP~! xyp, where E is any measurable set on which |F|P
is summable, we have

(/[ |F<x>|pdu<x>)’l’ <[ ([ eor du(x)); du(t).

Taking the supremum over E, we get

1wl [ ([ 1o du(w)); alt)

Equivalently, for every measurable function f,

{/Q </Qf<x,t)|du<t>)pdy<x>}’l’ s/ﬁ( [ iswop d,/(x)); dult)

This is the most generalized form of Minkowski’s inequality. If Q = {1,2} and
1 is the counting measure, then the last inequality reduces to

</Q,(|f(x,1)|+|f(x72))pdy($)>é _ (/Q/|f($,1)|pdu(x));
([, e dv(x))‘l’,

which is equivalent to || f1 + fall, < || f1llp + || f2]lp, where fo(z) = |f(x,n)]|.

IA

+

A.7 Jensen’s inequality

Let (a,b) be an interval on the real line R. A real function ¢ on (a,b) is convex
if the inequality

e((1=t)z+ty) < (1 —t)p(x) +tp(y)
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holds for each z,y € (a,b) and 0 < ¢t < 1. Tt is easy to see that this condition is
equivalent to

p(2) — o) o) — ol2) (A.3)
z— y—2z
whenever a < x < z <y < b.

Theorem A.5 (Jensen’s inequality) Let (X,9M, u) be a measure space with
>0 and p(X)=1. Let f € L*(u) and suppose that

—0<a< f(z)<b<oo (A4)

for all x € X. Suppose that ¢ is convex on (a,b). Then

w(/deu) S/X(<p0f)du-

Proof. Let z = [ fdp. The condition (A.4) ensures that z € (a,b). According
to (A.3), there is a constant ¢ such that

pl2) —ola) o ely) —»(2)
z—T - y—z
for all x € (a, z) and all y € (z,b). This implies
p(w) = ¢(2) + c(w - 2)
for each w € (a,b). Hence,
(po f)(x) 2 ¢(2) +e( f(z) - 2)

for every z € X. Therefore,

Jwen@anta = [ (o6 +es@-2) ) dua)
= e [ S@dn - )
= w(z)=<p(/xfdu)-
O
Exercises

Exercise A.7.1 Let ¢ be convex on (a,b). Show that ¢ is continuous on
(a,b).
Hint: Use (A.3).

Exercise A.7.2 Let ¢ be convex on (a,b). Show that at each ¢ € (a,b), ¢ has
a right and a left derivative.
Hint: Use (A.3).



Appendix B

A panoramic view of the
representation theorems

We gather here a rather complete list of representation theorems for harmonic
or analytic functions on the open unit disc or on the upper half plane. These
theorems have been discussed in detail throughout the text. Hence, we do not
provide any definition of proof in this appendix. However, we remember that
our main objects are elements of the following spaces:

D) = {UehD): [[Ul,= sup [Upll, <oo},
0<r<1
HYD) = {FeHD):|[F|,= sup [F|,<oc},
0<r<1
HP(T) = {feLP(T): 3IF € H?(D) such that F, — f}
and
W (Cy) = {U€hn(Cy) : [[U]= Sl;lgHUpr < o0},
Yy
HP(Cy) = {FeH(Cy): |IF|p= SI;ISHFyIIp < oo},
Yy
HP(R) = {feLP(R):3F € H?(Cy) such that F, — [ }.

351



352 Appendix B. A panoramic view of the representation theorems

B.1 (D)

Let U be harmonic on the open unit disc D.

B.1.1 »'(D)
(a) U € h'(D) if and only if there exists u € M(T) such that

) 1 — 2 ) ]
10y it 0 D).
Ulre™) /11‘ 1472 —2rcos(f —t) dinle™), (re” € D)
(b)  is unique and
U(re?) = Z a(n) rlnlgin? (re? € D).

n=—oo
The series is absolutely and uniformly convergent on compact subsets of .

(¢) fpel>>(Z) and
itlloc < llpell-

(d) U is a positive harmonic function on D if and only if p is a positive Borel
measure on T.

(e) Asr — 1, du,(e") = U(re') dt/2m converges to du(e) in the weak™ topol-
ogy, i.e.
i [ o) diy () = [ e due)
r—1 T T
for all p € C(T).

1Ol = [l = 1 (T).

(g) © decomposes as _ ' _
du(e™) = u(e™) dt/2m + do(e'),
where u € L'(T) and o is singular with respect to the Lebesgue measure.

Then we have _ _
lim U(re?) = u(e')

r—1

for almost all ¢ € T.

(h) The harmonic conjugate of U is given by

; 2rsin(0 — t) -
0 — d it
Vire®) /T 1472 —2rcos(6 —t) ue
= Z —isgn(n) fu(n)rn e, (re’® € D).

n=—oo

The series is absolutely and uniformly convergent on compact subsets of D.
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(i) For almost all e? € T,
lim V (re'?)

r—1
exists.
(j) U € h'(D) does not imply that V € h'(D).

(k) If

Ure®) = 5 [ g e
21 ) 1472 —2rcos(f —t) ’

with u € L*(T), then the following holds:

(i)

lim ||U, — uljs = 0;
r—1

(i)
1Ulx = lfull;
(iid)
i € co(Z);
(iv)

[@]loo < [lull1;

(v) the harmonic conjugate of U is given by

; 1 [ 2rsin(f — t)
Vv 6 _
(re”) 2 J_. 14712 —2rcos(6 —1t)
= Z —isgn(n)a(n) rinl em?,

(vi) for almost all e’ € T,

lim V(rew) = &(em);

r—1
(vii) for each 0 < p <1,V € h?(D), u € L*(T),
lim [V, — @, = 0

and
lall, =1VIp < ep llull;

(viii) u € L*(T) does not imply that @ € L(T);

(re'? € D),

u(e™) dt

(re'® € D),
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(ix) if u,@ € LY(T), then V € h'(D),
iy V; — i =0

and the harmonic conjugate is also given by

X 1 4 1—r2 . )
Vv N ~ (it dt, i0 D):
(re®) 27 /7,r 1472 —2rcos(6 —t) i) (re™ € D);

(x) if u, @ € LY(T), then
u(n) = —isgn(n) a(n), (n€7Z).

B.1.2 #*(D) (1 <p< )
(a) U € h?(D), 1 < p < o0, if and only if there exists u € LP(T) such that

, 1 [ 1—r? , ;
U 0y it dt 0 D).
(re”) 27 /_W 1472 —2rcos(d —t) u(e”) dt, (re” € D)

(b) w is unique and

U(re'y = > d(n)rien?, (re? € D).

n=—oo
The series is absolutely and uniformly convergent on compact subsets of D.

(c) If 1 <p <2, then @ € ¢9(Z), where 1/p+1/q¢ =1 and
lallq < llullp-

(d)

lim1 1T, —ul|, = 0.

()
1Ullp = [lellp-

(f) For almost all e € T,

lirq U(re?) = u(e').

(g) U € h*(D) if and only if u € L*(T). If so,
1Ull2 = [lullz = [la]l2

and if U(0) = 0, then
U2 = llall2-
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(h) .
u(n) = —isgn(n) a(n), (n € Z).

(i) The harmonic conjugate of U is given by

; 1 T 2rsin(0 — t) ;
0 o it dt
Vi(re™) T /,,r 1472 —2rcos(6 —t) u(e™)

DN

1 " 1—r? it
= — u(e™) dt
27 /_,r 1+r2—2rcos(9—t)u(e )
= Z —isgn(n) a(n) ril e (re € D).

The series is absolutely and uniformly convergent on compact subsets of D.

(j) For almost all e’ € T,

lim V(re'?) = a(e).

r—1

(k) V € h?(D), u € LP(T),
hni V.. —all, =0
and

VIl = llally < e [U]lp-

B.1.3 h>*(D)
(a) U € h*°(D) if and only if there exists u € L>°(T) such that

, 1 [ 1—7r? , ,
Ulrel®) — = ity qt 9 ¢ D).

(re”) 27 /_,r 1472 —2rcos(d—t) u(e”) dt, (re )
(b) w is unique and

U(rei?) = Z ﬁ(n)rln‘ emd. (re? € D).

n=-—oo
The series is absolutely and uniformly convergent on compact subsets of .

(¢c) Asr — 1, U, converges to u in the weak® topology, i.e.

T T

lim (e U(re') dt = / (e u(e) dt

r—1 _r o
for all ¢ € L(T).

(d)
1Ulloe = llulloo-
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(e) But, we have
linﬁ U, —ulloo =0

if and only if u € C(T).
(f) For almost all e € T,

lirq U(re?) = u(e').

(g) The harmonic conjugate of U is given by

; 1 [ 2rsin(f — t) ;
Vv 6 _ it dt
(re”) 27 /_7T 1472 —2rcos(6 —1t) u(e”)
1 T 11— it
= — u(e') dt
27 [W 1—|—r2—2rcos(9—t)u(6 )
= Z —isgn(n) a(n) rl"l e (re’® € D).

The series is absolutely and uniformly convergent on compact subsets of D.
(h) For almost all e € T,

lim V(re'?) = a(e).

(i) A
u(n) = —isgn(n) u(n), (neZ).
(j) U € h>°(D) does not imply that V € h*> (D).

(k) u € L*°(T) does not imply that @ € L>°(T). However, for real u,

1 T =it
o AMEED gt < 2sec( A ||uloo ), (0 <A< 7/2||ulloo)-
B.2 H/(D)

Let F' be analytic on the open unit disc D.

B.2.1 HP(D) (1 <p< )
(a) F € HP(D), 1 < p < oo, if and only if there exists f € HP(T) such that

; 1 T 1—72 ; ;
F 0 it dt 0 D).
(re™) /,r 1472 —2rcos(f —t) F(e7) dt, (re” € D)



B.2. H?(D) 357

(b) f is unique and

L™ fle)
FQ) = 27 /,w 1—e itz

i T 2rsin(6 — t) "

= e ? F
27 /,,T 1472 —2rcos(6 —t) f(e") dt + F(0)
1 T it 4 g o ~

= —_— - K F
o /W I RI(E) dt + S F(0)

_ /W 2 e dt + F(0)

2w et — z

™

= > fn)z", (z € D).
n=0

The series is absolutely and uniformly convergent on compact subsets of D.
(¢) If f(0) =0, then f = —if or equivalently,

Rf=Sf and 3f = —Rf.

(d) If 1 < p < 2, then f € ¢4(Z"), where 1/p+1/q =1 and

1£llg < 1 f1lp-

(e)
tim ||F; — f]l, = 0.

(f)
1Elp = [1£1»-

(g) For almost all ¢ € T,

lim F(re?) = f(e).

r—1
(h) F € H*(D) if and only if f € H?(T). If so,

1Nz = 11 £1l2 = [1f]l2

and moreover,

1E ]l = £l
provided that F'(0) = 0.
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B.2.2 H>(D)
(a) F € H>°(D) if and only if there exists f € H>(T) such that

. 1 g 1—r2 . .
F 0y it dt 0 D).
(re®) 27 /,r 1472 —2rcos(6 —t) f(e7) dt, (re” € D)

(b) f is unique and

F(z) = % /_7; % dt
- 1+T22Tji;§96;(tg_t) ) dt 4 F(0)
_ % /7; szzw(eif) dt +iSF(0)
- = /7; zjﬁjzg?e?(e“) dt + F(0)

= Zf(n)z", (z e D).
n=0

The series is absolutely and uniformly convergent on compact subsets of D.
(¢) If f(0) =0, then f = —if or equivalently,

Rf=3f and Sf=-Rf.

(d) Asr — 1, F, converges to f in the weak™ topology, i.e.

lim ! (™) F(re') dt = /7T o(e™) f(e) dt

—
rliﬂ, -

for all p € L'(T).

[Elloo = [1.flloo-

(f) But, we have

if and only if f € A(T) = C(T) N H'(T).
(g) For almost all e? € T,

lim F(re') = f(e*).

r—1
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B.3 h’(C.)

Let U be harmonic in the upper half plane C, .

B.3.1 A'(C.)
(a) U € h'(C,) if and only if there exists u € M(R) such that

. 1 Y .
U(l"HZ/)—; /Rmdﬂ(t)a (z+iy € Cy).
(b) u is unique and

oo

Uz +iy) = / fi(t) e~ Zrylti+idmet gy (x +iy € Cy).

— 00
The integral is absolutely and uniformly convergent on compact subsets of
C,.
(¢) e C(R)NnL>(R) and
il < llull-
(d) Asy — 0, duy(t) = U(t + iy) dt converges to dp(t) in the weak™® topology,
ie.,

tim [ oty () = [ o(0)du(t)
R R

y—0
for all ¢ € Co(R).

()
1Tl = lleell = 1l (R).

(f) © decomposes as
du(t) = u(t) dt + do(t),

where u € L'(R) and o is singular with respect to the Lebesgue measure.
Then we have

1ir% Uz +iy) = u(x)

y*)

for almost all z € R.
(g) The harmonic conjugate of U is given by
1 x—1
Vv i = = ————du(t
(x +1y) WA(x—t)2+y2 1u(t)

- / —isgn(t) fu(t) e IR gy, (z +iy € Cy).

— 00

Each integral is absolutely and uniformly convergent on compact subsets of
Cs.
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(h) For almost all z € R,
lim V(xz + iy)
y—0
exists.
(i) U € h'(C,) does not imply that V € h'(C.).
(j) If

. [~ Yy ‘
U(x+ly)_7r/oo(x—t)2+y?u(t)dt’ (z+iy € Cy),

with u € L*(R), then the following holds:

(i)
Jimy 1Uy = ully = 0;
(i)
U1l = llullx;
(i)
i € Co(R);
(iv)

l[dlloo < flullt;
(v) the harmonic conjugate of U is given by

Viz+iy) = %/R(Ijﬁﬂ%fu(t)dt

= / —isgn(t) a(t) e 2myltiizrat gy (x +iy € C).

— 00
Each integral is uniformly convergent on compact subsets of C;
(vi) for almost all x € R,

lim V(z + iy) = a(x).
y—0
(k) u € L*(R) does not imply that @ € L'(R).
(1) If u, @ € L*(R), then V € h!(C,),
lim ||V, — @[y = 0
y—0
and

) 1 y ~ ,

(m) If u,a € L'(R), then
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B.3.2 h(C,) (1<p<2)
(a) U e h?(Cy), 1 <p<2, if and only if there exists u € LP(R) such that

: L[~ y .

(b) w is unique and

o0

Uz +iy) = / a(t) e~ 2ryltira2mat g (x4 iy € C).

— 00

The integral is absolutely and uniformly convergent on compact subsets of

Cs.
(¢) @€ Li(R), where 1/p+1/qg =1 and

lallg < [lullp-

(d)

lim |10, — ], = 0.

()
1Ullp = llullp-

(f) For almost all z € R,
lir% Uz +iy) = u(x).
y—)

(g) U € h?(Cy) if and only if u € L*(R). If so,
1Ull2 = llullz = @]z = l[all2-

(h) The harmonic conjugate of U is given by

o r—t
/_oo @

| e

= / —isgn(t) a(t) e~ ZrvltiFizrat gy (x +1iy € Cy).

— 00

V(xz +1y)

A= N

Each integral is absolutely and uniformly convergent on compact subsets of
C,.

(i) For almost all z € R,
lir% V(z +iy) = u(x).
y—>
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() V € h?(Cy), @ € LP(R),

tim |V, — i, = 0

y—ro

and
Vlp = llallp < cp [[U]]p-

(k)

a(t) = —isgn(t) a(t), (t € R).

B.3.3 ArP(C.) 2<p< )
(a) U e h?”(Cy), 2 <p< oo, if and only if there exists u € LP(R) such that

oo

. 1 )

(b) w is unique.

(c)

lim |U, — ull, = 0.
yA)O

(d)
1Ullp = llellp-

(e) The harmonic conjugate of U is given by

Viz+iy) = ;/ mu(t)dt
1 [ y i .
- }/ m“(t)dt’ (z+1iy € Cy).

Each integral is absolutely and uniformly convergent on compact subsets of
Cy.

(f) For almost all z € R,
lin%J V(z +iy) = u(x).
y—>

(8) V € hP(Cy), @ € LP(R),
lim [V, — [, = 0
y—0 "~

and
IVlp = llallp < cp [|U]]p-
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B.3.4 h=(C,)
(a) U € h*(R) if and only if there exists u € L>°(R) such that

. L[~ y .

(b) w is unique.

(c) Asy — 0, U, converges to u in the weak™ topology, i.e.

;ii% O:O o(t) Ut +iy) dt = /: o(t) u(t) dt

for all p € L'(R).

(d)
[Ullee = llulloo-

(e) A sufficient condition for
lim || U, — u]|o = 0
y—0
isu € Cy (R)

(f) The harmonic conjugate of U is given by

V(x—H‘y):?lT/OO( vt ¢ >u(t)dt, (z+iy € Cy).

oo \(@=1)2+ 92 1412
(g) For almost all x + iy € R,

lim V(z + 1y) = u(z).

y—0

(h) U € h*>°(C) does not imply that V' € h*°(C,). Similarly, v € L>(R) does
not imply that @ € L (R).

B.3.5 h*(C,)

(a) U is a positive harmonic function on C, if and only if there exists a positive
Borel measure 1 on R with
dp(t
/ we) _ o
r 1+t?

and a positive constant « such that

. 1 Y )
U(m+zy)=ozy+; /R m du(t), ($+ZyE(C+).
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(b) If so,
lim Uliy)

Yy—oo Yy

=

and

tim [ o U+ de) = [ o0 dut)

for all p € C.(R).

(¢) The harmonic conjugate of U is given by

V(;zc—i—iy):l/R(( vt + ! )d,u(t), (x +iy € Cy).

T x—1t)2+y? 141t

(d) For almost all z € R,
lin% V(x4 iy)
yﬂ

exists.

(e) hT(C,) is not a subclass of h'(C).

B.4 H?(C,)
Let F' be analytic in the upper half plane C
B.4.1 H?(C.) (1<p<?2)
(a) FFe HP(C,), 1 <p <2, if and only if there exists f € H?(R) such that
F(—i—')—l/m#f(t)dt (z+iy € Cy)
vtiy) = By ) x + iy 1)
(b) f is unique and
i [ x—t
S et
_ 1w,
21 J_ o t—2
1,
T o T2
_ l = §]?Evf(t)
B Lo =2
= / f(t) et dt, (z=x+iyeCy).

Each integral is absolutely and uniformly convergent on compact subsets of
Cs.
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(¢) f=—if, or equivalently
Rf = Sf and Sf = —Rf.
(d) f e LY(RY), where 1/p+1/g =1 and
1£llg < 1£1lp-

© |
lim {|F% = fl, = 0.
y—0

(f)
1Elp = {1715

(g) For almost all z € R,
lir% F(z +iy) = f(x).
y—>

(h) F € H*(Cy) if and only if f € H*(R). If so,
1Fll2 = 11£ll2 = I1fll2 = Ilfll2-

B.4.2 HP(C.) (2<p< )

365

(a) F e HP(C,), 2 < p < oo, if and only if there exists f € HP(R) such that

N Y e y :
(b) f is unique and
S e e L
_ 1 [ RQ®)
T o /,Oo t—z dt
_ L™ Rf)
B /700 t—=z dt
[ () L
= 5 7oot_zdt7 (z=z+1iy e Cy).
(c) f = —if, or equivalently
Rf=Sf and Sf = —RJ.

(@ |
limy |1, ~ fll, = 0.
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()
£l = 11 £1lp-

(f) For almost all z € R,
lirrb F(x +1y) = f(x).
y—?

B.4.3 H™(C,)
(a) F € H*(R) if and only if there exists f € H*(R) such that

oo

F(JH‘Z'?J):%/_ mf() (z+iy € Cy).

(b) f is unique and

Flz) = i/O;<(x_xt):y2+1_it2>f(t)dt+F(i)

B QL < —zt—lm'>f(t)dt
_ ;/Z(tiz ti )%f()dt+i&‘sF(i)
_ i/i(tiz ti >§ﬁ‘:f()dt+9%F(i), (z=a+iyeCy).

(¢) If F(i) =0, then f = —if or equivalently,

Rf = Sf and Sf = —Rf.

(d) Asy — 0, F, converges to f in the weak™® topology, i.e.
lir% (t) F(t+idy) dt = / o(t) f(t) dt
Yy— — 00 —00
for all p € L'(R).
(e)
[Flloo = [1f]oo-

(f) A sufficient condition for
lim [[Fy, = flloc =0
y—0
is f € A(R) = Co(R) N H>*(R).

(g) For almost all z € R,
lim F(z +iy) = f(x).
y*?
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